
Introduction to Algebraic Curves
201.2.4451. Spring 2018 (D.Kerner)

Homework 11

In this homework we assume k = k̄. All varieties are irreducible. After q.4. we use only the Zariski topology.

(1) Suppose C ⊂ P2 irreducible and f ∈ k(C) regular at each point of C. Prove: f is constant.

(2) We have defined the group law on a smooth cubic, C ⊂ P2. Check that (C,+, 0) is indeed a commutative group.
(For associativity see pg. 63-64 of Fulton.)
(a) Fix a line L such that l ∩ C = {p1, p2, p3} are distinct points. For each pi take the line Li = T(C,pi) and define

qi by the condition Li ∩ C = {2pi, qi}. Prove: q1, q2, q3 lie on a line. (You can use question 3(a).)
(b) Prove: a line through two (distinct) flexes passes through a third flex. (These nine flexes form the Hesse

configuration, see wiki.)
(c) Let C ⊂ P2 be a singular but irreducible cubic. Let Csmooth ⊂ C be the subset of smooth points. Fix some

point 0 ∈ Csmooth and define the addition of points on Csmooth as for smooth cubics. Check that (Csmooth,+, 0)
is an abelian group.

(d) Let C ⊂ P2 be an irreducible (possibly singular) cubic. Fix two points 0, 0′ ∈ Csmooth and define the cor-

responding additions. Define the point q = φ(0, 0′) ∈ Csmooth. Prove that the map (Csmooth,+, 0)
p→φ(q,p)−→

(Csmooth,+
′, 0′) is an isomorphism of abelian groups.

(3) Let C be a smooth cubic, and suppose 0 ∈ C is a flex.
(a) Prove: three points p1, p2, p3 ∈ C lie on a line iff p1 + p2 + p3 = 0. (What happens when the points coincide?)
(b) Prove: a point p ∈ C is of order 2 in the abelian group iff the line T(C,p) passes through 0 ∈ C. Find the points

of order two for C = V (y2z − x(x− z)(x− λz)), λ 6= 0, 1, 0 = [0 : 1 : 0]. Compare to hwk10, q.6(c).
(c) Show that the points of order two on C form the group Z/(2) × Z/(2) .
(d) Prove: in the abelian group C there are precisely 9 elements of order 3, counting 0. (The same as in the complex

case, when C = C/L .) These elements correspond to flexes and they form a subgroup, isomorphic to Z/(3)× Z/(3) .

(4) (a) Fix a topological space (X, TX). Suppose any two non-empty open sets have a non-empty intersection. Prove:
any non-empty open subset of X is dense.

(b) Given two subsets Z ⊂ Y ⊂ X, prove for the induced topologies: TX |Z = (TX |Y )|Z .

(5) (a) Prove: any non-empty open subset of a variety is dense.
(b) Prove: X ⊂ Pn is closed iff X ∩ Ui is closed for any chart Ui = {xi 6= 0}.
(c) Find the Zariski closure of the following subsets: Z ⊂ Q, {y = sin(x)} ⊂ C2.
(d) Prove: any continuous bijection of irreducible plane curves is a homeomorphism.

Is this also an isomorphism of varieties?
(e) Prove: any collection of closed subsets of a variety has a minimal member.
(f) Let V ⊆ Pn be a closed subvariety and X ⊆ V be open. Prove: any open cover of X has a finite subcover.

(6) (a) Fix a closed affine variety X ⊂ k
n. Prove: a map X

φ→ k
m is continuous iff it is the restriction of a polynomial

map k
n → k

m.
(b) Suppose X ⊂ k

n is a closed subvariety then OX(X) = k[X].
(c) Let X be an affine variety and 0 6= f ∈ k[X]. Prove: V (f) ⊂ X is a closed subset. Let Y = X \ V (f). Prove:

Y is an affine variety and OY (Y ) = k[X][f−1].
(d) Prove: if U ′ ⊂ U then OX(U ′) ⊇ OX(U).

(e) If X ⊆ k
n, Y ⊆ k

m are closed subvarieties then morphisms X → Y are exactly the polynomial maps kn
φ→ k

m,
s.t. φ(X) ⊆ Y . (We have proved this partially in the class.)

(7) (a) Suppose f ∈ OX(U) and for some open ∅ 6= U ′ ⊂ U holds: f vanishes at each point of U ′. Then f = 0 ∈ OX(U).
(b) Let X ⊂ Pn be a closed subvariety and k

n = Ui ⊂ Pn an affine chart. Prove: the affinization map is an

isomorphism of fields, k(X) ∼−→ k(X ∩ Ui).
(c) Let X be a variety and 0 6= f ∈ k(X). Prove: the set of poles of f is a closed subset in X.
(d) Suppose f ∈ O(X,pt). Prove: there exists an open neighborhood pt ∈ U ⊆ X such that f ∈ OX(U). Prove:
O(X,pt) = ∪pt∈U⊂XOX(U).


