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(Either typed or in readable handwriting and scanned in readable resolution.)

1. Given a Cr−1-vector field ξ and f ∈Cr(X), we have defined the functionX
ξ(f)→R1 pointwise, ξ(f)|p :=∂ξf |p.

a. Suppose in some chart ξ is presented as (c1(x), . . . , cn(x)).Verify (in that chart): ξ(f) =
∑
ci(x)∂xif(x).

b. Prove: ξ defines an R-linear map Cr(X) ξ→ Cr−1(X). Is this a homomorphism of rings? Establish the
Leibniz rule, ξ(f · g) = · · ·

c. Suppose r ≥ 2. Define the commutator of two vector fields, [ξ, η] := ξ ◦ η − η ◦ ξ, via its action on
functions, as in a. Prove [ξ, η] is a Cr−2-vector field on X. Namely, this is a differential operator of
order one, independent of coordinate choices.

d. For vector fields ξ, η on X verify: [f · ξ, g · η] = f · g · [ξ, η]− g · η(f)ξ + f · ξ(g)η for any f, g ∈ C1(X).
e. Take the vector fields ∂

∂ϕ
, ∂
∂θ

in polar coordinates in R3. Compute [ ∂
∂ϕ
, ∂
∂θ
]. Express these vector fields

in x, y, z-coordinates, and compute the corresponding commutator. (Do you get the same answer?)

2. Take a Cr map : X ψ→ Y . (Dis)Prove: a. If ψ is injective then ψ∗ is injective.
b. If ψ is surjective then ψ∗ is surjective. c. ψ∗((ψ∗ξ)(f)) = ξ(ψ∗(f)) for each f ∈ Cr(Y ).

3. A vector field ξ on Y is called tangent to a submanifold X ⊂ Y if ξ|p ∈ T(X,p) for each point p ∈ X.
a. Verify: the restriction ξ|X is a vector field on X iff ξ is tangent to X.
b. Take a subset X = {f(x) = 0} ⊂ RN . Prove: ξ is tangent to X (at its smooth points) iff ξ(f)|X = 0.
c. Prove: if ξ, η are tangent to X then ξ + η and [ξ, η] are tangent as well.

4. a. Prove: TX is trivial iff there exist vector fields ξ1, . . . , ξn on X whose values ξ1|xo , . . . , ξn|xo are linearly
independent for each xo ∈ X. (We did one direction in the class.)

b. Give a Cω-vector field without zeros on S1. Deduce (once again): TS1 is trivial.
c. Prove that TS3 is trivial, as follows.

i. Take the vector field ξ1 = −x2∂1 + x1∂2 − x4∂3 + x3∂4 on R4. Verify: ξ1 is tangent to S3 ⊂ R4.
Verify: the restriction ξ1|S3 is a vector field on S3 without zeros.

ii. In a similar way write vector fields ξ2, ξ3 on R4 that restrict to vector fields on S3, and such that
ξ1|xo , ξ2|xo , ξ3|xo are linearly independent for each point xo ∈ S3. (Here one has to verify that
certain 3× 4 matrix of linear forms is non-degenerate everywhere on S3. You can skip this.)

5. a. Take a coordinate chart RN ⊃ X ⊇ U ϕ−→∼ Ũ ⊆ Rn. Fix a sequence of points {x•} ⊂ U . (Dis)Prove:
i. The sequence {x•} converges in U iff {ϕ(x•)} converges in Ũ .
ii. {x•} is a Cauchy sequence of points in U iff {ϕ(x•)} is a Cauchy sequence of points in Ũ .

b. Take some coordinate charts, X = ∪Uα, with Uα
ϕα−→∼ Ũα ⊆ Rn

α.

i. (Dis)Prove: a subset U ⊂ X is open/closed iff ϕα(U ∩ Uα) is open/closed in Rn for each α.
ii. Prove: all the opens Ũα ⊂ Rn

α can be assumed bounded. Namely, for each ϕα with a Cr-
diffeomorphism ψα ⟳ Rn

α (construct it) such that ψα(Ũα) ⊂ Ball1(o).
c. Take a Cr-manifold X, for 1≤ r≤∞, and a closed subset Z ⊂X. Take a function f ∈ Cr(X \ Z)
satisfying: lim

x→xo
f (k)|x =0 for each X ∋ xo ∈ ∂Z and all 0 ≤ k ≤ r. (Verify: this condition does not

depend on the choice of local coordinates on (X, xo).) Prove: f extends to a Cr-function on X. When
is the extension unique?

d. Take a partition of unity
∑
ρα = 1 and a compact subset Z ⊆ X. Prove: Z ∩ supp(ρα) = ∅ except

for a finite set of α’s.


