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Homework 10
Not for submission.

By A ∼ B we denote the left-right equivalence of matrices, see q.3 of hwk.4. Recall: every PID is a UFD.

1. a. Let A ∈ Matn×n(R) and suppose det(A) ∈ R is non-nilpotent. Denote by S the multiplicative
group, generated by det(A). The morphismA : Rn → Rn induces the morphism S−1A : S−1R⊕n →
S−1R⊕n. Prove: S−1A is an injective morphism.

b. Establish an isomorphism of Rp-modules: (R/I )p ∼= Rp/Ip , for any prime p ⊂ R.

2. Let M be a f.g. R-module.
a. Prove: if R is Noetherian then M is finitely-presented.
b. Prove: ann(S−1R ·M) = S−1R · ann(M) ⊂ S−1R for any multiplicative set 0 ̸∈ S ⊂ R.
c. Prove: M = 0 iff Mm = 0 for any maximal ideal m ⊂ R.

(Hint: for the direction ⇚ it is enough to prove: ann(M) ̸⊆ m for any m ⊂ R.)
d. Prove: I = J ⊂ R (for two ideals) iff Im = Jm ⊂ Rm for every m ⊂ R.
e. Prove: R/I ∼= R/J (isomorphism of R-modules) iff I = J ⊂ R.

Show that this does not hold if R/I ∼= R/J is only an isomorphism of rings.
f. Suppose R is Noetherian and m ⊂ R a maximal ideal. Prove: (R/I )m ∼= (R/J )m iff S−1 ·I = S−1 ·J ,

where the multiplicative set S is generated by a non-nilpotent element g ∈ R.

3. Let (R,m) bealocal ring, let M ∈mod-R, with a presentation M=coker(A), for some A∈Matm×n(R).
a. Suppose ⊕R/Ii

∼= ⊕R/Jj (as R-modules). Prove (after a permutation of indices): I1 = J1 ⊂ R,
I2 = J2 ⊂ R, . . . Show that this is not true over a non-local PID.

b. Define the “elementary column-operations” on a matrix: Ci ⇝ u · Ci (for u ∈ R×); Ci ↔ Cj ;
Ci ⇝ Ci + x · Cj (for any x ∈ R). Prove: any A ∈ GLn(R) is a product of elementary matrices.

c. i. Prove: A is a minimal presentation of M iff Im(A) ⊆ m ·R⊕m and ker(A) ⊆ m ·R⊕n.
ii. Prove: every finitely-presented module admits a minimal presentation. More precisely: A ∼

1I⊕ [Ã|O], where Ã ∈ Matm̃×ñ(m), and ker(Ã) ⊆ m ·R⊕ñ.
iii. Prove: if A is a minimal presentation then m = dimR/m

M/m ·M . Moreover, m is the minimal

number of generators of M (and is independent of choices).
Prove: n is also well-defined.

iv. We have proved in the class: the minimal presentation is unique (up to the left-right equiva-
lence). Go over the details.

4. Let A ∈ Matm×n(R), with m ≤ n. The j’th determinantal ideal Ij(A) ⊆ R is generated by the
determinants of all j × j-minors of A.
a. Verify: R =: I0(A) ⊇ I1(A) ⊇ · · · ⊇ Im(A) ⊇ Im+1(A) := 0.

b. Compute {Ij(A)} for the matrices:
[
x3+6 x2−7
x2+7 x3−6

]
∈Mat2×2(k[x]),

[∑∞
j=0 x

j+2 1+x∑∞
j=0(−xj) 1−x

]
∈Mat2×2(k[[x]]).

c. Let R = k[x], k = k̄. Prove: p ∈ V (Ij(A)) iff rank(A|p) < j. (Here A|p = A⊗ R/mp ∈ Mat(R/mp ).)
d. Prove: Ij(UAV ) = Ij(A) for any U ∈ GL(m,R), V ∈ GL(n,R).

(Hint: it is enough to prove Ij(UAV )⊆Ij(A). Reduce this to the local case, via q.2.d. Then use
q.3.b.)

5. Let R-PID.
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a. Given elements α1, α2 ∈ R, fix a generator (α) = (α1, α2) ⊂ R. Prove:

[
α1 0
0 α2

]
∼

[
α 0
0 α1α2

α

]
.

b. For any diagonal matrix prove: diag[α1 . . . αm] ∼ diag[λ1 . . . λm], where (λ1) ⊇ (λ2) ⊇ · · · .
c. Prove the corresponding statement for the module ⊕R/(αi) .
d. Given coprime elements {bi} in R prove: R/(

∏
bpii )

∼= ⊕R/(bpii ) (isomorphism of R-algebras).
e. Express the invariants factors {(λi)} of A via the ideals {Ij(A)}.

In particular, the ideals {(λi)} are uniquely-defined.
f. Define a morphism ϕ : Z3 → Z4 by (a, b, c) → (4a− 3b, 6a+2c, 10a+6b+8c, 3b+2c). Write down

the invariant and the primary decomposition of the module coker[A] ∈ mod-Z.
g. Find the Smith normal form for the matrices of q.4.b.
h. Prove: Q is an indecomposable Z-module.

Any contradiction to the structure theorem of modules over a PID?
i. Prove the uniqueness part of that structure theorem: M1

∼= M2 iff rank(M1) = rank(M2) and
their invariant factors coincide.


