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Below X is a C"-manifold, 1 <r < oo, w, dim(X) = n, with coordinate charts X = U(U,, q)-

.a. Given two charts X D U,,Us, with their coordinate maps U, Loy ®,(U,) C R"™ Suppose Uyp :=
U, NUz # . Construct (the natural) isomorphism of tangent bundles: T'®,(U,z) =T Ps(Uap)-

b. Given some charts X =UU,,, with coordinate maps U, (}iﬂ;{a CR}. Take functions Z;{a 4 “iCT R. What is
the necessary and sufficient condition for this collection { f,} ”"to combine” into an element of C"(X)?
c. For a submanifold (X, z,) C (RY, z,) and a parameterized curve-germ (R!,0)>t—x(t) € (X, x,) take

the velocity d“zgt) li=o eRN. Prove: T, (X,z.) 18 the union of such velocity vectors over all the curve germs.

d. Define the torus X C R? by (1/22 + y2 — R)®>+ 22 = 7% Let X 2, S%, be the vertical projection into
the lower hemisphere, i.e. (z,y,2) = (v,y, —/ (R +1)% — 2% — 32).
i. Take a vector v € T'x;, C T(grs ). Write its image in T(g2 ¢(p))-
ii. At which points of X is df of full rank? Where is df of rank = 17
iii. Is the image f(X) C S%,, a submanifold?

.Let S~ = {||z|]| = 1} C R"™. Write down the defining equation(s) of TS"! C R" x R™.

. Take the projection R" x R? > T'S"~! ™y R”. Prove: 7 is surjective.

. Write down the defining equations of 7'SO(n) C Mat,xn(R) x Mat,«n(R).

. For an open subset & C X define TX |y, := Hpey{x} x Tix ) Verify: TX |y = TU.

.Given X CRY and Y C RM verify: T(X xY)=TX xTY.

. For the torus X C R? prove: TX = X x R?2.  Write the defining equations of TX C R3 x R3.
. (Dis)Prove: an injection X < Y induces an injection TX < TY.

. (Dis)Prove: a surjection X — Y induces a surjection TX — TY.
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. a. Take the C¥-vector fields, £ := sin(x)%, n = x%, 0= xzﬁ on (a,b) C RL.
Consider the following cases: (a,b) = (—¢,€), (a,b) = (—27, 27).
For each of these cases, which of these vector fields are related by coordinate changes?
b. Express the vector fields 2, 2 on R? in the polar coordinates. Express the vector fields %, 2 in the
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cartesian coordinates.

c. In the class we saw the “stereographic” covering S' = R} UR!, with coordinates z;,z_. Write the
pushforward (transition) map for vector fields from R} to RL. Prove: if a vector field a(xQ% is
polynomial in both charts then the degree of this polynomial is< 2.

d. Take the covering R — S' by ¢t — ¢'. Prove: any C"-vector field on S* is presentable as c(t)2 for

some periodic function ¢ € C"(R').

. Take the polar coordinates (r,6,¢) on R3 with ¢ € [0,27] and 6 € [0, 7].
a. Take the charts S? = (52 \ {—2}) U (5% \ {2}). Define the coordinate maps:
o S\ {—2} - R% :={z =1} C R?, by projection from the point {—2z}.
e 5%\ {Z} - R% :={z = —1} C R?, by projection from the point {—2}.
Take the vector fields 9,,,0,, on R%. Write their pushforwards on R?. Write these vector fields in
the polar coordinates on S2.
b. Do the vector fields sin(0)Z;, % extend to the global C'-fields on S??



