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Homework 10 NP, Dno,g

(1) (a) Suppose k is infinite. Prove: for any finite subset S C P? there exists a curve C' C P2 such that C NS = @.
(b) (k = k) Fix an irreducible curve C' C P?, some smooth points on it, pti, ..., pt,, and some integers {m;};.
Construct a rational function f € k(C') with ordp, (f) = m,.
(c) (k = k) Prove that every non-singular curve V(f) C P? is irreducible. (What about the affine plane curves?)

(2) (a) Let p(x) = [[(x — ;)™ Prove: klzljy = [] kl#)/x — o;)m . (This is a particular case of the general statement
proven in the class, but in the one-variable case the proof is straightforward.)
(b) (k = k) Fix a finite collection of points {pt;} in P". For any d € N prove: (Nm,;, )¢ = ﬂmgti. (see Fulton, pg.26)

(3) (char(k) = 0, k = k) The following continues question 3(g) of hwk 8. Fix a smooth curve V(f) C P? and consider
the Hessian matrix, 92f € Matsx3(k[x,y, 2]).
(a) Show: if deg(f) > 2 then det(d*f) is non-constant. (Hint: you can use the Euler formula Y z;0,f =d - f.)
(b) Prove: the points of V/(f) NV (det(9%f)) are exactly the flexes of V(f). Moreover: pt € V(f) is an ordinary flex
i i,0 (V(f), V(det(021))) = 1.
(Hint: apply PGL(3) to set pt = (0:0: 1) with the tangent line (y 0). (How does this affect 9% f?) Then we
can assume f(z,y,2) = 27y + az¥22? + y?(...) + 2y(...) + 23(...). Compute *f|(0.0:1).)
(¢) Conclude: every smooth curve of deg > 2 has a flex.
Prove: if all the flexes of a smooth curve are ordinary then their total number is d - 3(d — 2).

(4) Assume k = k, char(k) = 0. We classify the irreducible plane cubics, cf. question 4(g) of hwk.8.
(a) Show that a smooth plane cubic has only ordinary flexes. Conclude: a smooth cubic has precisely 9 flexes.
(b) Put one of the flexes to (0:1:0) with the tangent line (z = 0). Then the defining equation consists of monomials
vz, yrz, 23, 222, 222, 23, Apply now a IF’GL( k) transformations to get rid of yzx, z3. Then arrive at the
Weierstral normal form of smooth cubic: y2z = x(m —2z)(x —A-z), with A # 0, 1.

(c) Prove: any irreducible singular cubic is PG L(3)-equivalent to one of: y? = 23, y? = 22 + 3.

(5) Fix some h, f,g € m = (x,y) C k[z,y]. Prove: any of the following conditions ensures (h)y, € (f,9)y C klz, ¥y,
(a) V(f),V(g) are transverse at 0 (i.e. both smooth and non-tangent) and h|y = 0.
(b) V(f) is smooth at 0 and ig(h, f) > io(g, f).
(c) T, NTvig,0 = {0} and ordy(h) > ordy(f) + ordy(g) — 1.

(6) (k = k) Fix a curve Cgey—q = V(f) C P? and a point pty = (w0, y0,20) € C. For any point pt € C take the line
L = pty, pt. How many tangents to C' pass through ptq?
(a) Prove: ip (L,C) > 1iff {f(pt) =0 =200 f + yo0yf + 200.f}.
(b) Prove: ipt(L,C) —1=ip(V(f),V(200sf + yo0yf + 200 f)).
(¢) Suppose C' is smooth. Prove: the number of tangent lines to C' that pass through pty & C is d(d — 1).
Here each line is counted with its multiplicity which is the degree of flex at the tangency point.

(7) (a) Fix some points pti,...,pty € P2. What are the possible dimensions of V(2,pt1,...,pts), depending on the
location of the points? (Realize each of the possible dimensions by explicit point configurations.)
(b) The same question for V(2,pty,...,pt,), n > 5 and V(3,pty,...,ptg).
(c) Suppose Cyeg—a C P? has a point of multiplicity d. Prove: C is reducible.
(d) Suppose Cq C P? has r components, no multiple components, and the points of multiplicities {m;}. Prove:
> W < (dgl) +r—1< (g) (Hint: we have proved this for irreducible curves. Reduce the question to
the irreducible components.)

(8) (a) Suppose two cubics intersect at nine distinct points, {pt;}. Suppose pti,...,ptg lie on one conic. Prove:

ptr, pts, ptg lie on a line.

(b) (Pascal theorem) Fix six points on a smooth conic, p1,p2, P3, 41, g2, g3. Consider the intersection points of lines,
zij = {DiG; NP;Gi pij. Prove: z1a, 213, 223 lie on one line.

(¢) (Pappus theorem) Fix two lines, L, L c P? and the points p1,ps,ps € L and q1, g2, g3 € L, none of which is the
intersection point L N L. Prove: the points {piq; N P;di }ix; lie on one line.

(d) Suppose two cubics intersect at the distinct points pty,...,pte and a third cubic passes through pty, ..., pts.
Prove: it also passes through ptg.



