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(1) (a) Suppose for some S C R™ holds: R™\ S has no interior points. (Dis)Prove: S = R", int(S) # @.
(b) Suppose for some S C R? and x ¢ S holds: every line through 2 contains an open segment that contains z and
lies fully in R?\ S. Does this imply z ¢ S? (Hint: no need to look for monsters, consider just parabolas.)
(c¢) Fix a vector ¢ € R™ and define the shift T : R — R", by & — &+ ¢. Prove: if a subset S C R™ is open/closed
then T;3(S) is open/closed.

(2) (a) Take a sequence of points {z;} in R", here z;, = (1,4, .., Zn k). Prove:
iz, = 29 € R"iff ¢, — x;0 for any j. ii. If x;, = z, then for any subsequence holds: Ty, — Lo
(b) Prove: a subset X C R" is closed iff for any sequence z;, € X the convergence in R™ implies that in X.
(¢) A drunken frog jumps in R™. The direction and the length of each jump are random, but the lengths are
bounded, dj < m (Due to the heavy load of homeworks.) Does the frog necessarily converge to a point?

Is the set of its steps necessarily a closed subset of R?? Can this set have the non-empty interior?

(3) Given a subset X C R™ we have defined the induced topology on X.
(a) Describe the open sets on:  i. [a,b] C RY, ii. S%CR3.
(b) Solve question 8 of homework 1 with R™ replaced by X.
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(4) (a) Let f(z,y) = { g /;on# 0 . Prove: for every line [ through the origin the restriction f|; is continuous. Is the
function f(x,y) continuous at (0,0)?
1
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(b) Let f(z,y) = = Y70 Prove: for every curve C' = {y = a- |z|?} the restriction f|c is continuous.
0, z-y=0

Is the function f(z,y) continuous at (0,0)?

(5) (Dis)Prove the following statements:
(a) 2; Jy R™ is continuous iff the preimage of any closed subset is closed.
) 9 Jy R™ is continuous iff the image of any open subset is open.
(c) 9y I, R™ is continuous iff the image of any closed subset is closed.
)

Dy Jy R™ is continuous iff its graph is a closed subset, 'y C R™*™,

(6) (a) Take a matrix A € Mat,,xn(R) and define the map R™ 24 R™ & — AZ. Is the image of an open/closed subset
open/closed? (If not, which additional assumption is needed?)
(b) Let f(z1,22,73,14) = sin(z; — x3) + eTaTTs tan(zz) - In(x1) — 100 and consider the subsets:
X< :={z eRY| f(z) <0}, Xo = {z e RY f(z) =0}, X< :={z eRY f(z) <O}
Are they closed/open? Identify the boundaries/closures/interiors.

(7) For 9y R and zo € D¢ define the limit lim f(z) in two ways: via point-sequences (by Heine) and via open

T—xo
balls (by Cauchy).
(a) Prove the equivalence of the definitions.

(b) (Sandwich lemma) Suppose the functions & Tah R satisfy: f(zx) < g(z) < h(z). Prove: if lim f(x) =

T—To

lim h(z) =1 then lim g(x) exists and equals to I.
T—T0 T—To

(8) (a) (Dis)Prove: finite products, unions, intersections of compact sets (in R™) are compact.
(b) (Dis)Prove: S C R™ is compact iff all its projections onto coordinate hyperplanes ({z; = 0} C R™) are compact.



