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Homework 10 £
Spring 2022 (D.Kerner) ¥,

Questions to submit: 1.c. 1.d. 1.f. 1.g. 3.b. 4.a. 4.b. 4.c. 4.f. 4.g. i
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Below & C R"™ is an open subset with the standard coordinates of R™.
OM always denotes the manifold-boundary (not the boundary in the sense of the topology on R™Y)

1. a.

In the class we have associated to a vector field F on M the form w?{l € Q" 1(M). For M = U and

F= SR 5.7 on U write this form explicitly.
Associate to a vector field F = > F; aa the 1-form w L .= " F}; - da'. Verify: wgmd(f) df .

c. Associate to a scalar function f € C"(U) the n-form wf = f-dz' A--- Adz". For U C R? verify:

.2 9 1 3 e 2 1 : 3 2
1. w4 q—w wk . Wi Awz = wh = i, w* - =dw= v, w2, & = dw4.
FxG Nwg F\Wa F-G rot(F) F div(F) F

Verify: the ﬂux of F through a smooth oriented surface M C R3 equals to gw%.

e. Take a smooth hypersurface-germ (M, p) C (R"*!,p). Fix some linearly independent vectors vy ... v, €

T,M. Define the form wy, ., € T;R”‘H by Wy, .0, (V) = detlv,vy,...,v,]. Prove: wy, .,, when
presented in the canonical basis of R"!, gives the normal n, to M at p.

Prove: for a smooth hypersurface M C R"*! (with no prescribed orientation) choosing the volume form
is equivalent to choosing the unit normal.

Let M c R™*! be a smooth orientable hypersurface. Prove: M can be defined as {f = 0}, where f has
no critical points on M.

2. We have defined fM w via the splitting M \ X<,_1 = [[ M;. Given some charts on a manifold, M = Uldy,,
and a corresponding partition of unity, - p = 1, verify: [, w =37, [, ¢4 (paw)-
In particular, the right hand side is independent of the choice of charts and the choice of the partition.

3. We have defined (non-embedded) manifolds with boundary. A subset M C RY is called a (C") submanifold
with boundary if the germ (RY, M, p) is C"-diffeomorphic to the germ (RY, H, q) for each point p € M and
a corresponding point ¢ € H.

a.

b.

. Compute [gw for S C R™ defined by 3 = o1 (with the outer normal) and w =

. For a smooth surface with boundary SCRN and w=g(||z||)->zidz’|s € Q'(S) with g€ C*, prove: [, w=0.
. (Integration by parts in a multiple integral) Suppose U C R" is compact, and its boundary S’ = 0U is

Prove: in this case M is a submanifold of RV, with 9(0M) =

In particular, solid boxes/polytopes in R">! are not submanifolds with boundary.

Take U C R™ with the standard orientation. Which orientation is induced on dU? (Is the normal to OU
outer or inner?)

. Take S := S" N {x1 > 0}. What is the induced orientation on 957 ?
. Find (many) mistakes (give counterexamples) in the statement: for an open & C R™ the boundary is a

manifold of dimension (n — 1), with 0(0U) = @, and with the orientation naturally induced from .

. Let U C R? be an open convex bounded set. Suppose (0U) \ X<; is smooth. Take w = fody A dz +

fydz N dx + f.dx A dy|gz, where f; is independent of x;. Prove: fab'{ w = 0.
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piecewise smooth, with the outer unit normal 7. Prove J7(0if)-g-dU = [ f-g-7;- dS— J7 f-(0ig)-dU.

. For a body U C R3? obtain the formula vols(Uf) =3 fau xdy Ndz + ydz Adx + zdx A dy.

. Find the smooth, closed oriented curve C' for which the integral 950 % + ‘%)dx—i—mdy achieves maximum.
. Suppose U C R? is compact and OU is piecewise smooth and positively oriented. Prove: wvols(U) =

2 2
¢ xdy = — ¢ ydx. Use this formula to compute the area bounded by the curve |£|» + [4]7 = 1.
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