Infinitesimal Caleulus 3A, 2013-14: Topology in norimed spaces

. {(a) Let A= {i_ ) ER? | 0<aAl<y < _7‘3}. and define f:R* —= R by

| (zy)cA

Hay)=1a= ;
I otherwise

For all h € B> define g : B — B by g, (t) = f(th). Show that for all &, gy is
continuous at £ = 0, but [ is discontinwons at the origin. (Hint: show that every
line through the origin contains an interval around it disjoint from A.)

(h) Let f:R’? — I be defined by

Show that for all £ € R, 1I111|,,.|_>m_f[_?-,_ kz) = oo. Does limyj. )| —oc f2.y) = 007

2. This exercise deals with continuity of functions defined on subsets of T".
Let A C B" be some subset and let f @ A — R™. Show that the following are equivalent:

(a) For all ¥ € A and € = 0 there exists § > 0 such that for all ¥ € A it holds that
lu—z| <d = ||fly)—flz)| <e

(b) For everv convergent sequence (r,,) < A such that » = lim ¥, € A it holds that
Flag)—+ flz):

(c) For every open set V' C R™ there exists some open [/ C BR™ such that f~!V] =
Anl,

A funetion satistving these conditions 1s satd to be continuous on A,

3. (a) Let X.Y be normed spaces, A C X.B C Y. and let [ : A — B be a continuous
bijection. Show that if A is compact then g = = B — A s also continuous.
(A bijection whose inverse is continuous is called openn. A continuous and open
bijection is called homeomorphism.)
(b) In contrast, show that f : [0.27) = S!' = {x €R? | ||z|, = 1} defined f(t) =
(cost.sint) is a continuous bijection which 1s nonetheless not open.

4. Take [ :B*t™ — B* and assume the limit lim, ., flx) exists. Denote 1q = (. vn)
where w, € B vy € ™, and assume there exists § > (0 such that for all |u —ug|| < 4
the limit lim,_,,,, flu. ) exists. Prove that

3 lim (lim _f'i'u.,s"]) = lim f(x).
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5. Show that the following are real normed spaces (i.e.. that they have a structure of a real
vector space endowed with a norm):

(a) Cl0,1] ={f:[0,1] = R | fis continnous} with |f|, = [ |f(z)| dz.

(b) €0 1] with |[f[| . = supeep, 1 |F(z)].

— : : fe . 2
() (M) = {u;.a-,, Jnsa CR | Z?.-2u|-?'n|2 < “C} with [|[(zp)n>0l, = ‘»""'Z”E" EN



(d) Given two real normed spaces 1V, W, the space
B(VW)=¢T € Hom(V.W) | sup |[Tz|, <oo
]y =1
with 17, = supy,y, =1 172

6. (a) Contmuing on the last part of the former question, show that for all 5.7 € B{1V, 1)
it holds that |[Seo 1|, = ”H”o:; |

op —
(1) Show that every 1" € Hom (™. IR'™) 18 continuous.

op”

. Let I7 2 BR” be open, and K < I7 be compact. Show that there exists a compact K < [7

such that & Cint A7,

=]

8. Let B = B1(0,0) CR?, and define f: B =R by f(z.y) = (2.4./1 — 22 — ).
(a) Prove that [ is continuously diflerentiable.
{(h) Find df g q, and d_fl.-

i

9. Take p e Bt] and define f: M, () — M, (R) by f(A) = p(A). Show that [ is smooth
(1.e.. continnously diflerentiable infinitely many times).

10. Show that the determinant det : M, (IR) — R is differentiable, and find its differential

at X, (Hint: show that for aq..... an. b € B and o € B it holds that
i a 1 i 23] 1 I [25] ]
i—1 Gy —1 Gy
det |a; +ab| =det | a; | + adet b
i ;4] G4
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and use that to express det( X + ) —det X.)

I1. Define exp : M, (B) — M, () by

exp(X) =1+ Z ;—l_'_\"{"

k=1

(a) Show that exp is well-defined. That is. that for all X € M, (IR) the matrices
expy(XN) =1+3,, J,—J X" form a convergent sequence - M, () (Hint: show
that they form a Cauchy sequence.)

(b} Show that exp is continuous.

(c) Take A & M (IR) and define ~ : R — M, (R) by ~(1) = expi{tA). Show that A 1s
the matrix representing d~q in the standard basis.



