HOMEWORK SHEET 1: SOLUTIONS

INTRODUCTION TO COMPLEX ANALYSIS FOR ELECTRIC ENGINEERING

1. QUESTION 1
a) For every € R and n € N, we know that

cos(na) + isin(na) = e = (cos(a) + isin(a :i( )z cos™*(a) sin® (a).

=0

If n =4, we get

) 4 4 4
cos(4a) = Re(e**?) = (0) cos*(a) + <2> i% cos? () sin? () + (4) i*sin*(a)
= cos’(a) — 6 cos?(a) sin’(a) + sin?(a),
while for n = 5 we get

- 1
sin(5a) = I'm(e”*") = = [(i)icos‘l(a) sin(«) + (g) i3 cos?(a) sin® () + (2) i° sin®
5

= 5cos*(a) sin(a) — 10 cosQ(a) 51n2( ) + sin®(«).

b) For every n > 0 and ¢ € R:

" con(h) = 3 e <Z¢>R <i<ew>’“>

k=0 k=0 k=0 k=0
and
n
Zsin(kgb Zlm ko) = I'm, (Zede’) =1Im <Z( ?) )
k=0 k=0
The last sum is a trlgonometrlc sum and hence we have the formula

En:(eiaﬁ)k _ 1 — (ei®)nt1 (- (£9)"H1)(1 — e~i9)

=0 L—ci¢ —  (1-e?)(l-e?)
1 —e i _ intD)¢ 4 ping ] _ o—id _ pi(nt)$ | oing
- 2— (e +e?) N 2 — 2cos(¢) ’
SO
E”: cos(k¢) = Re (1 — e_iz — ;i(nﬂ)(ﬁ + eiw) _ 1 —cos(¢) — cos((n + 1)¢) + cos(ng)
— 2cos(¢) 2 — 2cos(9)
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and
nL B 1—e @ —lntDo 4 eind\  sin(¢) — sin((n + 1)@) + sin(ne)
];)szn(k(b) =Im ( 2 — 2cos(¢) ) N 2 — 2cos(¢)

c) Let p(z) € Rlz], so p(z) = ap + a1z + ... + anz™, where ag,a,...,a, € R.
If zgp € C, then

n

n n n
p(z0) =0 <~ Zakzg =0 < Zak%k = Z@-Tok = Zakz(’f =0 < pz
k=0 k=0

k=0 k=0
2. QQUESTION 2:

a) Let a € C and define the mapping v, : C — C by ¥,(2) = a - 2. Write a in
its Cartesian representation
a=2Tq+1Wa, Tar¥Ya €R
then for every z = x + iy € C:
1l)a(z) = (xa + iya)(x + iy) = (:EaiL' - yay) + Z‘(‘Tay + yax)~
Thus v, : R? — R? is the following
%(337 y) = (xax — YalY, Tay + yax)v V(LL', y) € RQ

and the representative matrix of 1), with respect to the standard basis in R? is

— _ La —Ya
A= [wa] = (ya v > .
e Suppose |a| = 1, thus

2 2 2
t Zq _ya Tq ya _ xa + ya 0 _ |a‘| 0 —
AL = (ya T > (—ya :va> - < 0 y3+33§) B < 0 la*) =

and also

det(A) =22 + 92 =|a* = 1.
e As |a| = 1, a is of the form a = e for some 6, € [0,27). Thus for every
z=re? € C:

%(2) — ei9a . ,reiG — rei(&—i-ea)
S0 14 (2) just rotates the point z by 6, degrees, while keeping the same distance
from O.

b) Define the conjugation mapping 7 : C — C, by 7(z) = z. It is easily seen
that

T(1+22)=21+220=7Z1+%22 =7(21) + 7(22), Vz1,20€C
and
T(az) =az =ar(z), VaeC,zeC,
so T is is a linear mapping over the field R, but not over C.

e For every 2 = z + iy € C, we have 7(2) = 2 — iy, so 7 : R? — R? is of the
form
T(z,y) = (z,—y)
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so its representative matrix of T with respect to the standard basis in R? is

Bl =(p 5):

ot (10 1 0 _ _
B-B _<O 1)l 21 = I, and det(B) = —1.

e For every z = re’ € C, we have 7(z) = re”% so this is the point which is

symmetric to z with respect to the z—axis (the real line).

3. QUESTION 3:

Let (z,) be a sequence in C and z € C. Recall that z, — z if and only if
|20, — 2| — 0.

a)(i) True:
2n — 2 <= |Re(zn) — Re(2) +i(Im(zn) — Im(2))| = |20 — 2| — 0
< (Re(zn) — Re(2))? + (Im(z,) — Im(2))* — 0.
Now, it is not hard to see that for every two sequences of real numbers (z,) and
(yn), we have
22 +y2 -0 < 1z, —0andy, — 0.

One direction is simply arithmetics, while the other one follows from the Sandwich
rule and the fact that 0 < 22,42 < 22 + y2. Therefore,

Zn — 2 <= Re(z,) — Re(z) — 0 and Im(z,) — Im(z) — 0
<= Re(z,) — Re(z) and Im(z,) — Im(z)
< (Re(zn),Im(z,)) — (Re(z), Im(z)).

b)(i) e If |z| < 1, then lim,, o |2 — 0] = limy, 00 [2]" = 0, s0 lim,, oo 2 = 0.

o If |z] > 1, then lim,, o0 [2"| = limy, 00 |2|™ = 00 and lim,, o 2" = 0.

o If |z| = 1 and suppose that 2™ — ¢, then clearly 2"*! — ¢ and by arithmetics
2"+l — 2. 4. By the uniqueness of the limit (of a converging sequence) we get
z¢ = ¢, but 2™ — ¢ implies that 1 = |z"| — ||, i.e., that |{| =1 =€ #0,s0 z = 1.
So: if z =1, then lim,, . 2™ =1 and if |z] = 1,2 # 1, then 2™ does not converge.

b)(iii) We show the limit does not exist:

f(2) = 22—72 2222 2iIm(z?) Z,Im(zQ)
22472 5242 2Re(22)  Re(2?)’
so if z, = n — oo then f(z,) = 0. On the other hand, if w, = n + in — oo then
f(wy) = i. Therefore the limit lim,_, f(2) does not exist.

b)(iv) Let
Re(z) - Im(z)?
o= 7
Re(2)? + Im(z)
Let z, = % — 0, then f(z,) = 0. On the other hand, let w,, = # + z% — 0, then

12.12 1
flw,) = 2212 — —
(wn) L+ L2
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therefore the limit lim,_o f(2z) does not exist.

4. QUESTION 4:

Recall that a set X C C is open if and only if for every z € X, there exists € > 0
such that Ball.(z) C X. A set X C C is closed if 0X C X.

b) True: A set X C C is open if and only if C\ X is closed.

e Assume X is open. Let z € 9(C\ X) and suppose that z ¢ C\ X, i.e., that
z € X. As X is open, there exists € > 0 such that Ball.(z) C X, so

Ball(z)N(C\ X)=0= 2 ¢ 0(C\ X)
and this is a contradiction. So 9(C\ X) € C\ X, meaning that C\ X is closed.

e Assume C\ X is closed. Let z € X, so z ¢ C\ X and since 9(C\ X) Cc C\ X,
we know that z ¢ 9(C\ X). Then there exists ¢ > 0 such that

Ball(2) N (C\ X) =0 or Ball.(z) N X =0,
but z € Ball.(z) N X, which implies that
Ball.(2) N (C\ X) =0 = Ball.(z) C X,

i.e., we shoed that X is open.

c)(i) ® As X C C, it is easily seen that X is open in C if and only if X is open in
(Eﬁowever, this is not true for closed sets: Let
X =Rs9={2€C:Im(z) =0,Re(z) > 0}.
The set X is closed in C, as C\ X is open in C, but X is not closed in C: for every
r > 0, we have
{z:]z| >r}nX #Qand {z:|z| >r}N(C\ X) #0,

which means that co € 9(X), but co ¢ X, hence X is not closed in ((_:._
e A much simpler example is X = C: which is closed in C but not in C.



