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Homework 12 P n\ﬁ"ﬁ

In this homework we assume k = k. All varieties are irreducible.

(1) Let a € Ox(X). Check that a is computable at each point of X and thus defines a function, X I3 k. Prove: if fa
vanishes at each point of some open subset @ # U C X then a =0 € Ox(X), i.e. vanishes as an element of this ring.
Give an example of an affine variety over a non-algebraically closed field k, with f € k[X] vanishing at each point

of X, but f # 0 € k[X].

(2) (a) Let X be an affine variety and 0 # f € k[X]. Define the subset U := {f # 0} C X.
Prove: Oy, (Uy) = ]k[X][%] = k[XI)/(y . f — 1) and Uy is an affine variety.
(b) Let X C P™ be a projective variety and Vy = {f = 0} C P" a hypersurface such that X ¢ Vy. Prove: Uy =
X\ (XNVy) is an affine variety and identify k[if¢]. (Hint: in the case f = g one has kU] = {% deg(a) = n},
here a, Zo are the images of a,xg in k[X].)
(¢) Let k[Y] A k[X] be a ring homomorphism. Verify: if ¢(f) is a unit in k[X] then ¢ extends (uniquely) to k[Y] [%]
Otherwise ¢ extends uniquely to a homomorphism ]k[Y][%] — k(X ][%] Give the geometric interpretation.

(d) Prove: X =k2\ {(0,0)} is a variety but not an affine one. (Hint: what is Ox(X)?)
(e) Prove: any variety is a finite union of affine varieties.

(3) (a) For any variety X and some open subsets {U;} prove: Ox(UU;) = NOx (U;) and Ox (U) = NprctuO(x pt)-
(b) Let X g Y be a set-theoretic map of varieties. Fix some open covers, X = UZ/{;), Y = UZ/{)(;)7 satisfying:
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f (Z/{)(g)) C Z/{}(,l). Prove: ¢ is a morphism iff all the restrictions L{g‘f) Uy Ugf) are morphisms.

) Prove: the projection k™™™ — k™ is a morphism.

) Prove: the projection P"*™\ {zg =0="---=z,} = P", (zo: - : Tpim) — (To : -+ : T,) is a morphism.
) Let X CY be an open/closed subvariety. Prove: the inclusion map is a morphism.
) Prove: the composition of morphisms is a morphism.
) Prove: the restriction of a morphism to a subvariety is a morphism.
)

Let x € X and y € Y be some points on varieties. Suppose the local rings are isomorphic, O(x o) = O(y,y)-

Prove: some neighborhoods z € Ux C X, y € Uy C Y are isomorphic, Ux ~ Uy .

(i) Let X % Ybea morphism of affine varieties and k[X] ¢ k[Y] the induced homomorphism of rings. (Dis)Prove:
¢ is injective/surjective iff ¢* is surjective/injective. (Check all the possible statements.)

(j) Fix a point on a (smooth) conic, pt € C C P? and a line pt ¢ L C P2. Define the map C'\ {pt} 4L by sending
p € C to p,pt N L. Is this map surjective? Prove that this map extends to an isomorphism C =3 P*.

(k) Let C C P? be an irreducible cubic with pt = Sing(C) and fix a line pt ¢ L C P2. As for conics, define the map

C\ {pt} % . Prove that this is an injective morphism. Does this extend to an isomorphism?
(1) Let C C P? be an irreducible curve of degree d. Suppose pt € C and mult,(C) = d — 1. Prove: C has no other
singular points and is birational to P'.

(4) (a) Let k C K be a field extension. x1,...,z, € K are called algebraically independent (over k) if, for any f € k[z],

f(z1,...,2,) = 0 implies f = 0. The notion of transcendence degree is analogous to the dimension of vector
spaces. Prove the following properties.
(i) z1,...,2, € Kis a minimal set such that K is algebraic over k(z1,...,z,) iff 1,..., 2z, € Kis a maximal

set of algebraically independent elements of K. Such a set is called: ‘a transcendence basis‘.
(ii) Any algebraically independent set can be completed to a transcendence basis.

(iii) Any set z1,...,2, € K such that K is algebraic over k(x1,...,x,) contains a transcendence basis.
(iv) tr.degiK is the number of elements in any transcendence basis.
(b) Check: dim(k™) =n and dim(P™) = n. Let f € k[z] non-constant and V(f) C P*. Compute dim(V (f)).

(c) Let X CY be closed varieties. Prove: dim(X) < dim(Y').

(d) Let k € K be a field extension with tr.degy(K) = n. Suppose K is generated by N elements, ie. K =
k(ai,...,an). Prove: K = k(X) for some closed subvariety X C k. Prove: there exists a hypersurface
V C k"1 satisfying: k(V) = K. (Geometrically: every variety is birationally equivalent to a hypersurface.)



