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(1)

(a) Go over all the details in the proof of Hilbert basis theorem. In particular check: for any ideal I C R[x] and the
set Igeg—; = {p € I, deg(p) = j}, the subset (I.c.(Igeg—;),0) C R is an ideal. (L.c.=leading coefficients)

(b) Prove: if R is Noetherian then R|[[z1,...,2,]] is Noetherian.

(c) Suppose R is Noetherian and I C R an ideal, prove that R/ is Noetherian.

(d) Suppose R is Noetherian and S C R is a subring. Is S necessarily Noetherian? (Give a counterexample with
R =k[z,y].)

(e) Let C*°(RP,0) the ring of all the infinitely differentiable functions defined on some neighborhoods of 0 € R?.
(Each function has its own domain of definition.) Is this ring Noetherian?

(a) Fix a polynomial map k™ 4 k™, and consider its graph, I'y:={(z, ¢(z))} Ck™ ™. Write down the defining ideal
of I'y and the coordinate ring k[I'y]. Prove: k[I'y] = k[z1,...,z,]. Show the (natural) isomorphism I", = k.

(b) Define the map k! LRE by ¢(t) = (t,t2,...,t"). Denote the image by C. Write down the defining ideal of C
and the coordinate ring. Verify: k[C] ~ k[t]. Prove the isomorphism of algebraic sets k! = C.

(c) Define the map k! 2 K3 by ¢(t) = (t3,¢%,t%). Denote the image by C. Chek that the defining equations of

C C Kk? can be written as rank B Z ;2} < 2. (No need to check that this defines a radical ideal.) Find the

singular points of C.

(a) Find/describe the irreducible components in the following cases. Does the decomposition depend on k being
algebraically closed?
i V(y? —azy— 2%y +2°) C k2 ii. V(23 +2—2%y—y) Ck iii. V(zz,yz) C Kk
iv. V(22+y?—-1,22—-22-1)Ck?® herek e R,C v. Viey— 2222 +y?+2%) C k3 here k € R,C
vie. V(y2—z(z—1)(z — ) Ck? A€k, here k € R,C.
(b) Prove/disprove (what if we assume k = k?):
(i) VT C k[z] is prime iff V(I) is irreducible.
(ii) An algebraic subset X C k™ is irreducible iff I(X) C k[z] is a prime ideal.
(c¢) Prove: any radical ideal J C k[z] admits a finite presentation J = Np;, where the ideals {p;} are prime, and
this presentation is unique.
(d) For which fields is k™ irreducible?
(e) Let S be a non-empty collection of ideals in a Noetherian ring R. Prove that S has a minimal element, i.e.
there exists I € S which is not properly contained in any other ideal of S.
(f) Prove: every proper ideal in a Noetherian ring is contained in a maximal ideal.

(a) Prove that the curve {z? + y? = 1} C Q? has infinitely many points. (wiki: Pythagorean triple)

(b) Suppose k C R. Show that every algebraic subset of k™ can be defined by one equation, {f(z) = 0} C k™.

(¢) Let p(z,y),q(x,y) € klz,y] be polynomials with no common factors. Prove: the set {p(z,y) = 0 = ¢(z,y) =
0} C k? is finite. (We have seen this in the class.)

(d) Let k = k. Prove: V(I) C k" is finite iff dimy klz]/; < oco. In this case: §(V(I)) < dimyklzl/y/7. What can
happen over R?

(5) Here we assume k = k.

(a) Find the singular points of the curve {a® + y3 — 322 — 3y? 4+ 3zy + 1 = 0} C k2. Describe their tangent cones.

(b) Suppose a curve C' C k? of degree d has a point of multiplicity d. What are the possible irreducible decompo-
sitions of C7

(c¢) Fix some m = Y r; and pairwise independent linear forms {l;(x,y)}. Prove: for any d > m there exists an
irreducible curve C' C k2, of degree d, whose tangent cone at the origin is {[] 1/ (z,y) = 0}. (Prove: if f,,, fa
are homogeneous polynomials with no common factors then the polynomial f,, + f4 is irreducible.)



