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miveli` `ll oeviw zeira

ze`ad zeivwpetd ly zeihixwd zecewpd z` ebeeqe e`vn .1

.f(x, y) = (3− x)(3− y)(x+ y− 3) (`)

.f(x, y) = x4 + y4 − x2 − 2xy− y2 (a)

f(x, y) = esin(x
2−y2) (b)

.f(x, y) = sin(x)cos(y) (c)

.f(x, y, z) = x2 + y2 + z2 − 2x− 4y+ 6z (d)

.f(x, y, z) = 8z3 + x2 + 4y2 + 48yz+ 2x (e)

menipin dl oi` j` ,ccea inewn menipin yi f(x, y) = x3 + e3y − 3xey divwpetl ik e`xd (`) .2
.hlgen

deednd R2-a dcigi zihixw dcewp dl yiy jk f : R2 → R zixhpnl` divwpet zniiw m`d (a)
?hlgen menipin oi` j` ,inewn menipin zcewp

.f(x, y, z) = (x− y+ z)e
x2+y2+z2

6 divwpetd ly oeviwd zecewp lk z` ebeeqe e`vn .3

i"r zxcbend f : R2 → R divwpet dpezp .4

f(x, y) =

{
x2 + y2 − 2x2y− 4x6y2

(x4+y2)2
(x, y) 6= (0, 0) m`

0 (x, y) = (0, 0) m`

g(t) = f(t cos(θ), t sin(θ)) i"r zxcbend g : R → R divwpetd θ ∈ [0, π) lkl ik e`xd (`)
.t = 0-a menipin zlawn

.(0, 0)-a inewn menipin oi` f(x, y) divwpetl ik e`xd (a)

ly inewn menipin `id dcewpd, (0, 0) jxc xaerd l xyi lk xeary gipp .mepilet f(x, y) didi .5
?f(x, y) ly inewn menipin zcewp `id (0, 0) y gihan df m`d .f(x, y)|l mevnvd

zcewp `id x0 m"n` f(x, y) ly max zcewp `id (x0, y0) ik egiked .f(x, y) = g1(x) + g2(y) idz .6
min zcewp iabl zeni`zn zeprh egikede egqp .g2(y) ly max zcewp `id y0 e g1(x) ly max

.ske` zcewpe

`gqepd zervn`a zxcben f : Rn → R `dz .7

, f(x1, . . . , xn) =

(
x1 + . . .+ xn

n

)n
− x1 · . . . · xn

.x1 > 0, x2 > 0, . . . , xn > 0 megza

wxe m` zeiaeig zehpicx`ew mr x0 = (x01, . . . , x
0
n) dcewpa qt`zn f ly hp`icxbd ik e`xd (`)

.x01 = . . . = x
0
n m`

ly oeviwl dceyg dcewp `id x0 = (c, . . . , c) m` ik e`xd .f ly o`iqdd zvixhn z` eayg (a)
if` f

Hf(x0) =
cn−2

n
·


n− 1 −1 . . . −1

−1 n− 1
. . . −1

...
. . . . . .

...
−1 −1 . . . n− 1


.(mipeqkl`d lr mireaw mikxr zlra dvixhn `id Hf(x0) ,hxta)

1



.H =


n−1 −1 ... −1

−1 n−1
. . . −1

...
. . . . . .

...
−1 −1 ... n−1

 = n
cn−2Hf(x0) onqp .c > 0 mr x0 = (c, . . . , c) ∈ Rn zrk gwip (b)

wexita eynzyde ,zedf od dizeqipk lky dvixhne zipeqkl` dvixhn ly mekqk H z` eazk
ik miiwzn v ∈ Rn xehwe lkl ik ze`xdl ick df

.〈v, Hv〉 = n ‖v‖2 − 〈v,

1...
1

〉2
.〈v, Hv〉 ≥ 0 ik miiwzn v ∈ Rn lkl ik wiqdl zpn lr uxeey-iyew oeieey-i`a eynzyd

.zilily-i` zxcben zixhniq dvixhn `id Hf(x0) ik e`xd (c)

miveli` mr oeviw zeira

.a > 0 ,|x|a + |y|a ≤ 1 megza f(x, y) = xy divwpetd xear menipine meniqwn zcewp e`vn .8

ziy`xn dwgxny x2 + y2 = 1 lilbde x+ y = z xeyind jezig lr z`vnpd x0 ∈ R3 dcewp e`vn .9
.ilnipin `ed mixivd

x−y+z = 2 mixeyind jezig lr hlgen menipin zlawn f(x, y, z) = x2+y2+z2 divwpetd ik e`xd .10
.ekxr z` e`vne ,2x+ y+ 4z = 16-e

zcewp `id (1, 3) ik zniiwnd
(
x
a

)2
+
(
y
b

)2 ≤ 1 dxevdn dqtil` ly ilnipind ghyd z` e`vn .11
?ilniqwn ghy zlra l"pk dqtil` zniiw m`d .dly dty

.(πab `ed l"pk dqtil` ghy :zxekfz)

dcewpd z` e`vn .T(x, y, z) = 3xy + z3 + 2z2 − 2 divwpetd i"r agxna dxehxtnh xefit oezp .12
.x2 + y2 + z2 ≤ 1 xebqd dcigid xecka xzeia dxwde xzeia dngd

xzeia zeaexwd a, b, c > 0 ,S = {xaybzc = 1, x > 0, y > 0, z > 0} ghyn lr zecewpd z` e`vn .13
.mixivd ziy`xl

.a1, a2, a3, b1, b2, b3 > 0 xear
∑3

i=1 aibi ≤
(∑3

i=1 a
3
i

) 1
3
(∑3

i=1 b
3
i

) 1
3

miiwzn ik egiked .14

xicbp .0-n dpey zixhniq dvixhn A =
(
a b c
b d e
c e f

)
∈M3(R) `dz .15

F(x, y, z) = 〈

xy
z

 , A
xy
z

〉
zeniiwn zeiwlgd dizexfbp ike ,R3 lk lr zetivxa dxifb F ik e`xd (`)

∇F(x, y, z) = 2A

xy
z


xy`k ,f ◦ g dakxdl zxyxyd llka yeniy ici lr e` ,xiyi ote`a df aeyig rval ozip :dxrd

i"r zexcben g : R3 → R6-e f : R6 → R

.f(x1, y1, z1, x2, y2, z2) = x1x2 + y1y2 + z1z2 , g(x, y, z) = g(x) =

(
x
Ax

)
.xeckd zty lr x2 + y2 + z2 ≤ 1 xebqd xecka mihlgen oeviw ikxr zlawn F ik e`xd (a)

mi`znd invr xehwee iynn invr jxr yi A-ly ze`xdl ick 'bpxbl iltek zhiya eynzyd (b)
.el

2


