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Geometric Calculus 2, 201.1.1041 /sao%
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Spring 2025 (D.Kerner) 2, &

Not for submission. "/,m] n\’J’O’Q

. (For 1 < r < o0) Take a smooth orientable hypersurface X C R"*1. Prove: X can be (globally!)
defined by f(z) = 0, where f has no critical points on X.

. Let U € R™. Define the maps: C™~'(U) 28 Q*(U), by f — w} = f-doy A--- Ndx,
{vector fields on U} 75 Q" L(U), by F — w::_l ‘= (day A Aday)(F),
and {vector fields on U} 3 Q'(U), by F — wi =y Fi - da;.

a. Verify: these are C"~1(U)-linear isomorphisms. Verify: o.;;m apy = df and w2~ "Aw

b. Specify bases (of the source and the target) for which [¢1] = 1, and [¢),,— 1] =1

c. The classical “divergence operator” is defined via the identity wh () —dwgfl.

Verify: div(F) =V - F. (The scalar product.)
d. For U C R? the vector product can be defined via w

F G
The classical “rotor operator” is defined via wmt(ﬁ)—d 113 Verlfy rot( )=V x F, the vector product.
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=wp A wl Write F x G explicitly.

. a. Take a smooth hypersurface-germ (X,p) C (R"* p). Fix some linearly independent vectors
Uy ...0, € Tixp). Define the 1-form w,, ,, € T(Rn+1 by wy, v, (v) = det[vy, ..., v,,v]. For the
map 1 of question 2 prove: (¢1)_1wvl...vn is the normal ni, to X at p.

b. Given a function R” D U % R, take its graph I'f CU x R;. Take the upper normal to I'y, i.e.
n -y > 0, and the corresponding orientation of I';.

i. What is the corresponding orientation on U7
ii. Given a vector field F on U X R;, prove: its flux through T'y is fu(ﬁ (=Vuf, D)), - duy - - - duy,.

c. Take S CR3, with the outer normal. (What is the corresponding order of 6, ¢?)

i.Prove: the flux of the field F = f - 7 through S? equals to I FdS = ff@@ [ r3sin(0)dode.

ii. Compute the flux of F = % through S?CR®.

. a. Take a smooth hypersurface X C R""! with a chosen normal 7. Project onto coordinate hyper-
planes, R""' C X ™ R™ = {z; = 0}. Denote the images U; := m;(X). Suppose each ; is invertible
and (outside of a set of dim < n — 1) the inverse map 7; LU, _s X is a parametrization.

Prove: the flux of a vector field F through X equals to 3, i sign(ni) - (From ) - duj - - - du,

b. Let X = 0U C R™', where U is a convex bounded set. Suppose each Fj is independent of x;.
Prove: the total flux of F through X is zero.

c. Take S = (0Pyramid) \Z/{ with Pyramid CR? defined by z,,2 >0, z+y+2 <1, and UCR2,

is defined by z,y > 0, 22 + y* < \1[ (The orientation corresponds to the outer normal.)

Compute [ w, where w = (z + z)dz A dy + (z + y + cos(x))dy A dz + (x — sin(y))dz A dz|s.

. a. Compute [, FdC in the following cases: 1. F=4 +y2 , C={%+% =1} CR? (counterclockwise).

ii. F= (m;frgg), and the curve (v/3,1) ~ (—=/3,1) is given in polar Coordinates by r(0) = #n(e)'

b. For each n € N give a closed oriented curve that does not pass through (0,0) and satisfies:
P xgyx dC =2mn.

c. Find the smooth, closed oriented curve C' for which the integral ic(xz—y + %)dx + xdy achieves
maximum.
d. Take a compact I C R?, suppose Ol is piecewise smooth. Take the outer orientation. Prove:
voly(U)= ¢ xdy = — ¢ ydx. Compute the area bounded by the curve |§|% + \%|% =1.
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