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Below I, J are ideals, p is a prime ideal, m is a maximal ideal. R[[z]] := R[[x1,...,xy]].
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Prove: (0) C R is a maximal ideal iff R is a field.

Describe all the nilpotents in the ring klzl/f), where f(z) = [[(z — 2;)%, x; # x; and d; > 1.
Prove: the ring R][z]] is a domain iff R is a domain.

Describe all the quotient rings of k[[z]], n = 1 (up to isomorphism).

If the quotient is a finite dimensional vector space, give a basis.

We have introduced the induced topology on V(I) C mSpec(R). Verify: this is a topology.
We have partially established the homeomorphism mSpec(B/1) = V(I) C mSpec(R).

Write the proof in details.

. Given a morphism of rings ¢ : R — S. (Dis)Prove:

i. ¢(0)=0.
ii. ¢(I) C S is an ideal for any ideal I C R.
iii. ¢~1(I) C R is an ideal for any ideal I C S.
iv. If I C S is a prime/maximal ideal then so is ¢~!(I) C R.

. Suppose a statement in 2.a. is false, does it become true if ¢ is injective/surjective?

For a set of ideals {I)} e write down the definitions of Nyealy and Y5 In.
Assuming A is finite, write down the definition of ], ., Ix C R. Verify that all these are ideals.

b. Prove: MxeaV(Ix) = V(X sea In) C mSpec(R).

For a finite A prove: UxeaV (Ix) = V([Ixea In) C mSpec(R).

(Dis)Prove: i. I-J=1NJ. ii. If I, J are primes then so is I + J.

iii. TUJ C Risanideal iff I C Jor J C 1. (It is worth to use the geometry, 3.b.)
Given two primes p1,ps C R is p1 NPy a prime ideal?

Let S C R a multiplicative set. Is R\ S an ideal?

For two ideals I,J C R and a prime p C Rprove: I-J Cpif INJ Cpiff (I Cpor J Cp).
What is the geometric interpretation?

Prove: the ring B/n;(R) is reduced.

. Prove: mSpec(R) = mSpec( Binil(R)).-

Establish the universal property: any homomorphism R — S, with S-reduced, factorizes uniquely
into R — B/niy(r) — S.
Prove: R* = R* + nil(R). (Namely, if u is a unit and z is nilpotent then w + x is a unit.)

Let R = Ry x Ry (the direct product of rings). Prove: R contains non-trivial idempotents.
Prove: the (natural) projections R; L R x Ry B Ry are homomorphisms of rings.

Does m; admit a right inverse? (i.e. a homomorphism R; 2 Ry X Ry satisfying: m; o s; = Idp,.)
Establish the embedding ¢ : k=, y)/(zy) — k[z] © k[y].

(More generally) A prime p C R is called minimal if there is no other prime p’ C p. Prove: if R
is reduced and has only finitely many minimal primes, {p;}, then R < [] Bj,.

Use Zorn’s lemma to prove: any prime contains a minimal prime.



