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1.a. For any O-submanifold X C CV verify: TX C X x CY is an O-submanifold, and the fibres of the

projection TX — X are complex subspaces of C.

b. Prove: TX is (O) trivial iff there exist analytic vector fields £y, . . ., &, on X whose values & |,,, - . ., &l
are linearly independent at all points z, € X.

c. Prove: the vector space of analytic vector fields on P! is of dimc =3, while for C/;, the dimension is 1.

d. For any non-zero meromorphic vector field on P!, C/, compute #(zeros) — #(poles).

e. The pushforward TX 5 TY is defined for any map X ‘<€ Y. Is the pushforward of vector fields
defined for any map as well?

2.a. Prove: dimcQ'(P') = 0 and dimcQ'(C/r) = 1.
b. Obtain explicit presentations of meromorphic differential forms on P!, C/,.
Compute f(zeros) — f(poles).
c. Prove: the bundles T'(C/;,) and T*(C/p) are trivial.
d. The pullback Q*(X) {& QYY) is defined for any map X 'S¢ Y. Is the pullback T*X {~ T*Y defined
for any map as well?
e. Suppose there exists const# f € M(X). Verify: Q},(X)=M(X)-df. (A vector space of dimpx)=1.)

3. Take a Riemann surface X = {f(z,y) =0} C C%
a. Define the vector field on X as follows:
e At points where 0, f|, # 0 take x as the local coordinate, and define £ = 9, f - 0,.
e At points where 0, f|, # 0 take y as the local coordinate, and define £ = —0,.f - 9,.
Verify: ¢ is a well-defined analytic vector field on X, and it has no zeros. Conclude: T'X is trivial.
b. Conclude: the space of analytic, resp. meromorphic, vector fields on X is O(X) - &, resp. M(X)-¢&.
c. Similarly, define w € Q'(X) by %, resp. —a”i—yf. Obtain the corresponding versions of a. and b.
d. Suppose the compactification X CP? is smooth, of deg=d>3. Prove: w of c. extends to weQ'(X).
Moreover, all the forms p(x,y) - w, for p(z,y) € C[z, ylaeg<a—3 extend to Q(X).

Conclude: dimcQ'(X) > (%Y.

4.a. Verify: the exterior derivative O(X) % QL. (X) is compatible with its real version C*°(X) & Q(X)
(which was defined in Infi.4).
For any Riemann surface X and any w € Q},(X) verify: dgw = 0.
b. For meromorphic forms/vector fields verify: ord,w and ord,{ do not depend on coordinate choices.
c. Given X 4 YV and w € Q},(Y), verify: ord,(f*w) = ordsgpw - mult,f + (mult, f — 1).
d. Take the smooth curve X = {y*> = h(x)} C C?, where deg(h) = d > 3, and the corresponding
hyperelliptic curve X=X,
i. Prove: the form df extends to a form w € Q'(X). (Find its zeros and poles, with their multiplicities.)

Moreover, any form q(x)%‘” for deg(g(x)) < [42] extends to a form w € Q'(X).
ii. Take the ramified covering X P,..;and aformw € Q},(P'). Compute (zeros(f*w))—H(poles(f*w)).

xT:

5. Fix a complex torus C = C/1,, a point 2, € L and the path [0,1] 2 C, y(¢) = tz,. Compute fm dz.



