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Homework 5 mpnoS

(1) Suppose a compact Riemann surface X admits a meromorphic function f
f
with precisely one simple pole. Prove: X = P!

(2) Fix a lattice L C C and the corresponding complex torus X = C/f.
(a) Check that the natural projection C = X is a holomorphic map of Riemann surfaces, and is unramified cover.
(b) Define the addition on X, by [z] + [w] := [z + w]. (Here z,w € C and [z], [w] € X.) Check that the addition
is well defined, and (X, +,[L]) is a commutative group.

(¢) Fix any a € X, and define the map X, %XL by ¢4(2) = 2+ a. Prove that this map is an automorphism of X .
(d) In the class we have proved: X, ~ X, iff 7,7/ are related by SL(2,Z)-action. (Here I'm(7) > 0)
Go over all the details of the proof.

(e) Using all these details prove: any holomorphic map of complex tori, X; — X/, is induced by a map C 4 C,
¢(z) = az + b, such that a - L C L’. The degree of the map of complex tori is equal to the sublattice index
|L'/y. |- (The later is e.g. the number of fundamental parallelograms of L’ inside that of a - L.)

(f) Let Auto(Xr) C Aut(Xr) be the subgroup consisting of those automorphisms of X that preserve the origin.
Prove: Aut(Xp) = X x Auto(Xp).

(g) Prove the classification:

(i) Auto(X1) = Zyz if L C C is a square lattice, i.e. L=7Z-14+7Z-1.
(ii) Auto(Xp) =~ Zfz if L C C is a hexagonal lattice, ie. L=Z-1+7Z- P
(i) Auto(Xp) = Zhz otherwise.

o0

(3) We have defined in the class (z) = Y emi(n’m+2n2),

n=—oo

(a) Check that (z) is a holomorphic function on C and that 0(z 4+ 7) = e~ ™(7+22) . §(2).

(b) Prove: 6(z) = 0iff z € 4T + Z -1 + Zr and all these zeros are simple.

(Hint: integrate 6'(z)/0(z) over the boundary of the fundamental parallelogram of L.)

(¢) Fix some points {z1,...,z4} and {y1,...,ya} in C such that > z; — > y; € Z. We have constructed a mero-
morphic function R(z) on X, with the zeros/poles at the points {z;}, {y;}. Go over all the details of the
proof.

(d) Prove that all the meromorphic functions on X, are of this type. (Hint: let f a meromorphic function, with
zeros at the points {x;} and poles at the points {y;}, each point is repeated according to the order of the
zero/pole. Distinguish between the cases: > x; — > y; € Z and > x; — Y y; & Z. In the later case fix a pair
x0, Yo such that zo + >z, —yo — D y; € Z.)

(e) Let X APl bea holomorphic map of degree d, totally ramified over 0,00 € P!.
(i) Show that ¢ has no other ramification points.
(ii) Prove that for d = 2 any two such morphisms are Aut(X)-related, i.e. ¢1 = ¢2 01 for some ¢ € Aut(X).
(iii) For any d > 2 give example of two such morphisms that are not Aut(X)-related.

(4) (a) Let f € k[zy,...,x,] and suppose f(a1,...,a,) = 0 for any choice g € k™. Prove: if k is an infinite field then

f is a zero polynomial. What can happen over a finite field?

(b) Present the following subsets X C k™ as X = V(I), i.e. find (some) defining ideals.
i. X=1{(1,0),(-1,0),(0,1)} c k% ii. X =1{(1,0),(0,0),(0,1)} c k% iii. X ={y=0}uU{(0,1)} C k%
iv. X=1{(1,0),(-1,0),(1,1),(-1,)}ck® v. X={z=0=y}U{y=0=2}U{z=0=2z2} C k>
vi. The image of the map k LA k3, o(t) = (3,14, 15).

(¢) For each ideal I of part (b) consider the ring klz1,...,zn]/;. For which cases is this ring an integral domain?

(d) For any collection of ideals {I,} prove: V([[Io) = UV (1), V(3. 1) = NV (1,).

(e) Given V(I) C k™ and V(J) C k™, prove that V(I) x V(J) C k™ x k™ is an algebraic subset. What is its
defining ideal?

(f) Suppose k is a finite field, show that any subset of k™ is algebraic.

(g) Which of the following subsets are algebraic?
i. {cos(t),sin(t), t € R} C R% ii. {r =sin(d)} C R? (in polar coordinates). iii. {y = sin(z)} C R%

(h) Suppose k is an infinite field and f € k[x1, ..., z,] a non-constant polynomial, n > 1. Prove: the set k™ \ V(f)
is infinite. Suppose n > 2 and k is algebraically closed, prove: the set V' (f) is infinite.



