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1. Below X % Y is a non-constant analytic map of (connected) Riemann surfaces. Prove:
a. f is an open mapping.
b.

C.
d.

If f is injective, then it is an isomorphism, X EIN f(X)CY.

If X is compact then so is Y, and f is surjective.
For any y € Y the subset ¢~ '(y) C X is discrete. If X is compact, then ¢~'(y) is finite.

. Let f(2) = 42 oy (C), consider the corresponding holomorphic map P! £y P!, Describe its

(22—1)2
ramification data. What is deg(F")?
For amap X Y and its presentation in (any) coordinates f(z), verify: mult,, f = (Z_z"f)(—'fff(z)\zzzo.

Take a smooth curve X = {f(z,y) = 0} C C? and the projection X = Cl. Verify: p € X is a
ramification point of X iff the tangent line T(x ) is parallel to y-axis iff d, f], = 0.
Do this also for the projective case in homogeneous coordinates, X = {f(zo, 21, 22) = 0} C P2.

3. a. Verify: a map of deg(f) = 1 has no ramifications and is a global isomorphism of Riemann surfaces.

b. Below X is a compact Riemann surface and const # f € M(X). Prove:
i. f has at least one zero and at least one pole.
ii. If f has precisely one pole (or one zero) then it is an isomorphism X L pt.
iii. Y ord,(f) =0. (The number of zeros equals the number of poles.)
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c. Project the curve {zy = 1} C C? onto g-axis. Is the degree of this projection constant?

. Prove: any holomorphic map P! y P! is presentable as [z : 21] — [p(20, 21) : ¢(20,21)], for some

homogeneous polynomials of the same degree d. When the degree of this map is just d?

An invertible holomorphic map f O X is called an automorphism. Verify: the set of all the
automorphism of X form a group, Aut(X).

(Mobius transformations) Prove: the action GL(2,C) ¢ C? descends to a holomorphic action
GL(2,C) O P'. Namely, for each A € GL(2,C) the map [z : z1] — [20 : 21]A is holomorphic.
Write this action in the coordinate chart U, .o. Prove: this correspondence defines a surjective
homomorphism of groups GL(2,C) — Aut(P'). What is the kernel?

. Compute the genus of the Fermat curve {z? + y? = 24} C P2
b. Verify: the action GL(3,C) O P? preserves the degrees and genera of smooth algebraic curves.

Prove: any smooth projective cubic Xge,—3 C P? can be brought by the action GL(3,C) © P? to
the Weierstraf§ form, which in the affine coordinates is {y? = 23 + az + b}.

d. Compute the genus of a(ny) smooth projective plane cubic.
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Let X 4 Y be a non-constant holomorphic map of compact Riemann surfaces. Prove:
Lg(X) > g(Y). (E.g. any map P' — X >; must be constant.)
f g(X) = g(Y) =1 then f is necessarily unramified.

iii. If g(X) = g(Y) = 2 then f is necessarily an isomorphism.
iv. The sum of ramification indices of f is even. (The ramification index at a point x is mult,(f)—1.)

6. a. Why do not we study “meromorphic maps of compact Riemann surfaces”?
b. Let X = {y = ¢”} C C?. Describe X C P2. (What is X \ X?)



