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Geometric Calculus 1, 201.1.1031

Homework 12
Fall 2019 (D.Kerner)
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Below Box := [][a;, b:i] C R, {b; > a;}. We have defined vol,, [[[a;, b;] :==]](b; — a;).
i=1
(1) Construct a set S = U2, (ax,br) C [0, 1] such that @ N (0,1) C S and ) (by — ax) < 1. Prove:
(a) [0,1]\ S is a compact set, with empty interior, not of measure zero.
(b) S and [0,1] \ S do not admit vol;.

(2) (a) Given X C Box C R" and a partion P of Box define [ X]p, | X |p as the union of boxes of P
the intersect/lie inside X. Prove: X admits vol, iff infp[X'|p = supp| X |p = vol,,(X).

(b) Prove: if R"D 51U S,y LR s integrable and S;, Sy, S1 NSy admit volume then
f31U52 fdn£2f51 fdn£ + fgz fdni - fS’ﬂTSg fdn£
(c) Suppose R" D 9 EN R is integrable (2 is bounded). Prove: [ fd"z = 0iff f = 0 off a set
2

of measure 0.
(d) Let R™ D Zhounded L Rand 2 = US, is a countable cover by sets admitting vol,,. (Dis)prove:
f is integrable iff each f|s, is integrable.

(3) (a) (Integral mean value theorem) Let R" D & 5 R integrable and continuous, with & path

connected. Prove: [ fd"z = f(z,) - vol,,(2), for some z, € P.
7
(b) Let S C R", vol,(S) > 1. Prove: exists z,y € S such that x = y mod(Z").

(4) (a) Let R3® x Rng 52 5 R be integrable. Take the projection 2 = Ry*
i. Obtain (from Fubini on Box): ff z,y)d"=zd™y = | ( [ flz, g)dnﬂg> d™=x.
m(2) "7 ()
ii. Prove: [ f(z,y)d"y exists for all z € m(2) except for a subset of measure 0.
7 (z)
(b) Using Fubini prove: if f is C* then {9}, f = 0%, f};;.

(5) (a) Compute the integrals:
In(z)
[dx [ & . [[ydedydz, P ={x]| |z|]<z 0<z<1, a?+y*+ 22 <4}
0 g

eY+1
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(b) Compute vol,(P,) of the pyramid P, :={z| 0 < x; <2y <--- <z, <t} CR"™

(c) For any continuous function 0, 1] I, R prove:

i [y, f@)da - ff@ N9 e i. pfﬁl Sy o dr = (] SO

(6) We compute the volume of the n-dimensional ball, Ballg)(O) C R™
(a) Take the projection Ballgl)((]) 5 Ballg)(O), m(x) = (xp_1,2,). For each (r,_1,x,) €

Ballg)(()) verify: 7Nz, 1, 2,) = Ball%(()) X {(Tn-1,7n)}.

(b) Obtain the recursion UolnBallgL) (0) = 2”R2 00l QBCL”(”72 (0) and the formula for vol Ballgb) (0).

vol, Ba "o vol, Ba (n)
(c) Compute lim volnBallg)(O) and lim 3 i l(; ll(,ll)(B) Unee® for fixed R > ¢ > 0.
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