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All vector spaces are finite-dimensional, over a field k of char(k)=0. The maps are linear. dimy(V)=n.

1. a.

b.

. Fix k and compute lim — dim[@"V] . Thus “About [...] of all k-linear forms are (skew)symmetric.

For o € S}, we have defined o(v1®- - ®@vi) = v,1)®- - @y and claimed " This extends (by linearity)
to the action o O ®M/.” Write the details. Verify: this action preserves all the relations of @
Fix some bases: V = Span{v;}, W = Span{w;}.

i. Prove: {v; ® w;} is a basis of V® W.  The non-trivial part here is the linear independence.

(Hint: use the dual bases of V*, W* and V*@W C (VW)*.)
k
ii. Write explicit bases for Sym*V*, A V*. (Verify that these are bases.)

. Establish the natural (basis-free) isomorphisms: i. V*@QW = Hom(V,W). ii. Vie(VaxVs) = (Vi@V,)QVs.

. Ve(UeW)=(VelU)s(VeWw). iv. V*W*=2Hom(V,W*)=Z Hom(VeW, k)= (VeW)*

. Prove: the symmetrization @*V " @* V and alternation @*V 2¢ ®F V' are projectors.
Yy

Namely: Sym o Sym = Sym and Alt o Alt = Alt.

7

N oo dim[SymFV]+dim[AFV]

. Prove: i. Sym(f ® g) = Sym(f @ Sym(g)) = Sym(Sym(f) ® g).

. Alt(f @ g) = Alt(f @ Alt(g)) = Alt(Alt(f) @ g).

. Given vectors {v;} in V prove: vy A --- A v, = 0 iff these vectors are linearly dependent.
. To an element [ € V* associate the linear function I(z) € k[z]; (homogeneous polynomials of de-

gree=1). Accordingly we define the map Sym*(V*) 2 Sym(l; ® - -- @ ly) — l1(z) - - - ln(x) € k[z].
Prove: this extends to an isomorphism of commutative graded algebras, @ Sym*(V*) = k|[x].

k
a. Verify: f A f =0 for any f € A V* with k-odd.

k;
b. Given f; € AV*, verify: fi A+ A fr = EEEL AR (fi @ @ f,).

C.

d.

e.

. Verify the basic properties of the exterior product: i. (fAg)Ah=fA(gAh).

k I
. (f+g9)ANh=fAg+fAh ii. fAg=(—1D)gAf for feAV* andge AV*.

k
. Take the exterior algebra AV* = @ A V*. Compute dimy(AV*).
k
. Given vectors {v;} in V and 1-forms {/;} in V* prove: (l;A---Alp)(11®- - -Quy) = det{l;(vj)}i ;-

k k
. Prove: any endomorphism ¢ O V' induces endomorphisms A¢ O AV for k=0,1,....

k
(The maps A ¢ are natural, i.e. defined without fixing a basis.)

. In particular, the map X 0X@) K V' is the multiplication by a scalar, denote it f(¢).

Prove: f(¢) = det|¢p] where [¢] is the presentation matrix of ¢ in some/any basis of V.

Deduce: det[¢] does not depend on the choice of basis.

Deduce: det[U - A-U™'| = det[A] for any A € Mat,y,(k) and U € GL(n,k).

Given two endomorphisms, ¢1, ¢ O V', study the scalar f(¢10¢2). Deduce: det[A-B] = det[A]- et[B]

ko k& k Kook
Givenamap V AW and the corresponding maps A V' A9 A W, construct the dual maps A W* 25 AL AV

£, Verify: (LA AL (A &) (1A~ -Awy)) = ((Agb)(ll/\---/\lk)>(v1/\---/\vk). Deduce: det[A] = det]A1].

5. Compute ¢*w for w = zdx A dy + ydz A dz € Q2(k?) and k2 3 (u,v) 5 (cos(u), sin(u),v”) € k3.



