
6 milibxz sc
lnyg zqcpdl 2 `"ecg

miveli` `ll oeviw zeira

`ed hp`icxbd .f(x, y) = (3− x)(3− y)(x+ y− 3) (`) .1

∇f(x, y)
(
(3− y)(6− 2x− y)
(3− x)(6− 2x− y)

)
o`iqdd .(2, 2)-ae (0, 3) ,(3, 0) ,(3, 3)-a qt`zne

.Hf(x, y) =
(

2y− 6 2x+ 2y− 9
2x+ 2y− 9 2x− 6

)
ik miiwzn

Hf(3, 3) =
(
0 3

3 0

)
Hf(0, 3) =

(
0 −3
−3 −6

)
Ff(3, 0) =

(
−6 −3
−3 0

)
Hf(2, 2) =

(
−2 −1
−1 −2

)
.ske` od zecewpd x`ye ,(zilily zxcben) meniqwn zcewp `id (2, 2) ik mi`ex o`kn

`ed hp`icxbd .f(x, y) = x4 + y4 − x2 − 2xy− y2 (a)

∇f(x, y) =
(
4x3 − 2x− 2y
4y3 − 2x− 2y

)
.(−1,−1)-ae (0, 0), (1, 1) zecewpa qt`zn `ede

`id o`iqdd zvixhn

Hf(x, y) =
(
12x2 − 2 −2

−2 12x2 − 2

)
ik miiwzne

Hf(1, 1) = Hf(−1,−1) =
(
10 −2
−2 10

)
.inewn menipin zecewp od (1, 1)-e (−1,−1) okle ziaeig dvixhn `id

rcin zpzep `l hxtae dkitd dpi` o`iqdd okle Hf(0, 0) = −2 −2
−2 −2 ik miiwzn (0, 0) dcewpa

ik miiwzn x ∈ (−1, 1) lkl ik ze`xl ozip ,ipy cvn .oeviwd beq iabl

f(x,−x) = 2x4 > 0 , f(x, 0) = x2 − x4 < 0

zcewp `id (0, 0) hxtae ,miiaeige miilily mikxr zlawn f (0, 0) ly daiaq lka hxtae
.ske`

`ed hp`icxbd .f(x, y) = sin(x)cos(y) (b)

∇f(x, y)
(
cos(x)cos(y)
−sin(x)sin(y)

)

.(πn, (2k−1)π
2

), ( (2k−1)π
2
, πn), k ∈ Z, n ∈ Z zecewpa qt`zn o`iqdd

o`iqdd

.Hf(x, y) =
(
−sin(x)cos(y) −cos(x)sin(y)
−cos(x)sin(y) −sin(x)cos(y)

)
1



ik miiwzn

Hf(πn,
(2k− 1)π

2
) =

(
0 −cos(πn)sin( (2k−1)π

2
)

−cos(πn)sin( (2k−1)π
2

) 0

)

Hf(
(2k− 1)π

2
, πn) =

(
cos(πn)sin( (2k−1)π

2
) 0

0 cos(πn)sin( (2k−1)π
2

)

)

zeiwlg zexfbp ly oniql m`zda menipin e` meniqwn zcewp ( (2k−1)π
2
, πn) ik mi`ex o`kn

.ske` od zecewpd x`ye dvixhnd ly iy`xd oeqkl`a

`ed hp`icxbd ,f(x, y, z) = x2 + y2 + z2 − 2x− 4y+ 6z (c)

∇f(x, y, z)

2x− 22y− 4
2z− 6


zelawzn oeviwd zecewp R3 lr zetivxa dxifb f-y oeeikn .(x, y, z) = (1, 2, 3)-a qt`zne

.hp`icxbd zeqt`zd zecewpa

:o`iqd aygp

.Hf(x, y, z) =

2 0 0

0 2 0

0 0 2


.menipin zcewp (1, 2, 3) okle ,ziaeig dvixhn `id Hf(1, 2, 3) ik xexa

`ed hp`icxbd f(x, y) = x3 + e3y − 3xey dpezp (`) .2

∇f(x, y) =
(
3x2 − 3ey

3e3y − 3xey

)
.(−1, 0)-ae (1, 0)-a oeviwl zeceyg zecewp zpzep 0-l hp`icxbd z`eeyd

`ed o`iqdd

.Hf(x, y) =
(
6x −3ey

−3ey 9e3y − 3xey

)
menipin zcewp (1, 0) okle ,ziaeig zxcben dvixhn `id Hf(1, 0) =

(
6 −3
−3 6

)
ik miiwzn

zcewp (−1, 0) okle ,zilily dhppinxhc zlra `id Hf(−1, 0) =
(
−6 −3
−3 12

)
,ok enk .zinewn

.ske`

ik al miyl witqn ,R3-a hlgen menipin zcewp oi` f-l ik ze`xl ick

lim
x→−∞ f(x, 0) = lim

x→−∞(x3 − 3x) = −∞
.x-d xiv jxe`l eppevxk miphw mikxr zlawn f hxtae

xicbp -l"pk divwpet zniiw ok` (a)

.F(x, y) = x2 + y2(1− x)3

ik al miyp

∇F(x, y) =
(
2x− 3y2(1− x)2

2y(1− x)3

)
okle HF(x, y) =

(
2+6y2(1−x) −6y(1−x)2

−6y(1−x)2 2(1−x)3

)
ike ,(x, y) = (0, 0) dcewpa wxe j` qt`zn

HF(0, 0) =
(
2 0

0 2

)
2



.hlgen menipin zcewp ef okle ,ziaeig dvixhn

ik oigap ,seqal
lim
x→∞ f(x, 1) = lim

x→∞ x2 + (1− x)3 = −∞
menipin zcewp dpi` (0, 0) okl .y = 1 xyid lr eppevxk miphw mikxr zlawn f hxtae

.hlgen

`ed hp`icxbd .f(x, y, z) = (x− y+ z)e
x2+y2+z2

6 .3

∇f(x, y, z) = e
x2+y2+z2

3

 1+ 2x
6
(x+ y− z)

1+ 2y
6
(x+ y− z)

−1+ 2z
6
(x+ y− z)


(zqt`zn `l e

x2+y2+z2

3 -y oeeikn) hxta if` f ly oeviw zcewp `id (x, y, z) m` ik al miyp
ze`eeynd zkxrn zniiwzn

I. 1+ x
3
(x+ y− z) = 0

II. 1+ y
3
(x+ y− z) = 0

III. 1+ z
3
(x+ y− z) = 0

ik hxta milawn I+ II− III znikq i"r

3+
(x+ y− z)2

3
= 0

.(3-l deey e` lecb) iaeig cinz `ed lirl d`eeynd ly oini sb`y oeeikn ,dxizq efe

dly oeviwd zecewp R3 lk lr dxifb `id f-y oeeikn .R3-a zeihixw zecewp oi` f-ly eplaiw ok lr
.miilaelb meniqwn e` menipin oi` f-l hxtae ,zeihixwd zecewpa elawzi

i"r zxcbend f : R2 → R divwpet dpezp .4

f(x, y) =

{
x2 + y2 − 2x2y− 4x6y2

(x4+y2)2
(x, y) 6= (0, 0) m`

0 (x, y) = (0, 0) m`

xicbpe θ ∈ R rawp (`)

.g(t) = f(t cos θ, t sin θ) = t2 − 2t3 cos2 θ sin θ− 4t4
cos6 θ sin2 θ

(t2 cos4 θ+ sin2 θ)2

f`e sin θ = 0 f` k ∈ Z edyfi`l θ = πk m`y al miyp

g(t) = t2

.k ∈ Z lkl θ 6= πk ik migipn epgp` d`lde dzrn .0-a menipin zlawn g(t) ik xexae

lawpe g z` xefbp .t lkl dxifbe dtivx divwpet g-e sin(θ) 6= 0 hxta

g ′(t) = 2t− 6t2 cos2 θ sin θ− t3h(t)

,0-a dxifbe dtivx `id h(t) = 16 cos6 θ sin2 θ(t2 cos4 θ+sin2 θ)4−16t2 cos18 θ sinθ(t2 cos4 θ+sin2 θ)

(t2 cos4 θ+sin2 θ)4
xy`k

,ok enk .g ′(0) = 0 ik xexa .sin θ 6= 0 ik dgpddn

g ′′(t) = 2− 124 cos2 θ sin θ− 3t2h(t) − t3h ′(t)

.g ly menipin zcewp `id 0 okle ,g ′′(0) = 2 > 0 ik miiwzne

3



xear ik al miyp (a)

k(t) = f(t, t2) = t2 + t4 − 2t4 −
4t10

(2t4)2
= −t4

.(0, 0)-a meniqwn oi` f-l hxta .menipin `le meniqwn zcewp `id t = 0 dcewpd

lka ik ziy`xa menipin zlawn `l divwpetd .f(x, y) = (y − x2)(y − 3x2) divwpeta opeazp .5
daiaqa (a, 2a2) dxevdn zecwpd lkae ziaeig `id ziy`xd zaiaqa (0, b) dxevdn zecewpd
0 < |m| <∞, y = mx mixyid lk lr divwpetd ly mevnivd la` .miilily mikxr zlawn `id
menipin zlawn divwpetd .g(x) = f(x,mx) = (mx− x2)(mx− 3x2) = m2x2− 4mx3+ 3x4 deey
x xiv lr divwpetd ly mevniv migwel m` sqepa .g ′(0) = 0, g ′′(0) = 2m2 > 0 -y oeeik ziy`xa
zlawn mb y xiv lr divwpetd ly mevnive x = 0 a menipin dl yiy 3x4 divwpetd z` milawn

.ziy`xa menipin

`gqepd zervn`a zxcben f : Rn → R `dz .7

.f(x1, . . . , xn) =

(
x1 + . . .+ xn

n

)n
− x1 · . . . · xn

i ∈ {1, . . . , n} lkl .Rn lka minrt seqpi` dxifbe dtivx ok lre ,zil`inepilet dwzrd `id f (`)
miiwzn

.
∂f

∂xi
=

(
x1 + . . .+ xn

n

)n−1
−
∏
1≤j≤n
j 6=i

xj

ik miiwzn x = (1,−1, 0, 0)-e n = 4 xear lynl -dpekp dppi` libxza dazkpy itk dprhd

dgpdd z` siqedl yi dl`yd z` xeztl ick .dl`yd i`pz z` miiwn `l x j` ∇f(1,−1, 0, 0) = 0
.i ∈ {1, . . . , n} lkl xi > 0 ik

ik lawzn ∇f(x1, . . . , xn) = 0 ik dgpddn(
x1 + . . .+ xn

n

)n−1
=
∏
1≤j≤n
j6=i

xj

ik lawl ick (x1+...+xn
n

)n−1-a wlgpe xi-a mitb`d ipy z` letkp .i ∈ {1, . . . , n} lkl

.xi =

∏n
j=1 xj(

x1+...+xn
n

)n−1 , ∀i ∈ {1, . . . , n}

.i lkl deey `ed xi ly jxrd ik eplaiw ,hxta

.x01 = . . . = x
0
n m` wxe m` x0 = (x01, . . . , x

0
n) dcewpa qt`zn f ly hp`icxbd ik e`xd

f` i 6= j m` .i, j ∈ {1, . . . , n} xgap (a)

.
∂2f

∂xi∂xj
=
n− 1

n

(
x1 + . . .+ xn

n

)n−2
−
∏
1≤l≤n
l6=i,j

xl

f` i = j m`

.
∂2f

∂xi∂xj
=
n− 1

n

(
x1 + . . .+ xn

n

)n−2
ik lawp (x1, . . . xn) = (c, . . . , c) = c aivp m` ,hxta

Hf(c) =
cn−2

n


n− 1 −1 . . . −1
−1 n− 1 . . . −1
...

...
. . .

...
−1 −1 . . . n− 1


.yxcpk

4



xicbp if` .B =

(
1 1 ... 1
1 1 ... 1
... ...

. . .
...

1 1 ... 1

)
onqp (b)

H = nIdn − B

miiwzn v =

( v1
...
vn

)
∈ Rn xear f`

〈v, Hv〉 = 〈v, nIdnv〉− 〈v, Bv〉

= n〈v,v〉− 〈


v1
v2
...
vn

 ,

v1 + . . .+ vn
v1 + . . .+ vn

...
v1 + . . .+ vn

〉
= n‖v‖2 − (v1 + . . .+ vn)

2

= n‖v‖2 − 〈v,

1...
1

〉2(?)

ik miiwzn uxeey iyew oeieey-i` i"tr (c)

.〈v,

1...
1

〉2 ≤ ‖v‖2‖
1...
1

 ‖2 = n‖v‖
ik miiwzn v ∈ Rn lkl ik xne` df ,? d`eeyna

, 〈v,Hf(c)v〉 =
cn−1

n

n‖v‖2 − 〈v,
1...
1

〉
 ≥ cn−1

n

(
n‖v‖2 − n‖v‖2

)
= 0

.zilily-i` zxcben dvixhn Hf(c) okle

miveli` mr oeviw zeira

.α > 0 , |x|
α + |y|

α ≥ 1 megza f(x, y) = xy divwpetd xar oeviw zecewp miytgn .8

.(0, 0) `id zeqt`zn zeiwlg zexfbp day megzd jeza oeviwl dceygd dcewpdy xexa

ilteka ynzyp .x ≥ 0, y ≥ 0 megzd xear zeceygd zecewpd z` ytgp okl ixhniq megzdy oeeik
.dtyd lr zeceyg zecewn `evnl ick fpxbl

F(x, y, λ) = xy+ λ(xα + yα − 1)

ik miiwzn

.∇F(x, y, λ) =

y+ αλxα−1

x+ αλyα−1

xα + yα − 1


.M1(

α

√
1
2
, α
√

1
2
) dcewpd z` milawn ∇F = 0 d`eyndn zkxrnd ly oexztde

,M3(
α

√
1
2
,− α

√
1
2
) ,M2(−

α

√
1
2
, α
√

1
2
) :dxevdn zetqep zeceyg zecewp lawp megzd ly dixhniqdn

.M4(−
α

√
1
2
,− α

√
1
2
)

5



,f(M2) = f(M3) = −( 1
2
)
2
α ,f(M1) = f(M4) = ( 1

2
)
2
α zeceyg zecewpa divwpetd ly mikxr

.f(0, 0) = 0

menipin zecewp izy dl yi qxhyxiie htyn itl okle zqt`zn mb divwpetd megzd ly zeevwa
.M1,M4 meniqwn zecewp izye M2,M3

lilbde x + y = z xeyind jezign owgxny x0 ∈ R3 zecewpd .f(x, y, z) = x2 + y2 + z2 xicbp .9
.lilbde xeyind i"r mixcbend miveli`d zgz f ly menipind zecewp weica od ilnipin x2+y2 = 1

xicbp
, L(x, y, z, λ, µ) = f(x, y, z) + λ(x+ y− z) + µ(x2 + y2 − 1)

ly zeqt`zdd zecewpa zelawzn miveli`d zgz f ly oeviwd zecewp ,'bpxbl iltek zhiyn f`
ik miiwzn .∇L

.∇L(x, y, z, λ, µ) =


2x+ λ+ 2µx
2y+ λ+ 2µy

2z− λ
x+ y− z
x2 + y2 − 1


-a zelawzn oeviwl zeceygd zecewpd ik aipn ∇L = 0 ze`eeynd zkxrn ly oexzt

(x, y, z) ∈
{
(
√

1
2
,−
√

1
2
, 0), (−

√
1
2
,

√
1
2
, 0), (

√
1
2
,

√
1
2
, 2

√
1
2
), (−

√
1
2
,−
√

1
2
,−2

√
1
2
)

}
f(
√

1
2
,
√

1
2
, 2
√

1
2
) = f(−

√
1
2
,−
√

1
2
,−2

√
1
2
) =-e f(

√
1
2
,−
√

1
2
, 0) = f(−

√
1
2
,
√

1
2
, 0) = 1 milawn davdne

.3

.x0 = (−
√

1
2
,−
√

1
2
, 0)-e x0 = (

√
1
2
,
√

1
2
, 0)-a lawzn menipind okl

szeyn oexzt z`ivn i"r .2x + y + 4z = 6-e x − y + z = 2 mixeyind jezig z` C-a onqp .10
onqp .((2, 4, 0) ∈ C lynl) dwix dveaw dpi` C ik ze`xdl lw C z` zexicbnd ze`eeynl
BR(0) ∩ C f` .mixivd ziy`x aiaq R qeicxa xebqd xeckd z` BR(0)-ae R =

√
20 = ‖(2, 4, 0)‖

menipin zlawn f okle ,(jeziga dcewp `ed (2, 4, 0) ik) dwix `le dneqge dxebq dveaw `id
dcewp `ed ik) R-n deey e` ohw gxkda `ed menipin eze` ik al miyp .x0 ∈ C ∩ BR(0) dcewpa

.f(x) > R2 ik miiwzn x ∈ C \ BR(0) lka ike ,(BR(0)-a

-ne`ib zxfra libxzd z` xeztl mb ozip :dxrd) 'bpxbl iltek zhiya ynzyp menipind z` `vnl ick
xicbp .(xyin dcewp wgxn zgqepa yeniye jezigd xyil `gqep z`ivn i"r ,zihilp` dixh

.L(x, y, z, λ, µ) = x2 + y2 + z2 + λ(x− y+ z− 2) + µ(2x+ y+ 4z− 6)

.hp`icxbd ly zeqt`zdd zecewpa zelawzn oeviwd zecewp ,mcew enk

∇L(x, y, z, λ, µ) =


2x+ λ+ 2µ
2y− λ+ µ
2z+ λ+ 4µ
x− y+ z+ 2
2x+ y+ 4z− 16


(x, y, z, λ, µ) = (1, 0, 3, 2,−2)-a dcigi zeqt`zd zcewp milawn ze`eeynd zkxrn oexztne

.f(1, 0, 3) = 10 lawzn mye

(a, b ly divwpetk) ( x
a
)2 + (y

b
)2 ≤ 1 dqtil` ly ghyd ly oeviwd ikxr z` `vnl mipiipern ep` .11

ik miiwzn -xnelk ,dqtil`d zty lr dcewp `id (1, 3) ik zniiwnd

.

(
1

a

)2
+

(
3

b

)2
= 1

6



mikxrd z` `vnl mipiipern ep` ,g(a, b) = ( 1
a
)2 + ( 3

b
)2 − 1-e f(a, b) = πab xicbp m` ,xnelk

(a, b) meniqwn zcewp `vnl mivex ep` al miyp .g(a, b) = 1 ueli`d zgz f(a, b) ly miipeviwd
.b > 0 mbe a > 0-y jk

onqp

.L(a, b, λ) = πab+ λ

((
1

a

)2
+

(
3

b

)2
− 1

)
f`

∇L(a, b, λ) =

 πb− 2λ 1
a3

πa− 18λ 1
b3

1
a2

+ 9
b2

− 1


ik zepzep zkxrna zepey`xd ze`eeynd izy

a =

(
2λ

3π

)1/4
, b =

(
54λ

π

)1/4
oeviwd zcewp `id (a, b) = 1, 2

√
3) o`kne ,λ = 2

3π
oexzt milawn ziyilyd d`eeynl davdne

.f(a, b) = 2
√
3π dae ,f ly

divwpetl ,zn`d ornl .dl`ya ywazpy itk meniqwnd `le ,f ly menipind dyrnl `ed ep`vny jxrd :dxrd

a = 1 + ε gwip m` ik al miyp z`f ze`xl ick .g(a, b) = 0 oezpd ueli`d zgz meniqwn oi` dpezpd f

f`e g(a, b) = 0 miiwnd b = 3

(1+ε)
√
ε2+2ε

> 0 zgwl ozip if` ,ε > 0 xear

f(a, b) = π(1+ ε)
3

(1+ ε)
√
ε2 + 2ε

=
3π√
ε2 + ε

.0-l s`ey ε xy`k seqpi`l s`eyd jxr `ed

zecewp okle ,R3-a dcewp lka zetivxa dxifb dpid divwpetd .T(x, y, z) = 3xy+z3+2z2−2 dpezp .12
.hp`icxbd zeqt`zd zecewpa zelawzn dly zeinewnd oeviwd

:T ly hp`icxbd z` aygp :dcigid xeck jeza zeihixw zecewp •

∇T(x, y, z) =

 3y

3x

3z2 + 4z


xeck jeza ze`vnp zecewpd izy ik al miyp .(0, 0,− 3

4
)-e (0, 0, 0) :oeviwl zeceyg zecewp
miiwzn .1 qeicxa geztd dcigid

.T(0, 0, 0) = −2 , T(0, 0,−
3

4
) = −

83

64

xicbp :x2 + y2 + z2 = 1 ueli`d lr zecewp •

L(x, y, z, λ) = T(x, y, z) + λ(x2 + y2 + z2 − 1)

f`

∇L(x, y, z, λ) =


3y+ 2λx
3x+ 2λy

3z2 + 4z+ 2λz
x2 + y2 + z2 − 1



7



oeviwl zeceygk ze`ad zecewpd z` aipn ∇L(x, y, z, λ) = 0 ze`eeynd zkxrn oexzte

.(x, y, z) ∈
{
±(
√

1
2
,

√
1
2
, 0),±(

√
1
2
,−
√

1
2
, 0), (0, 0,−1)

}
md T-l mini`znd mikxrd

T(
√

1
2
,

√
1
2
, 0) = T(−

√
1
2
,−
√

1
2
, 0) = −

1

2

T(−
√

1
2
,

√
1
2
, 0) = T(

√
1
2
,−
√

1
2
, 0) = −3

1

2
T(0, 0,−1) = 1

od (−
√

1
2
,
√

1
2
, 0)-e (−

√
1
2
,−
√

1
2
, 0) zecewpde hlgen meniqwn `id (0, 0,−1) dcewpd ,k"dqa

.hlgen menipin zecewp

f(b1, b2, b3) =
(∑3

i=1 a
3
i

) 1
3
(∑3

i=1 b
3/2
i

) 2
3

divwpeta opeazp .13

ueli` zgz
3∑
i=1

aibi = C

'fpxbl zivwpet xicbp:

.F(b1, b2, b3, λ) =
(∑3

i=1 a
3
i

) 1
3
(∑3

i=1 b
3/2
i

) 2
3

+ λ(
∑3

i=1 aibi − C)

dly zeiwlg zexfbp aygp

.i = 1, 2, 3 xy`k ∂F
∂bi

=
(∑3

i=1 a
3
i

) 1
3

bi
3
2
−1
(∑3

i=1 b
3/2
i

) 2
3
−1

+ λai = 0

ziyilyd d`eynd z` wlgp dxev dze`ae b1
b2

=
(
a1
a2

)2
lawpe dipya dpey`xd d`eynd z` wlgp

.b3 = b2
(
a3
a2

)2
mbe b1 = b2

(
a1
a2

)2
-y eplaiw okl .b3

b2
=
(
a3
a2

)2
lawpe dipya

a1b2

(
a1
a2

)2
+ a2b2 + a3b2

(
a3
a2

)2
= C lawpe ueli`d z`eyna aivp

-y jk b3 =
Ca23

a31+a
3
2+a

3
3

b1 =
Ca21

a31+a
3
2+a

3
3

mbe b2 =
Ca22

a31+a
3
2+a

3
3

okle

deey dceygd dcewpa f(b1, b2, b3) =
(∑3

i=1 a
3
i

) 1
3
(∑3

i=1 b
3/2
i

) 2
3

.f =
(∑3

i=1 a
3
i

) 1
3

(
C3/2(a31+a32+a33)

(a31+a32+a33)
3/2

) 2
3

= C

.b1, b2, b3 > 0 xear oezpd ueli`d lr meniqwn zlawn `l divwpetd ik ,fmin = C xnelk

.oezpd oeieey i`d z` milawn o`kne C =
∑3

i=1 aibi ≤ f okle

if` .A =

a b c

b d e

c e f

 onqp (`) .15

.F(x, y, z) = 〈

xy
z

 ,
ax+ by+ cz
bx+ dy+ ez
cx+ ey+ fz

〉 = ax2 + dy2 + fz2 + 2bxy+ 2cxz+ 2eyz (?)

.∇F(x, y, z) = 2A
(
x
y
z

)
ike (zil`inepilet) R2 lr zetivxa dxifb F-y xexa o`kn

8



F ik raep q`xhyxiie htynn ,zihwtnew dveaw `edy ,xebqd xeckd lr dtivx F-y oeeikn (a)
sirqny oeeikn) (0, 0, 0) dcewpa zniiw zg` dceyg dcewp .xebqd xecka oeviw ikxr zlawn

.F(0, 0, 0) = 0 ef dcewpae ,(hp`icxbd zeqt`zd zcewp ef '`

xeck lr (x, y, z) lkl ik dlilya gipp :dcigid xeck lr 0-d ziivwpet dppi` F ik ziy`x d`xp
ik milawn epgp` ? d`eeyndn hxta.izedf ote`a qt`l deey divwpetd dcigid

, F(1, 0, 0) = F(0, 1, 0) = F(0, 0, 1) = 0

,x3 =
1√
3
(1,−1,−1)-e x2 =

1√
3
(1, 1,−1) ,x1 =

1√
3
(1, 1, 1) gwip m` ,ok enk .a = d = f = 0 okle

ze`eeyn zkxrn milawn F(x1) = F(x2) = F(x3) = 0-y oeeikn f`
b+ c+ e = 0

b− c− e = 0

−b− c+ e = 0

.0-d zvixhn dppi` A ik dgpdl dxizqa ,b = c = e = 0 ik raep o`kn

,F(x0) > 0 ik gipp .F(x) 6= 0-y jk dcigid xecka x0 yi ,0-d ziivwpet dppi` F-y oeeikn
xicbp .dcigid xecka zinipt dcewp dpidy F ly hlgen meniqwn `id x0 ik dlilya gippe

-e ‖x ′0‖ = 1 > ‖x0‖ if` ,x ′0 =
1
‖x0‖

x0

F(x ′0) =
1

‖x0‖2
〈x0, Ax0〉 =

1

‖x0‖2
F(x0) > F(x0)

.meniqwn zcewp x0 ik dgpdl dxizq ef . 1
‖x0‖

> 1 -y oeeikn

lre ,dcigid xeck ly zinipt dcewp zeidl dleki `l `id if` meniqwn zcewp F-l m` -okl
.dty zcewp ok

.xeckd zty lr zelawzn F ly zehlgend menipind zecewp ik mi`xn ,F(x0) < 0 m` ,dneca

F ly oeviwd zecewp ,zetivxa mixifb md G(x, y, z) = x2 + y2 + z2 − 1 ueli`de F-y oeeikn (b)
md ∇F(x, y, z) = ∇G(x, y, z) mihp`icxbd da dcewpa zelawzn G(x, y, z) = 0 ueli`d lr
miiw f` G(x, y, z) = 0 lr F ly oeviw zcewp `id x0 m`y xne` df ,hxta .zix`pil miielz

-y jk λ ∈ R
.∇F(x0) = λ∇G(x0)

`id ef d`eeyn ik milawn G ly hp`icxbd aeyigne ,'` sirqn

2Ax0 = 2λx0

.λ iynn invr jxr lra ,A ly invr xehwe `ed x0 hxtae
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