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ON RAMANUJAN CUBIC POLYNOMIALS

VLADIMIR SHEVELEV

ABSTRACT. A polynomial 3 + pz? + gz + r with the condition pr3 +
3rs + g = 0 we call a Ramanujan cubic polynomial (RCP). We study
different interest properties of RCP, in particular, an important role of a
parameter 2. We prove some new beautiful identities containing sums
of 6 cubic radicals of values of trigonometrical functions as well.

Paper is deducated to the 120 — th anniversary of Srinivasa Ramanu-
jan.

1. INTRODUCTION

In his second notebook [4], S.Ramanujan proved the following theorem.

Theorem 1. ([4], p.325;[2]). Let o, 3 and v denote the roots of the cubic
equation

(1) 2 —ar* +br —1=0.

Then, for a suitable determination of roots,

(2) af + B3 495 = (a+ 6+ 3t)7,
and

(3) (aB)s + (57)3 + (ya)7 = (b+ 6+ 31),
where

(4) t*—3(a+b+3)t— (ab+6(a+b)+9) = 0.

A proof of Theorem 1 can be found in paper [2]. Evidently, the simplest
condition for successful application of Theorem 1 is the condition
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(5) a+b+3=0
that implies

(6) t = (ab+ 6(a+b)+9)3 = (ab— 9)s3.

If, for real nonzero r, to consider

(7) Ty = —r3a, To=—T3f, x3=—T37y
and denote
(8) ars =p, brs = q

then in the real case by ([II)-(8) we obtain the following result.

Theorem 2. Let p,q,7,€ R, r # 0 such that

9) pr% + 35 + qg=0,

and let the polynomial

(10) 2+ pr® +qr+r

have real roots x1, x9, x3. Then

1 1 1

(11) :L'1§+:L'§+:L'§ :(_p—67’%+3(9r—pq)%)%,
and
(12) (2172)7 + (2273)7 + (w374)3 = (¢ + 675 — 3(9r> — pgr)3)3,

Notice that Theorem 2 was proved directly in [6]. Notice also, that (12

can be written in the form

1

_1 _1 1
(13> ,]}‘13 +,’,U23 —|—[1}'33 :r_%(—q_fjr% +3(9T2_pqr)%)%

In connection with Theorem 2 we introduce the following definition.
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Definition 1. Let p,q,r € R, r # 0. The cubic polynomial ({I0) is called
a Ramanugan polynomial (RCP) if it has real roots and the condition (9) is
satisfied.

In this paper we study various properties of the RCP and present some

new identities.

2. SOME EXAMPLES

Example 1.The polynomial 2® — 322 — 62 + 8 is an RCP with roots
1,—2,4. Thus, by (1) we have

1—25 445 = (=9 +9-235)3
and therefore

0 ) e

It is a Ramanujan‘s original identity (see[5],p.331).

=
Ll

Example 2.Ramanujan ([4], p.326, [1])offers the following identities:

1

(15) oS 2m % + | cos im : + | cos 5T & 3
7 7 T) 2

1

(16) oS 2m % + | cos im : + | cos 8T m 3
9 9 9) 2

Notice that (sce, e.g.,[6])

2 4 1 1 1
(17) <x—cos77r) (m—cos%r) (:c—cos877r) :x3+§x2—§x—§

2m 4m 8m 3 3 1
(18) (:c—cos?) (m—cosg) (x—cosg)—x —Zx+§
and both polynomials are RC'P;. Thus, by (1) we obtain(I5) and (I6l).

Besides, using (13), (I7) and (I8)) we find

=

W=
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W (wF) (e F) (e F) = o0
o () () () = )

Example 3. Quite recently R.Witula and D.Slota [7] found, in particu-

=
=
=

W=
wl=
W=

lar, the following decomposition

22 + 10522 + 588z — 343 =
2T 47 4 8 8 2

(21) = (z —2sin® ~ cos 7)(x — 2sin® ~- cos 7)(93 — 2sin® — cos 7)

This polynomial is an RCP. Therefore by (II) and (I3]) we obtain the
following identities (the first of them is presented in [7])

1 1
2 47\ 3 4 8m\ 3
sin? il (2 COS —W) + sin? il (2 CcoS —W> +

7 7 7 7
1
21\ 3 1 3
(22) + sin? 877T <2 cos 7%) =1 (63(1 + 7§)> *y
2 A\ F 4 87\ 3
csc? 77T (2 sec 77?) + csc? 77T (2 sec ;) +
1
27\ 3 1\
(23) + csc? 877T (2 sec ;) =7 <441(2 - 75)) ’

3. SOME PROPERTIES OF RCP;

Theorem 3. If 23 + pa? + gz + r is an RCP with roots x1, x2, x5 then
1) For any a € R, a # 0, the polynomial

23+ apr® + a*qx + a’r
is also an RCP with roots axy,axs,ars.
2)The polynomial

z® + qz® + (pr)z + r?

is also an RCP with roots
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3) The numbers

are a permutation of the numbers

1 1 1
r3 —x1, 3 — X9, T3 — X3¢ .

1)<

=[O

Proof.1)-2) Straightforward.
3) Let

(& — (21— 13))(x — (22 — 13))(z — (23 — 13)) = 2® + p1a® + quz + 1y

After some simple calculations we have

pr=p+3r3
Q1 =q+2p7’% + 33

81 :r+qr% +pr% + 7.
Using (@) we find

1
(24) pL=——T, q=pri, rn=-—r
rs

Now we see that (9] is satisfied for numbers (24):

1 2
piry +3r7 + ¢ = 0.

i.e. the polynomial 2® + p12% 4+ qix + r; is an RCP with the roots x; —
r%, To — r%, T3 — 3.

According to 1) for a = —r3 we notice that polynomial 23 +qz?+(pr)z+1r?
has the roots

{2, 303 = 2), 1303 — )}

On the other hand, by 2) it has the roots {xle - x—’;} and 3) follows.
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4) Notice that, the condition (@) yields
pq P ? P
T rs3 r3

Thus,
9 pg 9 % p\’ 3 p)°
S 3= Z) =(Z+LE) >om
4 T 4 + r% + r% 2 + 7,% o

Example 4. By 1) of Theorem 1 together with the RCP ([I7]) we have also

the RCP 2% 4+ 22 — 22 — 1 with the roots x; = 2COS , Ty = 2cos T =, X3 =
2 cos 7. .
Example 5.For the RCP from Example 4 we have % = %sec 27” > 0

2w
T

Theorem 1 is not identical. We verity approximately by a pocket calculator

while 73 — 27 = —1 — 2cos Z < 0. Therefore, the permutation in 3) of

the precise equalities

1 1 1
— =14a3, — =142z, — =1+ zs.
Al i) XT3

Example 6. Analogously, by ([I8) we have the RCP 933 — 3z + 1 with

0 g,xg—Qcos . Here —~ %csc—>0

while 78 — 27 = 1 — 2cos Z < 0. Therefore, the permutatlon in

the roots x1 = 2cos 2L x2 = 2cos

3) of Theorem 1 again is not identical. We verity as above that

—:1—1’2, —:]_—113'3, —:]_—[L’l.
x T2 T3

4. A NEW FORMULA AND IDENTITIES

Theorem 4. In the conditions of Theorem 3 the following formula holds

w (1)) () () () () - ¢

Proof.Denote X the left hand side of (26]). Notice that, in [6] it was shown
that (@) yields the following identity for the roots of RCP (I0):

1
3
(27) X:<ﬂ+@+ﬂ+@+@+ﬁ_6) ,

T2 X1 x3 X1 X3 T2

Thus, we have
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1
(—;(SL’%LL’Q + SL’%LL’l + SL’%LL’g + SL’%LL’l + SL’%LL’g + SL’%SL’Q) - 6)
1
(28) = (_5((% + o + LU3)3 — (LU? + .flfg + Ig) — 6.?1712[‘25(73) — 6)
As is well known (see, e.g. [3])

X

=

=

3 3 3 3
(29) :L’l—l—l’2+l'3 = 0] —30102+303,
where o; = o;(x1, 29, x3),

1 = 1,2,3, are the elementary symmetric
polynomials. For RCP ([I0) we have

(30) o1 =—p, O3 =¢q, O3=—T.
Now by (28)-([0) we complete the proof:

W=

_ 1 3 3 bq 3
X—(—B—r(—p +p —3pq+3r—|—6r)—6) (7—9> -

Example 7.Using the RCP ([I7]),(I8) by Theorem 4 we find the following
identities:

1 1 1 1
coS 27“ 3 CoS 47” 3 CoS 27” 3 CoS 87“ 3
+ + + +
47 27 81
cos cos Z cos <

27
7 7 cos =
1 1
cos 47” 3 coS 87” 3 1
(31) - + = —75;
8m 4 )
cos =& Cos -+
7 7
1 1 1 1
cos%7r 3+ cos%’r 3+ cos%” 3+ cos%7r 3+
Ccos %r Ccos %’T CcoS %’T Ccos %’r

1 1
CcoS %’ 3 Ccos %” 3 ol
(32) + + = —9s3,
CoS %’T cos &

9
Example 8.Using RCP(2I)) we find

. 2 1 . 2 1
sin 2= cos 4T\ 3 sin 4% cos 8T 3
y L T T+
s 4m 87 21
sin = cos &

: 4
- Sin - COSs 7
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. 2 1 . 2 1
sin & cos 4T\ 3 sin 8¢ cos &\ 3
+ 87 27 + 277r 477r +
T p :
S111 2 COS 2 Sin 2 COS -
4N 2 87\ 3 8w 2 27\ 3
sin <& cos T\ ? sin <& cos -\ 1
oS = cos = sin = oS =

5. ON RCP WITH THE SAME VALUE OF #

Theorem 5. If for two RC P

VAot ay+r, 24 ezt
the following condition holds

Piqy _ P292
™ )
then for its roots yy,ys,ys3; 21, 22, 23 the numbers

{ﬂ Y2 Y1 Y B2 %}
Y2y ys 1 Ys Yo
are a permutation of the numbers

21 k2 k1 k3 k2 %3
2 oz 23 m 23 2
Proof.Evidently, it is sufficient to prove that if x, x5, x3 are roots of RCP
(I0) then the numbers

34) =4I =2 (BT =24 (2T

) ) T3 XT3 XT3 T3
pq
depend on £% only.

For elementary symmetric polynomials of &, &, &3 we have

1
(35) §1+ &+ &= —;(!E%Iz + 2371 + Tix3 + 13T + 2573 + X371
and as above ((28)-(29)) we find
(36) €1+§2+§3=%—3-

§162 + 6183+ 683 = %(—7’(95;’ + 25+ 25) + (2122)° + (2123)° + (223)°—

2 2 2 2 2 2
—r(z125 + Tox] + vixs + T371 + T3x3 + T512)).
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Using (35)-(36) and taking into account that by (29),(30)
T} + x5 + a3 = —p® + 3pg — 3r,

(2129) + (2123)% + (2923)® = —(p*)® + 3p*¢* — 3",

where
P = —(r122 + 1123 + T2x3) = —q,
q" = 130913 + 117573 + x1x2x§ = r1x9x3(21 + X2 + X3) = PI7,
r* = —(1’11'21’3)2 = —72,
such that
(z122)" + (2123)° + (z923)* = ¢ — 3pqr + 32,
we have
bq

(37) §1&a + 6183+ 683 = 47 — 24.

It is interesting that, only for proof that ;{23 depends on 24, we use

condition (). Indeed, by (34]) we have

515253 = %(flf% + LL’% + $§)(($1$2)2 + (1’11’3)2 + ($2$3)2) —1.

Taking into account that

x§+x§+x§:p2—2q

(z122)? + (z123)% + (2223)* = (p°)* — 2¢" = ¢* — 2pr

we find
(38) §16283 = (Zﬂf +4 (Zﬂ> —-1- QM.
T r 72
Since by (@)
pr3 +q = —3r3

then we have
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p3r+q3 B 1
)

1 2 1
2 S (rs +a)(p*rs —pars +¢°) =
3

1 1
= (pr3 +q)* — 3pgr3) =
3

<

=— 5 (97’-% — 3pqr%).

T4
r3

Now according to (B8]) we find

(39) §16283 = (% — 7)2 + 4.

Thus, by (36), (37) and (89) the numbers &, &y, &5 (34]) are the roots of
the following polynomial

2
(40) §3—(@—3)§2+4(@—6)§—<(@—7) +4)
T r r
and, consequently, they depend on 22 only.l
Notice that, using (25) we see that the numbers L, 22 21 2 22 2 de-
pend even on % only.
Example 9. Together with decomposition (I7) with 22 = 2 in [7] the

following decomposition was found:

23+ Ta? — 98z — 343 =

2 2 8\ ? 4 2 4\ ?
(:c — 128 cos 77T (sin 77T sin %) ) (m — 128 cos 77T (Sin 77T sin %) ) X
8 4 8\ *
X ([L’ — 128 cos 77T (sin 77T sin ;) ) .
It is an RCP with also 22 = 2. Hence, by Theorem 5 the numbers

21 s 81N\ 3 47 T AN 21 s21 N 3

cos <sm7> CoS (sm7> Cos (sm7>

ir \ opar | o 2 \ Gp8r | 87 \ o am

cos - \ sin cos % \ sin % cos -\ sin
LY ANE: Am g i 2w 3 8T /iy 87\ 3

cos = <sm 7 ) cos = <sm L ) cos % <sm 7 )

2 \ wp2r | 8t \ wp8r | ir \ o2

cos 5\ sin % cos 5\ sin % cos - \ sin %

are a permutation of the numbers

7 7
A 2w 8w 2w 8’ 4
COS - COS Ea COS - COS Ea COS a COS a

{(3082—7r cos ix (308277r (308877r 00847” 00887”}
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To get the corresponding equalities, it is sufficient to verify approximately
by a pocket calculator that

21 /i 8w 3 i 21 fin 2w 3 i
6087(81117):(3087 6087(81117) :cos7

4m I 8m? 8m O 21
cos - \ sin 3¢ cos & cos &\ sin 3¢ cos
: 3
cos T (sin 2 cos X
(41) cos % \sin®r ) ~ cos
7 7 7
ete.
Notice that, in [7] R.Witula and D.Slota found some other RC P, with

2 4r
T T
assumes only the values

roots which depend on sines or cosines of arguments
Pq

87”. However,
it is interesting that, as we verified, for them
2, —40, —180.
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