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1. Take a (possibly singular) algebraic curve X C P?. Eliminate the singularities, X — X. Suppose an
open dense subset U C X admits a parametrization C\(finite set)——sU. Prove: this parametrization

extends to P'—s X

2. Take the curve-germ (X, 0) = {y* = h(x,y)} C(C?, 0), where h(z,y) € Clx,y], ord,(h) =q >p > 2.
Suppose h(x,y) contains the monomial 1 - x7.
a. Suppose ged(p, ¢) = 1. Prove: (C )\ 0,0)-25(X \ 0,0).

[Look for the parametrization of the form z(t) = t*, y(t) = t7- (1 + A), where A is an unknown.
Show that there exists the (unique) solution A(t) € C{t}.]
b. Extend this to the case ged(p,q) =r € N.

3. (Cyclic coverings of PL. An extension of “Hyperelliptic curves”)
Let X = {y* = h(z)} C C* where h(z) € C[z] of deg(h) = d, with no multiple roots. Take its
closure X CP? and eliminate the singularities, X — X.
a. Find the singular points of X. For each z, € X detect the O-type of the germ (X \ z,, 7,), as in q.2.
b. Compute g(X).
c. Detect the topological types of X, X, X.

d. The projection X 7 C! induces the morphism C(z) =5 M (X). Verify: this is an embedding.

e. Define the automorphism o O X by (z,y) — (z, e%y). Verify: it extends to an (analytic) automor-
phism o O X.

f. Verify: a function f € M(X) is of invariant iff f € 7#(C(z)).

g. Prove: every f € M(X) is presentable as so(z) + - s1(x) +--- +y?~' - 5, 1(x), for s;(zx) € C(x).

4.a. Take a Riemann surface X (not necessarily compact). Verify: M(X) is a field.
b. For any morphism X 7<% Y we get M (X) 2 M (Y'). What happens for ¢ = const?
Is the map M(P') 24 M(C') induced by the embedding C «— P! an isomorphism?

5.a.Let X = {f(x,y) = 0} CC? where f(z,y) € Clz,y] is square-free.
i. Prove: a vector field &c2 restricts to a vector field on X iff £(f) is divisible by f.
[You can use Hilbert’s Nullstellensatz]
ii. Verify: the vector field 0, f - 9, — 0, f - 0, is tangent to all the curves {f(z,y) = ¢} for ¢ € C.
ili. Suppose f is weighted-homogeneous, i.e. f(t“rx,t*vy) =t - f(z,y), for some weights w,,w, € N.
Verify: the Euler vector field w,x - 0, + wyy - 0, restricts to a vector field on X.

b. For any O-manifold X prove: vector fields acts on functions as differential operators. Namely,
&(f) € O(X), M(X) for any analytic vector field and any f € O(X), M(X), and this action does
not depend on the choice of local coordinates, and is C-linear, and satisfies Leibniz rule.

c. Take a map of Riemann surfaces X % Y. (Dis)Prove: 1i. If ¢ is injective then ¢, is injective.

ii. If ¢ is surjective then ¢, is surjective. i, ¢*((0:8)(f)) = &(o*(f)) for each f € O(Y).

d. Define the commutator of two vector fields, [£, 7] :=&on — no&, via its action on functions, as in
b. Prove [, 7] is a vector field on X. Namely, this is an analytic differential operator of order one,
independent of coordinate choices.

e. Fix vector fields £, 1 on CV that are tangent to a submanifold X C CV. Verify: [£, ] is tangent to X.



