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1. a. Suppose (R",0) 5 R™ is C* and rank|[f’|,] = k. Prove: rank[f’|,] > k for z close to o.
(Namely: for any representative U s R™ there exists a neighborhood o€l CU such that .. J)
b. Prove the lemma on the normal forms of immersions and submersions, see question 7 of homework
0. (We have proved one of these in the class.)
c. Deduce the open mapping theorem: if R” D U 5, R™ is C', m < n, and rank[f’] = m everywhere
on U then f sends open sets to open sets.
d.Let R®* DU % U C R™ be a C'-diffeomorphism of open subsets. Prove: n = 7.

2. Prove: the following sets are C*“-manifolds. Try to imagine/to visualise these manifolds, e.g. X, S!x St
a. X, = {(z,y)| llz]] = Iyl = 1} C R x R™,
b. {(z,y,2)] 2* +y* =1, 2?2 +y* + 22 = 22} C R3.
c. {(z1,...,z4)| ||| = 1, 2179 + 2324 = 0} C R%.

3. Find the non-smooth points of the following sets:
23 n n m
a (2] (@ 492+ 27 = ik b {a] 1G] = 1} € R for L€ Hom(R",R™),

d
c. {(x,y)] v* = [[(x—c;)?}. Draw this curve in small neighborhoods of non-smooth points.
i=1

4. Identify Mat,,(R)=R" as in homework 1. Prove: the subsets SL(n,R)C GL(n,R)C Mat,n(R)
are C“-manifolds. Determine their dimensions. Are they compact? Path-connected?

5. a. Prove: (C,0)={(z,y)| z-y=0} C(R?, 0) is not the germ of a C°-submanifold. [Done in the class.]
b. Prove: C' = {(z,y)| y = |z|} C R? is a C%-submanifold, but not a C'*-submanifold.
Verify: R 3 ¢ — (191, ]¢|'°1) € R? is a C''%-parametrization of C. Any contradiction?
c. Define the curve C' C R? by the parametrization R 3 ¢ — (£3,t%) € R2. Prove: C' is a C! manifold,
but not a C*-manifold. Give an (explicit) non-degenerate C'-parametrization of C.
d. For each r > 1 give an example of C"-manifold that is not a C"*!'-manifold.
e. Prove: the dimension of a path-connected manifold is well defined,i.e. dim(X,x,)=-const for z,€ X.

6. a. We gave four equivalent characterizations of smoothness of (X, 0), and have proved: 1 = 2,3,4.
Prove the other implications.
b. Define f(z,y) = y* and X := {f(x,y) = 0} C R2 Note: f’|,—o = 0, at each point of X.

Is X a submanifold of R?? (Any contradiction to one of the characterizations of part a?)
c. Take a C"-function, R™ D U y R. Prove: the graph I';y C U x R! is a C"-manifold, and it is
globally rectifiable.

d. Prove: every manifold is locally path-connected at each point.



