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Homework 7

(1) (a) Let char(k) = 0. Show that an irreducible plane curve can have only a finite number of singular points. (This
holds also in positive characteristic, then need some additional arguments.)

(b) Let k = k̄. Identify the tangent cones of the following curves at all the singular points.

i. V
(

(x2 + y2 − 1)(x− 1)(y − x− 1)x
)

. ii. V
(

(x2 + y2)2 + 3x2y − y3
)

. iii. V
(

(x2 + y2)3 − 4x2y2
)

.

(c) Let k ∈ R,C and pt ∈ C ⊂ k
2 a smooth point. Prove that the tangent line is the limit of the secants:

T(C,pt) = lim
C3(x,y)→pt

(x, y), pt.

(d) Let k = C and pt ∈ C ⊂ C2 a singular point. Prove that the tangent cone, as a set, is the union of all the limits

of the secants: { lim
C3(x,y)→pt

(x, y), pt}. Does this hold also for k = R?

(e) Suppose φ � k
2 is a change of variables, i.e. a polynomial automorphism (x, y) → (x̃(x, y), ỹ(x, y)). Prove that

T(C,pt) ⊂ k
2 and T(φ(C),φ(pt)) ⊂ k

2 are related by a linear transformation.

(2) (a) Let C = {
∏
li(x, y) = 0} ⊂ k

2, where li(x, y) are polynomials of degree 1, pairwise linearly independent. (Such
curves are called “line arrangements”.) Let pt ∈ C a smooth point. Identify O(C,pt).

(b) Let p ⊂ R be a prime ideal, check that Rp is a local ring. Check that the natural map R → Rp, a → a
1 is a

homomorphism of rings.
(c) Prove: if R is Noetherian/domain/PID then so is Rp. Show that the converse does not always hold.
(d) Let m ⊂ R a maximal ideal. Prove that the ring R/md is local, for any d > 0. Describe the invertible elements.
(e) Suppose R is local and m ⊂ R is the maximal ideal. Is Rm ≈ R?
(f) Fix an open neighborhood of the origin U⊂C. Take the localizationO(U)(z). (Dis)prove: C[z](z)(O(U)(z)(C{z}.
(g) Fix an algebraic subset X ⊂ k

n and a polynomial automorphism φ � k
n. Prove: φ induces the isomorphisms

k[φ(X)]
φ∗

∼−→ k[X] and O(φ(X),φ(pt))

φ∗

∼−→ O(X,pt), for any pt ∈ X.

(3) (a) Let R be a DVR and t1, t2 two uniformizers. Prove: t1 = ut2 for some u ∈ R×. Prove that the valuation/order

function R
ord→ N ∪∞ does not depend on the choice of uniformizer.

(b) Check that the following rings are DVR. Give several examples of uniformizers.
i. k[[x]]. ii. k{x} (for k ∈ R,C). iii. k[x, y](x,y)/(y + y3 − x3) .
iv. k[x](∞) := {pq | p, q ∈ k[x], q 6= 0, deg(p) ≤ deg(q)}. (this is called: “localization at infinity”)

(c) Let R be a DVR with the maximal ideal m.

(i) Prove: m
j
/mj+1 is a vector space over a field R/m , for any j ≥ 0 . Compute dimm

j
/mj+1 .

(ii) For any f ∈ R prove: ord(f) = dimR/(f) .

(iii) Take the quotient field Frac(R). Suppose f ∈ Frac(R). Prove: if f 6∈ R then 1
f ∈ m ⊂ R.

(d) Suppose a DVR R contains a field k such that the composition k→ R→ R/m is an isomorphism. Prove:
(i) For any z ∈ R exists a unique λ ∈ k such that z − λ ∈ m.
(ii) Fix a uniformizing parameter t ∈ R. Then for any z ∈ R and n ∈ N exists a unique presentation: z =∑n

i=0 λit
i + znt

n+1, with {λi ∈ k} and zn ∈ R.
(iii) This presentation defines an embedding (injective homomorphism) R ↪→ k[[x]].

(e) Go over all the details of the proof: the curve C ⊂ k
2 is smooth at pt iff the ring O(C,pt) is DVR.

(f) Prove: g(x,y)∈k[x,y] is sent to a uniformizer in O(C,pt) iff the curve V(g(x, y)) is smooth at pt and non-tangent to C.

(4) (a) Fix a homomorphism of modules M1
φ→M2. Prove:

(i) 0→M1
φ→M2 is exact at M1 iff φ is injective.

(ii) M1
φ→M2 → 0 is exact at M2 iff φ is surjective.

(iii) 0→ ker(φ)→M1
φ→M2 → M2/φ(M1) → 0 is exact at each term.

(b) For any triple of modules M ⊂ N ⊂ L prove: the sequence 0→ N/M → L/M → L/N → 0 is exact.
(We will often use this for mj+n ⊂ mj ⊂ R.)

(c) Let 0→ V1 → V2 → V3 → 0 be an exact sequence of finite dimensional vector spaces.
Prove: dim(V2) = dim(V1) + dim(V3).


