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ABSTRACT. We introduce a new general framework for constructing tilings of Euclidean
space, which we call multiscale substitution tilings. These tilings are generated by sub-
stitution schemes on a finite set of prototiles, in which multiple distinct scaling constants
are allowed. This is in contrast to the standard case of the well-studied substitution
tilings which includes examples such as the Penrose and the pinwheel tilings. Under an
additional irrationality assumption on the scaling constants, our construction defines a
new class of tilings and tiling spaces, which are intrinsically different from those that
arise in the standard setup. We study various structural, geometric, statistical and dy-
namical aspects of these new objects and establish a wide variety of properties. Among
our main results are explicit density formulas and the unique ergodicity of the associated
tiling dynamical systems.
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1. INTRODUCTION

In the construction of substitution tilings, which are a classical object of study within
the field of aperiodic order and mathematical models of quasicrystals, a standing assump-
tion is that the substitution rule that generates the tiling is associated with a single unique
scaling constant. More precisely, given a set of initial tiles, also known as prototiles and
usually assumed to be finite, the substitution rule describes a tessellation of each prototile
by rescaled copies of prototiles, where the applied scaling constant is unique, and hence
we refer to it as a fixed scale substitution rule. This implies that a uniform inflation
by the reciprocal constant defines a patch of tiles, each of which is a copy of a prototile
under some isometry of the space. By repeating this process countably many times, a
tiling of the space can be defined, with the property that all of the tiles that appear in the
tiling are copies of the original prototiles. The beautiful examples of the Penrose and pin-
wheel tilings, see [Pe| and [Rad], among other well-studied examples, can be constructed
in this way, with isometry groups of translations and rigid motions, respectively. For a
comprehensive discussion and additional examples see [BG|] and references therein.

When considering the construction of substitution tilings, a natural question that may
arise concerns the scaling constant: what kind of tilings emerge if the standard assumption
of a single scaling constant is relaxed?

Clearly, if one is to use multiple distinct scaling constants, as in the example illustrated
in Figure [I an attempt to define tilings by consecutive substitutions and inflations in
the way described above may result in tilings with either arbitrarily small or arbitrarily
large tiles. These are of interest in their own right, as evident in [Ke3| where substitution
rules similar to that of Figure [I| are introduced and studied by Kenyon in the context
of self-similar sets. Yet such tilings do not naturally induce Delone sets, which are often

used to model physical structures.
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FIGURE 1. A multiscale substitution scheme on a unit square S, with scal-
ing constants 1/5 and 3/5.

In order to generate tilings with tiles of bounded scales, a different procedure must
be used, and several concrete constructions of such tilings were previously considered.
Sadun’s beautiful generalized pinwheel tilings first appeared in [Sall], where their geomet-
rical and statistical properties were thoroughly studied. This was later extended to include
dynamical and topological properties in [FS2], in which generalized pinwheel tilings are
considered in the context of Frank and Sadun’s fusion tilings. A similar analysis was
offered for special one dimensional tilings [FS2], §A.5], and we will return to both of these
examples in the following sections.

We propose here a general procedure to overcome the above mentioned difficulty. In the
present introductory section we shall describe and introduce the process in a somewhat
intuitive way, a precise and detailed presentation will be given in the next sections. Start
with a single tile, and inflate it continuously. When its volume passes a certain threshold,
which is set a priori to be the unit volume, substitute the tile according to the prescribed
substitution rule. Continue to inflate, and substitute any tile when its volume reaches
the threshold. This defines a continuous family of patches of tiles within some bounded
interval of scales, and from which tilings of the entire space can be defined as limiting
objects with respect to a suitable topology. For an example of such a patch see Figure 2]
and note that it can also be defined by considering an inflation of the original tile, which
is then substituted until all tiles are of volume smaller than the threshold. The collection
of all tilings generated by a given substitution scheme defines the associated multiscale
tiling space, which is a compact space of tilings and is closed under translations.

The aforementioned semi-flow, which we call the substitution semi-flow, is shown to be
well defined on the space of tilings. It has periodic orbits which give rise to stationary
points in this space, and these stationary tilings can be represented as limits of sequences
of nested patches. As we will see, in the fixed scale case, this procedure generates tilings
that can be defined by the standard substitution and inflation procedure.

Our focus in this paper is on tilings generated by incommensurable multiscale substi-
tution schemes on a finite set of prototiles, which are classified by a certain irrationality
assumption, as will be precisely defined in §3] For example, the substitution scheme il-
lustrated in Figure (1| is incommensurable. In this example incommensurability follows
from the fact that the two participating scaling constants 1/5 and 3/5 are such that
(1/5)™ # (3/5)™ for any 0 # m,n € Z, which is true because 3 and 5 are co-prime.
The substitution rule of the irrational case of the generalized pinwheel tiling is an early
example of an incommensurable substitution scheme, as is the aforementioned one dimen-
sional fusion tiling example. In general, incommensurability amounts to the existence of
at least two periodic orbits of the substitution semi-flow for which the logarithms of their
lengths are linearly independent over the rationals. As we will see, there are more natural
ways to define incommensurability, and incommensurability can be considered a typical
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FIGURE 2. A patch of a multiscale substitution tiling.

property of multiscale substitution schemes. We remark that as in the fixed scale case,
for non-incommensurable schemes, which we refer to as commensurable, the generated
multiscale tilings can be defined also in the standard way, though perhaps a larger set of
prototiles is required. In some aspects, fixed scale, commensurable and incommensurable
schemes are analogous to integer, rational and irrational real numbers. In particular, fixed
scale schemes are generalized by commensurable schemes, while incommensurability is a
complement, disjoint property.

We present a thorough study of this new class of incommensurable tilings and their
properties. Such tilings consist of tiles of finitely many types that appear in infinitely
many scales, and are therefore of infinite local complexity. The standard tools of the
substitution matrix and the theory of Perron-Frobenius are no longer applicable, and
the new tools of the associated directed weighted graph and the recent results of [KSS]
on the distribution of paths on incommensurable graphs are introduced. We show that
incommensurability replaces the role of primitivity, and present explicit formulas for the
asymptotic density of tiles, as well as for frequencies of tiles of certain types and scales
and the volume they occupy. In addition we discuss a form of scale complexity and show
that under a mild assumption on the geometry of prototiles, the Delone sets associated
with incommensurable tilings are not uniformly spread, in the sense that the associated
point sets are never bounded displacement equivalent to lattices. All the relevant terms
will be precisely defined in the coming sections.

Although the construction is well defined and many of our results hold also for the case
where tiles are substituted by rescaled copies of prototiles under some isometry, when
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considering the associated tiling dynamical system, which is defined with respect to the
action by translations, we focus on the case where only translations of rescaled copies are
allowed in the substitution rule. In such a case, the tiling dynamical system is shown to
be minimal. Minimality, combined with the properties of the substitution semi-flow on
the tiling space, allows for the existence of supertiles for any tiling in the tiling space,
which form an extremely useful hierarchical structure on tilings. The appropriate variants
of uniform patch frequencies, in which patches are counted together with their dilations
in some non-trivial interval of scales, are shown to hold. Finally, we show that as in the
fixed scale case, the existence of uniform patch frequencies can be used to establish unique
ergodicity of the tiling dynamical system.

A detailed introduction of multiscale substitution schemes, the associated graphs and
the precise notion of incommensurability, appears in §2] and §3] Two large illustrations of
fragments of multiscale substitution tilings are included as an appendix. The main results
and the structure of the paper are summarized as follows, where the section number
indicates the place in the paper where the result is properly stated and proved.

Structural results. An incommensurable multiscale substitution scheme generates a
multiscale tiling space. The substitution semi-flow acts on the multiscale tiling space, and
periodic orbits give rise to stationary tilings §4 Each tiling is equipped with a hierarchical
structure of supertiles, though not necessarily in a unique way 0.

Geometric results. For every tiling in the multiscale tiling space, all tiles are similar
to rescaled copies of prototiles §J  They appear in a dense set of scales within certain
intervals of possible scales, and the same holds for any legal patch. Scale complezity is
defined for stationary tilings, and the existence of “Sturmian” tilings is established §3.
Appropriate variants of almost repetitivity and almost local indistinguishability are shown
to hold §6 Tilings are not uniformly spread 8

Statistical results. Ezplicit asymptotic formulas for the number of tiles of a given type
and scales within a given interval, that appear in large supertiles, are given 7. A variant of
uniform patch frequencies is established, where patches are counted together with dilations.
For any non-trivial interval of dilations, legal patches have positive patch frequencies §9
When considered without dilations, all patches have uniform frequency zero.

Dynamical results. The multiscale tiling space is equipped with an action by translations
to form a tiling dynamical system, which is minimal §6, and in fact uniquely ergodic Y10,

The pioneering tiling constructions introduced in [Ke3| [Sal] and [FS2] were shown to
satisfy some of the properties listed above using innovative methods. These include in
particular the construction of stationary pinwheel tilings, a distinction between rational
and irrational pinwheel tilings and tile statistics in the irrational case in [Sal], and the
unique ergodicity of the one dimensional tiling system in [F'S2, §A.5], which are recovered
here. We note that when considered in the context of multiscale substitution tilings,
these constructions have in common that their substitution scheme includes only a single
prototile, and tiles appear in only two distinct scales in the substitution rule, which
allows for direct computations. The new approach developed in this paper puts these
constructions under the umbrella of incommensurable multiscale substitution schemes.
The use of the directed weighted graph model and the properties of its flow allow for
the study of more complicated constructions with any finite number of prototiles and
participating scales. We would also like to mention the tilings studied recently in [BV]
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and [BBV], where graph directed iterated function systems are used for generating tilings,
but unlike the work presented here the focus is on commensurable constructions.

The definition and study of multiscale substitution tilings is part of the recent resur-
gence of interest in tilings that are not assumed to be of finite local complexity, but still
possess rich structure, hierarchies and symmetries. See among others [F'1l, [F2] [FRi, [FR0,
['S1l, [FS2] [Sa2] and [LSo], and the earlier D] Kell, Ke2l [Ke3| and [Sal]. It is our hope that
this new class of tilings and the examples it produces will become an object of study in the
community of aperiodic order, as there are still many interesting questions to consider,
both of geometric and of dynamical flavor.

The construction of incommensurable tilings and the associated multiscale tiling spaces
may prove interesting in relation to various other research directions. Incommensurable
a-Kakutani substitution schemes, studied in [Sm] in the context of uniform distribution
of Kakutani sequences of partitions [Ka], generate one dimensional tilings. Every tile is
a segment, and by identifying the endpoints of segments with point masses, the unique
translation invariant measure on the tiling dynamical space defines a new type of point
process on the real line, see [BBM|, [BL] for more on spectral theory, diffraction and point
processes in the context of aperiodic order. Another example is the relation between
the substitution semi-flow and the theory of hyperbolic dynamics and dynamical zeta
functions, see [PP]. The study of uniform distribution and discrepancy of sequences of
partitions is also closely related [Sm], as is the study of self-similar non-lattice fractal
strings and sprays, see [LV] and references therein.
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2. SUBSTITUTION SCHEMES AND THE SUBSTITUTION SEMI-FLOW

We begin with an introduction to multiscale substitution schemes and their associated
graphs, and with detailed definitions of the basic objects required for the definition and
study of multiscale substitution tilings, which will be defined in §4]

2.1. Tiles and multiscale substitution schemes. A tile T in R? is a bounded Lebesgue
measurable set of positive measure, which is denoted by volT" and referred to as the wvol-
ume of T, and with a boundary of measure zero. A tessellation P of a set U < R? is
a collection of tiles with pairwise disjoint interiors so that the union of their support is
U. For the sake of clarity, a tessellation of a bounded set will be called a patch and a
tessellation of the entire space will be called a tiling. Given a patch P, a tiling 7 and
a subset B of their support, the sub-patch consisting of all tiles in P that intersect B is
denoted by [B]”, and the sub-patch [B]7 is similarly defined. Note that we view tiles as
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embedded subsets of R?, though the location of the origin usually does not matter to us.
We will specify the location of the origin when it is important.

Definition 2.1. A multiscale substitution scheme o = (75, 0,) in R? consists of a finite
list of labeled tiles 7, = (T1,...,T,) in R? called prototiles, and a substitution rule defining
a tessellation o, (7;) of each prototile T;, so that every tile in o,(7;) is a translation of
a rescaled copy of a prototile in 7,. We denote by w,(T;) the list of rescaled prototiles
whose translations appear in the patch o, (7T;), presented as

wJ(Ti): (a(l.c)Tj:j:L...,n, kzl,.--,kij>7

ij
and referred to as the tiles of substitution. Here ozl(;c) are positive constants, and k;; is the

number of tiles of type j in 0,(T;), that is, the number of rescaled copies of T} in o, (7;).

We remark that for the sake of simplicity of presentation, we assume throughout that
T; # oT} for any 7 # j and all a > 0. In this case the geometry of the tile determines
its label uniquely, while otherwise one must consider tiles as pairs consisting of sets in R?
and labels in {1,...,n}, and the notation becomes cumbersome, see also Remark .

It is helpful to consider the analogy to jigsaw puzzles, where the prototiles 7, are
puzzles to be solved using the pieces in w,, and g, gives a solution g, (7;) to each of the
puzzles. We will refer to multiscale substitution schemes also as substitution schemes,
and occasionally simply as schemes. Unless otherwise stated, all schemes are in R? and
T, consists of n prototiles 171, ..., T,.

A i
\/—

FIGURE 3. A multiscale substitution scheme on two triangles U and D.

Example 2.2. Figure [3| describes a multiscale substitution scheme ¢ in R2. The set of
n = 2 prototiles 7, = (U, D) consists of an equilateral triangle U directed up and an
equilateral D triangle directed down, both of volume 1. The tessellations o, (U), 0,(D)
are illustrated on the right-hand side of the figure. For example, w,(U) consists of three
copies of %U , five copies of %U , four copies of %D and a single copy of %D.

Remark 2.3. Substitution schemes can also be defined so that tiles in g, (7;) are only
assumed to be isometric to the tiles of substitution, instead of the stronger restriction of
being their translations. Examples include the substitution schemes that generate Sadun’s
generalized pinwheel tilings, see [Sal], and we note that many of the constructions and
results discussed below may be extended also to this more general construction.
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Definition 2.4. A substitution scheme is normalized if all prototiles are of unit volume.
Two substitution schemes are said to be equivalent if their prototile sets consist of the
same tiles up to scale changes, and the tessellations of the prototiles prescribed by the
substitution rules are the same up to an appropriate change of scales.

Geometric objects such as patches, tilings and sequences of partitions that are defined
using equivalent substitution schemes are identical up to a rescaling by some positive
constant. Clearly, every equivalence class of schemes contains a unique normalized scheme.
The geometric nature of our construction implies the following result.

Proposition 2.5. Let o be a normalized substitution scheme. For everyt=1,...,n the
constants ozfj satisfy the following algebraic equations:

Z ZJ (aE?)d = 2 Zj vol (ozf?]}) =vol(T;) = 1.
j=1k=1 j=1k=1

Given a substitution scheme o, the constants agl-ﬁ) associated with the equivalent nor-

malized scheme are called the constants of substitution. From here on, all substitution
schemes are assumed to be normalized.

2.2. Graphs associated with multiscale substitution schemes. Denote by G =
(V,&,1) a directed weighted multigraph with a set of vertices V and a set of weighted
edges &, with positive weights which are regarded as lengths. A path in G is a directed
walk on the edges of G that originates and terminates at vertices of G. A metric path
in G is a directed walk on edges of G that does not necessarily originate or terminate
at vertices of G. An edge of weight a is equipped with a linear parametrization by the
interval [0, a], and the parametrization is used to define the path distance | on edges, paths
and metric paths in G. In our terminology an edge is assumed to contain its terminal
vertex but not its initial one, that is, every vertex is seen as a point contained in each
of its incoming edges. The path of length zero with initial vertex ¢ is assumed to consist
only of the vertex 1.
We now define the graph associated with a substitution scheme.

Definition 2.6. Given a substitution scheme o, the associated graph G, is the following
directed weighted graph. The vertices V = {1,...,n} are defined according to the pro-
totiles 7, = (11, ...,T,), where the vertex i € V is associated with the prototile T} € 7,.
The edges £ are defined according to the tiles of substitution in w,, where the edge € € £
associated with the tile aT; € w,(7;) has initial vertex ¢, terminal vertex j and is of length

I(e) :=log +.

Note that G, depends only on the elements of w, (T;) for T; € 7,, and not on the specific
configuration in which they appear in the patches g, (7;). In other words, G, can be
thought of as the abelianization of o, just as the substitution matrix is the abelianization
of a fixed scale scheme, see e.g. [BG]. We also remark that if o is a fixed scale scheme,
the lengths of all the edges in GG, are the same and the adjacency matrix of G, when
thought of as a combinatorial graph, is precisely the substitution matrix of o.

Example 2.7. The graph associated with the square substitution scheme described in
the introduction is illustrated in Figure [dl It consists of a single vertex associated with
the single prototile S, and self loops associated with the tiles of substitution. There is
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a single loop of length logg associated with the larger square %S € w,(S) and sixteen
distinct loops of length log 5 associated with the sixteen smaller squares %S € wy(9).

log5 log5/3

FIGURE 4. The graph associated with the substitution scheme on the
square S. The large arrow stands for 16 distinct loops of length log 5.

Example 2.8. Figure [5| illustrates the graph associated with the triangle substitution
scheme described in Figure [3| It consists of n = 2 vertices associated with the prototiles
(U, D). Edges associated with tiles in w,(U) initiate from the vertex on the left, and edges
associated with tiles that are rescaled copies of D terminate at the vertex on the right.

log5 . log5

FIGURE 5. The graph associated with the substitution scheme on the tri-
angles U and D. Multiple arrows stand for multiple distinct edges.

log?2

log2

Remark 2.9. Given a substitution scheme o, the graph associated with any equivalent
scheme can be derived from G, by sliding its vertices along its paths so that the lengths
of all closed paths is not changed. For a general discussion and additional examples of
graphs associated with substitution schemes see [Sml §4].

2.3. The substitution semi-flow and the generating patches. We now introduce
important elements in the definition and study of multiscale substitution tilings.

Definition 2.10. Let o be a substitution scheme. The substitution semi-flow F,(T;),
where t € R > 0 is referred to as time, defines a family of patches in the following way.
At t = 0, set Fo(T;) = T;, which is a patch consisting of a single tile. As ¢ increases,
inflate the patch by a factor €', and substitute tiles of volume larger than 1 according to
the substitution rule g,. Equivalently, F;(T;) is the patch supported on e'T;, which is the
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result of the repeated substitution of e'T; and all subsequent tiles with volume greater
than 1 in €'T}, until all tiles in the patch are of unit volume or less.
Fix a position of T} so that the origin of R is an interior point, and denote

P = {F(T;): te R*}, (2.1)

where RT := {t > 0: t € R}. Note that & exhausts R?. The patches &, := | Ji_, &
are called the generating patches of the scheme o.

Example 2.11. Consider the substitution semi-flow associated with the substitution
scheme on the two triangles U, D as illustrated in Figure The patches illustrated in
Figure [6] are the first elements of &2, with the property that a tile of unit volume appears
in the patch. The times ¢ € RT in which they appear are also given, and note that the
patch F(U) is supported on a triangle of side length €.

VY

=0 r=log5/2 t=log5

=0 t=log2 r=log4

g

FIGURE 6. The patches F(U) and F;(D) for the first values of ¢ for which
the patches contain tiles of unit volume.

A very useful observation is that the substitution semi-flow can be modeled by the flow
along the edges of the associated graph G,, and that tiles in a patch in &, correspond
to metric paths in GG,. This correspondence is summarized in the following proposition,
which follows directly from our definitions.

Proposition 2.12. Let o be a substitution scheme with an associated graph G,. Let
T, € 1,, fit t € RT and consider a tile T' in the patch F,(T;).

(1) T corresponds to a unique metric path yr in G, that originates at vertex i and is
of length t. The edges in vy are determined according to the sequence of ancestors
of T under the substitution semi-flow.

(2) If T is of type j and scale a« = e~°, then ~yr terminates at a point on an edge €
with terminal vertex j, and the termination point is of distance § = logé from 7.

(3) If yr is of length t and terminates exactly at vertex j, then T is a tile of type j
and unit volume.
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Corollary 2.13. For every t € R*, the patch Fi(T;) € &; corresponds to the family of all
metric paths of length t that originate at vertex i, and every path in G, that originates at
vertex v and is of length s > t is the continuation of exactly one of these paths.

Example 2.14. A very simple but fundamental family of multiscale substitution schemes
are the so-called a-Kakutani schemes in R, for a € (0, 1), which can be shown to generate
the a-Kakutani sequences of partitions of the unit interval, first introduced in [Kal]. The
unit interval [ is the single prototile, and it is substituted by two intervals, one of length
« and the other of length 1 — a. For a = %, the associated graph in this example consists
of a single vertex associated with the unit interval I, and two loops - the longer one, of
length log 3, is associated with the interval %I € 0,(I), and the shorter, of length log %, is
associated with %[ € 0,(I). We remark that Frank and Sadun’s one dimensional fusion
tiling that was extensively studied in [F'S2, §A.5] and mentioned in the introduction can
be generated by the %—Kakutani scheme.

Figure E] concerns with the %—Kakutani substitution scheme, and illustrates the first
three elements of &2, with the property that a tile (interval) of unit volume appears in
the patch, together with the metric paths associated with the tiles comprising the patches.
The right-most interval in each patch corresponds to the top path beneath it. Note that
the patch on the left is Fy(/) and so the single tile in it corresponds to the single metric
path of zero length. Also note that tiles of volume 1 correspond to metric paths that
terminate at the vertex.

P —t—d I } } |

- @ O
N O
&

FIGURE 7. The patches Fy(I), Fiogs/2(1) and Fyiegs2(I) and the metric
paths associated with the tiles that comprise them.

3. INCOMMENSURABLE SUBSTITUTION SCHEMES

The following fundamental properties of substitution schemes are easier to present in
terms of the substitution semi-flow and the associated graph.

Definition 3.1. A substitution scheme o is irreducible if for any 7,7 = 1,...,n there
exists t > 0 so that F}(T;) contains a tile of type j.
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In terms of the associated graph G, this is equivalent to the statement that G, is
strongly connected, that is, for any ¢,5 € ¥V = {1,...,n} there exists a path with initial
vertex ¢ and terminal vertex 7. We remark that this definition coincides with the definition
of this notion in the fixed scale setup, see e.g. [BG| §2.4]. From here on all schemes are
assumed to be irreducible.

Definition 3.2. A substitution scheme o is incommensurable if there exist T;,T; € 7,
and two tiles of type ¢ and j in patches in &; and &}, respectively, which are of unit
volume at times t; and to, with #; ¢ Qt,. Otherwise, the scheme is called commensurable.

In terms of the associated graph G,, incommensurability is equivalent to having two
closed paths in G, of lengths a and b, with a ¢ Qb, in which case G, is said to be
an incommensurable graph. This follows from part (3) of Proposition , because a
tile T' of type 7 and unit volume in Fi(7;) corresponds to a closed path in G, with
initial and terminal vertex ¢ and with length ¢. For equivalent definitions and more on
incommensurability see §3.1]

In view of Remark 2.9 incommensurability does not depend on the choice of representa-
tive of the substitution scheme equivalence class, in the sense of Definition 2.4 Note that
examples of incommensurable schemes are quite easy to come up with. In fact, incom-
mensurability can be thought of as typical property of substitution schemes, in the sense
that for a naive choice of substitution rules, the resulting scheme is incommensurable.

Example 3.3. The substitution schemes illustrated in Figures [2| and [3| are both normal-
ized, since all prototiles are assumed to be of unit volume. In addition they are both
irreducible and incommensurable. This can be easily verified by the graphs illustrated in
Figures [ and [ as both graphs are strongly connected, and both contain pairs of loops
of incommensurable lengths.

Remark 3.4. Commensurable schemes include all fized scale substitution schemes, which
are the schemes in which all constants of substitution are equal. The Rauzy fractal scheme
introduced in [Rau| can be viewed as an example of a commensurable multiscale substi-
tution scheme on a single prototile, which is not of fixed scale. For a further discussion
and illustrated examples see [Sml].

3.1. Equivalent definitions of incommensurability. As we focus in the coming sec-
tions on incommensurable substitution schemes, we now present some useful equivalent
conditions to incommensurability of graphs and schemes.

Lemma 3.5. Let G be a strongly connected directed weighted graph. The following are
equivalent:

(1) The graph G is incommensurable.
(2) Every vertex in G is contained in two closed paths of incommensurable lengths.
(3) The set of lengths of closed paths in G is not a uniformly discreteﬂ subset of R.

Proof. (1) <= (2) It is enough to show that there exist two closed paths of incommen-
surable lengths that pass through all vertices of G. Let a and 8 be two closed paths of
lengths a,b € R with a ¢ Qb, and assume that « passes through vertex ¢ and 3 passes
through vertex j. Since G is strongly connected, there exists a closed path v that passes
through all the vertices in GG, and we denote the length of this path by c.

LA set S in R? is uniformly discrete if inf{dist(x,y) : x,y € S} > 0, where dist is Euclidean distance.
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Using the closed paths «a,  and v we can construct closed paths that pass through all
vertices of G and are of lengths a + ¢, a + 2¢ and b + ¢. By direct calculation

a+c a+ 2c

b+ceQ: b+c #Q
for otherwise ¢ € Q, which is a contradiction. We conclude that either the paths of lengths
a + ¢ and b + c or those of lengths a + 2¢ and b + ¢ constitute a pair of closed paths of
incommensurable lengths that pass through all vertices of G. The converse is trivial.

(1) < (3) If there exist two closed paths in G of lengths a,b such that a ¢ Qb, then
for every € > 0 there exist p,q € N such that |ag — pb| < €, and so the set of lengths of
closed paths in G is not uniformly discrete.

Conversely, assume that G is commensurable, that is, a € Qb for any two lengths a, b of
closed paths in G. Since G is a finite graph, there is a finite set L of lengths for which the
length of any closed path in G is a linear combination with integer coefficients of elements
in L. It follows that there exists some ¢ > 0 so that every closed path is of length which is
an integer multiple of ¢, and so the set of lengths of closed paths is uniformly discrete. [

Definition 3.6. Given a substitution scheme o, denote
BZENEES {t e R" : a tile of type j and unit volume appears in F; (Tl)} , (3.1)
and set .7 1= J7_, ;.
Irreducibility of o implies that the sets .;_,; are all infinite. Note that by Proposition
2.12] an equivalent definition is
Fisj = {t € R* : a path of length ¢, origin 7 and termination j appears in Gg} )

Example 3.7. The times ¢ that appear in Figure [] are the smallest elements in the sets
S and ¥, where T is the triangle U, and 75 is the triangle D.

Lemma 3.8. Let o be an irreducible substitution scheme, let T; € 1, and let s1 < 9 < ...
be an increasing enumeration of the set .%;_,;. Then o is incommensurable if and only if

lim $p,01 — Sm = 0.
m—00
Proof. Assume that o is incommensurable, and let £ > 0. By Lemma [3.5] the associated

graph G, has two closed paths «, 3 through vertex ¢, which are of lengths a < b with
a ¢ Qb. Therefore, there exists some M € N so that the set

{ma(mod b) : me {1,...,M}}
is e-dense in [0, ).
For each m =1,..., M let k,, € N be such that 0 < ma —k,,b < b. Since a < b we have
kn < M for every m. Then the set
{Mb+ (ma — k,b) : me{l,..., M}}
is e-dense in [Mb, (M + 1)b), and hence the set
A:={Nb+ (ma—Fkyb) : me{l,.... M} , M < NeN}

is e-dense in the ray [Mb, o). On the other hand, A ¢ .%;_,;, since Nb + (ma — k;,,b) is
the length of a closed path in G, that consists of m walks along o and N — k,,, > 0 walks
along B. Since ¢ is arbitrary, the assertion follows.

The converse follows directly from Lemma |3.5] U
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Corollary 3.9. Fix T;,T; € 7,, and let s; < sy < ... be an increasing enumeration of the
set S;;. Then o is incommensurable if and only if

lim s,,11 — S = 0.

m—00
Proof. Trreducibility implies that for every i,j € {1,...,n} there is some ¢ > 0 so that a
tile of type j and unit volume appears in F;(T;). So s+t € ./;_,; wherever s € .%,_,;, and
the assertion follows. O

4. CONSTRUCTION OF MULTISCALE SUBSTITUTION TILINGS AND TILING SPACES

Let €(R?) be the space of closed subsets of the metric space (R? dist), where dist is
the Euclidean distance. Define a metric D on %' (R?) by

D (Ay, Ay) = in <{r -0 j; A ggg: m% - ﬁf:} U {1}) | (A1)

where A*" stands for the r-neighborhood of the set A = R?, and B(z, R) is the open ball
of radius R > 0 centered at € R?, both with respect to the metric dist. The topology
induced by the metric D is called the Chabauty—Fell topology, and in the context of tiling
spaces it is often called the local rubber topology. 1t follows that D is a complete metric
on ¢ (R?), and the space (¢'(R%), D) is compact, see e.g. [dH], [LSH] for this and more
concerning this topology.

Given a patch P or a tiling 7 in R?, it can be identified with the union of the boundaries
of its tiles, denoted by 0P and 0T, respectively. With this identification, the elements of
P,, as well as tilings of unbounded regions, are viewed as elements of ¢’ (R?), and the
metric D can be applied. The following result is straightforward from the definitions.

Proposition 4.1. Let T, T3 € €(R?) be two closed subsets of RY, and assume that
D(T,T2) <e
for some e > 0. If ve R? is a vector of Euclidean norm |[v|| < 5=, then
D(Ti —v, Tz —v) < 2e.

Note that for any ¢ € Rt and T; € 7, the patch F}(T;) contains finitely many tiles, all
of which are of volume at most 1. We deduce the following result from our definition of
the substitution semi-flow.

Proposition 4.2. Fizie {1,...,n} and letty € R*. The functiont — D (F(T;), F;,(T)),
defined on R, is left-continuous at to, that is,
t—ty

4.1. The multiscale tiling space. The multiscale tiling space generated by a substitu-
tion scheme o is the space of all tilings 7 of R? with the property that every sub-patch
of 7 is a limit of translated sub-patches of elements in &, with respect to the metric
D. The multiscale tiling space is denoted by XZ and its elements are called multiscale
substitution tilings. We will often refer to X" simply as the tiling space. Following the
terminology of [FS2], we refer to patches of tilings in XZ" that are sub-patches of elements
of &, as legal patches, and to the rest of the patches as admitted in the limit.

The following Proposition provides an equivalent definition for the tiling space X%
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Proposition 4.3. Let o be a substitution scheme. Then
XE = {'T = klim P+ v Pre P, v, € R and T tiles Rd} , (4.2)
—00
where limits are taken with respect to the metric D.

Proof. Denote by Y the right-hand side of (4.2)). To see that XI < Y, take T € X! and
set Q, = [B(0,k)]”, the patch that consists of all tiles in 7 that intersect the ball of
radius k around the origin. On the one hand, clearly D (T, Q) < 1/k by definition of the
metric D. On the other hand, by definition of the space XZ for any k € N the patch Qj,
is obtained as a limit of the form lim;_,,, R; + u;, where R; are sub-patches of patches
P; e P, and u; € R% It follows that there exists jx € N such that D (Qx, P; + u;) < 1/k
for any j > j,. Combining the above we get T = limy_,o, Pj, +u;,, and so T € Y.
Conversely, every sub-patch of a limiting object of the form limy_,., Pr + vi for Py €
P, v, € RY, is a limit of sub-patches of the patches P, + vj,. Assuming additionally that
limg_o Py + vy, tiles R? implies that the limit is in X% O

Corollary 4.4. The space XL is a closed, non-empty subset of € (R?).

Proof. To see that X' # @ one simply takes a limit of a converging sequence of patches
P, € P, whose supports exhaust R?. By compactness of the space (¢'(R?), D) such
sequences exist. To see that it is closed, let Tj, € XZ' be a sequence so that T = limy_, Tx.
For each k let Py € 2, vy, € R? be so that D (T Py, + vi,) < 1/k. Then T = limy_,o, Py +
vp and so T € XE. O

The following proposition is a simple exercise in convergence of compact sets with
respect to the Hausdorff metric, and establishes a first simple result about tiles that
appear in multiscale substitution tilings.

Proposition 4.5. Let o be a substitution scheme. Every tile of every T € XE is similar
to one of the prototiles in 7.

Notice that due to the nature of the metric D, even though in legal patches tiles of
unit volume are not yet substituted, the tiling space XX contains tilings in which they
are already subdivided, that is, instead of a translated copy of T; € 7, there appears a
translated copy of the patch g, (7;). This is only possible in tilings that are admitted in
the limit, hence they are negligible for most of our purposes, and certainly there are legal
patches that come arbitrarily close to them.

Remark 4.6. In view of Proposition , it is possible to assign labels (or equivalently
colors) to every tile of every tiling in XZ. Under the assumption that distinct prototiles are
geometrically different, that is, that T; # o7 for any 7 # j and all o > 0, this can be done
in a unique way. Relaxing this assumption, there may exist multiple possible labelings.
In such a case we can define a space of labeled tilings as a product space of X' and
consider the natural metric on this product space, equipped with an additional discrete
component that takes into account that labeled patches are close not only if they are close
geometrically, but also only if their corresponding tiles have matching labels. Then we
may restrict to the sub-space of all limits of translations of sub-patches of labeled elements
of &, with respect to this refined metric, to define the labeled tiling space generated by
o. We note that this is similar in nature to the space of Delone k-sets considered in
[LSo]. All results of this paper hold for such labeled tilings as well, with similar proofs,
but the notations become rather cumbersome. Therefore, for simplicity of presentation,
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we assume that prototiles are geometrically different and proceed to work with the metric
D and the space XI' as defined above.

4.2. The substitution semi-flow on X! and stationary tilings. Consider a substi-
tution scheme o and a tiling 7 € XI'. By Proposition every tile 7' in 7T is a rescaled
copy of a prototile in 7,. The substitution semi-flow F}, which was defined for prototiles
in Definition [2.10] can thus be naturally extended to tiles in 7 and to patches in 7, and
so to the entire tiling 7. It follows that for every 7 € X% one has:

(1) For any t € R*, F}(T) e XZ.

(2) For any t,s € RY, F}(F,(T)) = Fis(T).
Thus, the substitution semi-flow defines a semi-flow on the space XZ. Also note that for
every x € R?

F(T —x) = F{(T) — e’x, (4.3)
which brings to mind the relationship between the geodesic and horospheric flows in ho-
mogeneous dynamics. Theorem below establishes the existence of non-trivial periodic
orbits for the substitution semi-flow.

Theorem 4.7. Let o be an irreducible substitution scheme. There exist an s € RT and a
tiling S € X' so that F,(S) = S.

Proof. Trreducibility of o implies that for every ¢ there are infinitely many ¢ € R* for which
the patch F(T;) contains a tile of type i that does not share its boundary. It follows that
there are infinitely many s € .%;_,; for which the patch F,(T}) contains a translate of T;
that does not share its boundary. For any such s € .%;_,; there exists a unique location in
which T; can be initially positioned around the origin, so that the inflated patch Fy(T;)
contains the patch T; = Fy(7;) as a sub-patch with support in that very same location.
Note that under our assumption, this control point is an interior point of 7;. In such a
case also Fys(T;) contains Fy(7T;) as a sub-patch, and more generally the patch Fjy,(T;)
contains F(k—1)s(Ti) for every k € N, that is, the patches Fys(7;) define a nested sequence
of patches. Therefore, the union
o6}
S:= st(ﬂ)

k=0
is a tiling in XX and it clearly satisfies F,(S) = S. O
Let S be as above, then for any a € R*
Fy(Fu(8)) = Fu(Fy(S)) = Fu(S) (4.4)
and F,(S) = Uy Fatrs(T;), which leads us to the following definition.
Definition 4.8. A tiling S € X of the form

S = U Fa-&-ks(ﬂ)v (45)

where s € .7 _,;, a € RT and F, s(T;) define a nested sequence of patches, is called a sta-
tionary tiling. As in the construction in the proof of Theorem we assume throughout
that the origin is an interior point of T;. We also assume that s € .%;_,; is minimal in the
sense that the associated closed path in GG, is a prime orbit, that is, not the concatenation
of multiple copies of a single closed orbit.
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We remark that in fact there are infinitely many values of s € Rt for which there are
tilings S € XI' that satisfy F(S) = S. Moreover, in view of ({4.4)), for every P € &, there
exists a stationary tiling that contains a translate of P as a sub-patch. In addition, every
stationary tiling can be represented as

S = F(T),
k=0

where T is some rescaled copy of a prototile.

Example 4.9. Once again we consider the square substitution scheme with 7, = (.5),
illustrated in Figure [l and discussed in previous examples. The large square in the middle
of the patch g, (.5) is associated with the single loop of length log g in the associated graph
G, illustrated in Figure . It follows that for s = logg and the initial positioning of .S so
that the origin is in the center of the square, we can define a sequence of patches Fis(S) =
Firog(5/3)(S) with support ek = (5/3)% so that the patch Fy,(S) contains Fu—1)s(S) for
every k € N. For example, the patches illustrated in Figure [§| are the £ = 0,1,...,6
elements of the nested sequence.

T T T T T
::%::::%:*::ﬁ::::%::::ﬁii
[T T T T T “ T T T T T [{
:ﬁ: T EH ::ﬁ: Ea== 47:&:: ::ﬁ:: :ﬁ:f* |
gy FOR TR - R T e
G e D e I e J ) ﬁ: i ‘iﬁ:* ; L
N @ HEH [H ‘J J‘ H| e e FE 73%%7:412 HE ;J‘L?ﬁ%l‘tE 7;%47;%7:L2 HAH ;ﬂgiﬁgiﬁﬁﬁi
u’%u\r\#::ﬁ\::ﬁ’T :Hij_‘r:i“}::: i ;:_:T:7H: L] ‘”‘ :HiTjrq“}:::::q::F»TfH: ‘[ " ]
] [ 1T | 11 1 :7 11 [ 1T | ] | 1 |
:#::i:ﬁ: . - . :i%: N T% :%::ﬁ::%:: , ::%: ﬁ

T T

I L1 [

FIGURE 8. The patches Fy(S), Fliogs/3(S), - -, Fiogs3(S), the first seven
elements of the nested sequence of patches that define a stationary tiling.

Example 4.10. The three patches illustrated in Figure [J] are the k£ = 0,1 and 2 elements
of the nested sequence of patches of the stationary tiling construction associated with the
choice of the central copy of %U in 0,(U), where ¢ is the substitution scheme on two
triangles illustrated in Figure [3

Remark 4.11. Stationary tilings can be generated using the more general definition of
substitution schemes in which isometries are allowed in the substitution rule, and not
only translations, see Remark 2.3 Assume F,(7}) contains a copy of ¢(T;), where ¢ is
an isometry of RY. The patch ¢~ !(F,(T;)) contains a copy of T; as a sub-patch, and
similarly as described above, we get a sequence of patches ¢~ *(Fj,(7;)) which define a
stationary tiling 7 in the sense that o' (Fy(T)) = T. Generalized pinwheel tilings, that
were introduced and studied in a most illuminating way in [Sal], can be formulated as
stationary tilings in this way, with ¢ taken to be rotations by an appropriate angle.
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FIGURE 9. The patches Fy(U), Fliogs(U) and Fiiog5(U), the first three
elements of the nested sequence of patches that define a stationary tiling.

We end this section with a remark on tilings generated by commensurable schemes.

Remark 4.12. Let o be a (not necessarily normalized) fixed scale scheme with scaling
constant «, then all edges in the associated graph G, are of length log é Define a type

of substitution semi-flow F} in which the tiles are substituted simultaneously when they
all reach the volumes of the original prototiles they are associated with. The patches
Friog(1/0)(T;) are simply the patches (1/a)"0%(T;), and all patches in &; are inflations of
such patches for some k € N.

Recall that in the classical theory of fixed scale tilings, the well studied tiling space,
which we denote here by X, can be defined using the patches (1/a)*o%(T;), see [BG] and

references within. It follows that in such a case, the space X! defined using the semi-
flow }NQ, can be expressed simply as the product X, x («a,1]. It was shown in [Sm| that
Kakutani sequences of partitions generated by commensurable schemes can be represented
as subsequences of generation sequences of partitions generated by fixed scale schemes. In
our setting and language, this simply means that given a commensurable scheme o there
exists a fixed scale scheme & so that X' = XZ and so for the study of commensurable
multiscale tilings, one should refer to results on standard fixed scale substitution tilings
and the standard spaces of tilings. As we will see below, incommensurable tilings and
multiscale tiling spaces differ from the classical setup in various ways.
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5. SCALES AND COMPLEXITY IN STATIONARY TILINGS

From here on all schemes are assumed to be incommensurable. We show that
an incommensurable stationary tiling has tiles in a set of scales which is dense within a
certain interval of scales. In particular, it is of infinite local complexity, see e.g. [BG].

Definition 5.1. Given a substitution scheme ¢ and a prototile 7} € 7,, denote
A= min{o: Jie{l,...,n}, 0,(T;) contains a copy of aT}} . (5.1)

The interval (ﬁ;nin, 1] is called the interval of legal scales of tiles of type j. Note that the
prototiles T}, T; € 7, on the right-hand side of are assumed to be of unit volume. A
tile of legal type and scale is any translated copy of oI} for T € 7, and a € (8", 1]. Note
that tiles of type j and scale ;™" can appear in tilings that are admitted in the limit, but
never in any legal patch or in a (translation of a) stationary tiling.

Recall that a fixed scale substitution scheme is called primitive if there exists k €
N so that all types of tiles belong to the patch that is the result of k applications of
the substitution rule on any initial prototile. The following theorem demonstrates how
incommensurability takes the part of primitivity in multiscale substitution tilings. It also
plays an important role in the proof of minimality of the tiling dynamical system in

Theorem 5.2. Let o be an irreducible incommensurable substitution scheme, let S € XI
and s € R* be so that S = Fy(S), and let € > 0. Then there exists K € N so that for
every integer k = K, a tile T in S and j € {1,...,n}, the set

Scales(e™ T, 5) := {a  the patch supported on e*T in Fio(S) = S contains a copy of aTj}

is e-dense in (6;““1, 1]. In particular, the set of scales in which tiles of each type appear
i stationary tilings is dense within their intervals of legal scales.

Proof. Since every tile T in § is a translated copy of oT; for some T; € 7, and some « €
(p™in 1], the patch supported on e*T is a translated copy of Fys(aT;) = Fies—t0g(1/0)(T5).
Note that since F,(S) = S, the set **T is indeed a support of a patch in S.

Fixe > 0and j € {1...,n}. We show that there exists K; € N so that Scales(e**T', j) n
(c,c+ €] # @ for every c e (ﬂjmm, 1 —¢], every tile T'in S, and every integer k > K. Set
€ =((j) € {1...,n} so that g,(T}) contains a copy of 3"T}. First observe that for every
ce (B;.“in, 1 —¢] and ¢t € RT, the following implication holds:

F,(T;) contains a copy of T} = (5.2)
F;t+log c—logﬂ}"i“ (E) CODtaiHS a Copy Of Eogc—logﬁjr.“i“ (5;11”17—3) = drj
Forie{l...,n} let s1(i) < s2(i) < ... be an increasing enumeration of .7;_,,, then by
Corollary

lim $p,41(7) — (i) = 0.
m—00
It follows that for every 6 > 0 there exists K; € N so that for every k > K, i€ {1,...,n},
ae (B, 1] and c € (B"™, 1 — ¢] there exists some m € N with
ks —logc + log BI"™ — § < s,,(i) + log(1/r) < ks — log c + log B, (5.3)

Put h := s, (i) + log(1/a) + log ¢ — log B"™, then (5.3)) simply says h € (ks — 9, ks].
Suppose that T'is of type ¢ and scale av. Since s,,(i) € .70, the patch F i) 410g1/0) (1) =
F,.)(1;) contains a copy of T;. By the implication in (5.2)), F3,(7) contains a copy of cT}.



MULTISCALE SUBSTITUTION TILINGS 19

Write 1 := ks—h, then n < ¢ and Fy,(T") = F,(F,(T")) contains a copy of F,(c1}) = e"c1j},
where the equality holds whenever § is small enough. In particular, for § < log (1 + ¢/3),
where [ := min; ,Bjmi“, we have e'c € (c,c + €], because ¢ > . Taking K = max; K;
completes the proof. 0

5.1. Tile complexity. Let o be an irreducible substitution scheme, and consider a sta-
tionary tiling S = | J,_, Fis(T) € XI. For every k > 0, denote by cs ;(k) the number of
distinct scales in which a tile of type j appears in Fy (7)), and set cs(k) = >J7_; cs (k).
So ¢s(k) is the number of distinct tiles up to translation in Fys(7"), and cs(k) is called
the tile complexity function of S. Note that it is well defined because s is assumed to
be minimal with the property F,(S) = S. Since Fys(T) is a nested sequence of patches,
clearly c¢s(k) is non-decreasing.

Theorem 5.3. Let o be an irreducible substitution scheme and let S = | ], Fys(T) € X&
be a stationary tiling. If cs(0 + 1) = cs(l) for some £ € N, then cs(k) = cs(€) for all
k = €. Moreover, this is the case if and only if the scheme o is commensurable.

Proof. Assume cg(¢ + 1) = cs(¢). This means that every type and scale that appears in
the patch Fiy.1)s(T") also appears in the patch Fy (7). Since the tiles in F(y11),(T) are all
sub-tiles in patches defined by applying F; to the tiles of Fy,(7T), we deduce that applying
F to the tiles of Fg;1)5(T") defines a patch with tiles of the same set of types and scales.
Therefore, repeated applications of Fy will always result with patches whose tiles are of
the same types and scales, and so cs(k) = cs({) for every k > /.

For the second part of the theorem, if ¢ is incommensurable then Theorem [5.2|in partic-
ular implies that c¢s(k) tends to infinity. Conversely, assume cs(k) is strictly increasing,
then in particular it is unbounded as an increasing sequence of integers. If ¢ is com-
mensurable, then Remark implies that there exists a standard substitution tiling 7
generated by a fixed scale substitution scheme, so that for any k € N the patches Fj¢(T)
are sub-patches of T (see also [Sm, Theorem 7.2]). Since the fixed scale substitution tiling
T has only finitely many tiles up to translation, the complexity function cg(k) is bounded,
contradicting our assumption. 0

Given a finite alphabet A and an infinite sequence u € A", the cardinality py(u) of
the set of words in u of length k£ defines the complexity function of u. The statement of
Theorem resembles that of the well-known result that a sequence u € A" is periodic if
and only if there exists k € N for which pg(u) = pgi1(u), see e.g. [BGl Proposition 4.11].
Non-periodic sequences with minimal complexity function pg(u) = k£ + 1 for all k € N
are called Sturmian sequences. The following Proposition [5.4] establishes the existence of
“Sturmian” incommensurable stationary tilings.

Proposition 5.4. There exist incommensurable stationary tilings so that for all k € N
we have cs(k + 1) = cs(k) + 1.

Proof. Let S be the stationary tiling with square tiles, constructed in Example |4.9| using
the substitution scheme on the unit square S. Here s = log(5/3) and T' = S, and we
denote by S, the patch Fiiog(s/3)(S). Clearly cs(0) = 1, and from Figure [8| we deduce
cs(1) = 2. Assuming, by induction, that cs(m) = m + 1 for all 1 <m < k, we prove that
CS<I{3) =k+ 1.

Since S is stationary, for every m the set of cs(m) different scales that appear in F,,,s(T;)
contains the cs(m —1) scales that appear in F{,,_1)s(7;). In particular, using the induction



20 YOTAM SMILANSKY AND YAAR SOLOMON

FIGURE 10. The patch F54(S). Squares are colored according to the
cs(5) = 6 distinct scales in which the appear in Fj,(95).

hypothesis, the set of k scales that appear in S;_1 consists of the k — 1 scales that appear
in S;_», and one additional scale a € (é, 1]. Therefore, squares in S that are descendants
of squares of these k — 1 scales in S;_1, appear in k scales. Regarding the scale a, we
consider two cases: If a < g, then applying Fs to squares of scale o results in squares of
side length e*a = ga < 1, and so at most one new scale appears in S;. Otherwise a > g,
and so applying Fy to squares of scale « results in a patch consisting of a single central
square of scale % -e’a = «a, and 16 smaller squares of scale % -e’a. And so once again,
at most one new scale appears in Sg. Since the scheme is incommensurable, by Theorem

at least one new scale must appear in S, finishing the proof. O

As an immediate corollary of Lemma [8.4] that is more naturally suited in §8} we deduce
the following result.

Proposition 5.5. The tile complexity function growth rate is at most polynomial, that is,
for any stationary tiling S there exists m € N for which cs(k) = O (k™), where m depends
on the parameters of the generating substitution scheme and on the parameter s of the
stationary tiling.

5.2. Patches and scales. Recall that given a substitution scheme o, a patch is called
legal if it appears as a sub-patch of some element of &2,. We show here that if o is irre-
ducible and incommensurable, then for every legal patch, every stationary tiling contains
rescaled copies of the patch, with a dense set of scales.

Lemma 5.6. Let o be an irreducible incommensurable substitution scheme, and let P be
a legal patch. Then every stationary tiling S € X contains a translated copy of oP for
some scale o > 0.

Proof. Since P is legal, there is t € R* so that P is a sub-patch of Fy(T;) for some T; € 7.
Since P contains finitely many tiles, there are t,;, < t < tnax SO that every element of
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{F\(T}) : tmin <t < tmax} contains a rescaled copy of P as a sub-patch. We remark that
in Fy_. (T;) the dilation of P is such that the tiles of maximal volume are of volume 1,
and that in F; , (T;) an ancestor of at least one of the tiles of the patch P appears at
volume exactly 1

Let S € XZ be a stationary tiling for which F,(S) = S. Fix m € N so that ms > t,ax.
By Theorem the tiles in S appear in a dense set of scales within the intervals of
legal scales. In particular, by irreducibility, there exists a tile T"in S so that Fy,s—y,... (T)
contains a translated copy of aT; for some « € (e'min~fmax 1] This can be deduced by
considering a segment associated with the interval of scales (efmin~tmax 1] which is a subset
of an edge of the associated graph G, that terminates at vertex ¢ € V. This segment can
be mapped to another segment on the edges of G, by choosing a “reverse walk” of length
ms — tmax- Any point in the resulting segment corresponds to a choice of some rescaled
prototiles, that is, some tile of legal type and scale. Since tiles appear in § in a dense set
of scales within all legal scales, it is guaranteed that indeed there is a tile 7" in & which is
a copy of aT; with a € (lmin~tmax 1],

It follows that Fi,s(T) = Fi,oe (Frms—tma (1)) contains Fy (aT5) = Fy . —10g(1/0)(13) as
a sub-patch. Clearly

tmin < max 10g(1/04) ~ maxa

and so F,,5(T") contains a rescaled copy of P. Since F,,,s(T") is a patch in F,,s(S) = S, the
result follows. O

Let S € XX be a stationary tiling with S = ( J;_, Fis(T'). For any fixed patch P in S,
there exists a smallest £ > 1 for which Py is a sub-patch of Fis(T"). The patch Py can
also be considered in the context of the continuous family {F;(T") : ¢t € R*}. As in the
proof of Lemma we define a maximal non-trivial interval ¢p, := (tmin, tmax| SO that
ks € tp,, and such that for any ¢ € tp, the patch F,(T') contains a rescaled copy of Py as
a sub-patch. If the original patch Py is thought of as being of scale 1, then these rescaled
copies of Py in {Fy(T) : t € tp,} appear in scales within an interval I, of scales that
contains 1, and by left continuity also some left neighborhood of 1.

Now let P be a patch in S, consider all of its translated copies in S and let (P;) =1 be
an enumeration of them. Each P; is a patch in § and has its own interval of times ¢p, and
interval of scales I§>j as described above. Clearly all the intervals of the form I;Dj have the
same maximum, and the associated rescaled copies of these patches have maximal tiles of
volume 1. Also note that since there are only finitely many tiles in a patch, and since tile
scales are bounded, the intervals I;Dj are all bounded uniformly from below. We can thus
define the interval of legal scales for the patch P in § as the union of all these intervals,
and denote it by Ip. Clearly Ip contains 1 and a left neighborhood of 1.

Lemma 5.7. Let o be an irreducible incommensurable substitution scheme, and let S € XF
be a stationary tiling. Let P be a patch in S, and let Ip = (8™, B8] be the interval of

scales in which P appears in S. Then the set
Scales(S,P) :={a: S contains a copy of P}
1s dense in Ip.

Proof. Let (P;);-, be an enumeration of translated copies of P in S. Fix a patch P;, and
as in the discussion above let {p, and ]7’3j be the associated intervals of times and of scales,
respectively.
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Assume s € R* is such that Fy(S) = S and write tp, = (tmin, tmax]- As in the proof of
Lemma , if we pick m € N so that ms > tyax, then F,(S) = S contains a rescaled
copy of P;. In fact, it follows from the proof of Lemma , that S contains rescaled
copies of P; with scales which are dense in the interval 17’;],. Since Ip is defined as the
union of the intervals I;,j, the proof is complete. 0

Corollary 5.8. Fvery stationary tiling contains rescaled copies of every legal patch, and
the patches appear in a dense set of scale.

It will follow from Corollary that the above holds for any tiling 7 € XZ.

6. THE TILING DYNAMICAL SYSTEM

A dynamical system is a pair (X, G) where X is a topological space and G is a group
that acts on X. The orbit of a point z € X is the set O(x) := {g.x : g € G}. A subsystem
of (X,G) is a closed, non-empty and G-invariant set ¥ < X. Examples of subsystems
include orbit closures O(z), for z € X.

We study the dynamical system (X, R?), where the group R? acts on tilings of R
by translations, and the topology on X% is determined by the metric D, defined in (4.1)).
Traditionally, we call it the tiling dynamical system.

6.1. Minimality. Recall that a dynamical system (X, G) is called minimal if it contains
no proper subsystems, or equivalently, if every orbit is dense.

Theorem 6.1. Let o be an irreducible incommensurable substitution scheme in R*. Then
the dynamical system (Xf ,Rd) 18 minimal.

The following result is a key step in the proof of Theorem

Lemma 6.2. Let o be an irreducible incommensurable substitution scheme in R, and let
S = Uiz Fis(T3) € XE be a stationary tiling. Then O(S) is dense in XL

Proof. Let € > 0. We need to show that for every 7 € XZ there exists u € R? so that
D(T,S—u)<e. (6.1)

First, in view of Proposition 4.3 the tiling 7 may be described as the limit limy_,o, P, — vy,
where P, e &, and vy € R Let Py, e &, and v, € R? be such that

D(T, Pg - Ug) < 6/2. (62)

Note that in particular, the support of P, — v, contains the ball B(0,2/¢).

Write P, = F,(T;) for some T; € 7, and a € R*. Let b e ./_,;, and let 51 < 59 < ...
be an increasing enumeration of the set .%_,;. By Lemma [3.8] for any § > 0 there exists
M so that s,,41 — s, < 6, for every m > M. Choose a minimal k£ € N such that
(ks —b—spy) —a = 0. Since s, — o and the gap between two sequential elements in
Z;_,; with indices greater than M is smaller than J, there exists some m > M for which

0<a—(ks—b—s,)<9d

holds. Since the patch P, has finitely many tiles, for small enough values of ¢ the patch
Py is a small inflation of the patch Fjs_p—s,, (1}), and by taking small values of § the
inflation can be made arbitrarily small. In particular, by appropriate choices of § there
exist choices of m for which the two patches have arbitrarily small Hausdorff distance,
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and this is also true for their translations by v,. Since the support of P, — v, contains
B(0,2/¢), it follows that

D(PZ — Uy, Fk:sfbfsm (7}) - Uf) < 6/2

By our choice of b and s,,, we have b+s,, € .#;_,;, and so Fp4,, (T;) contains a translated
copy of T;. Hence Fis (T;) = Fis—b—s,, (Fprs,, (1;)) contains a translated copy of the patch
Fis—b—s,, (Tj) as a sub-patch. In turn, Fj, (7;) — v, contains a translated copy of the patch
Fis—b—s,, (Tj) — ve as a sub-patch. Therefore, there exists some wy € R? with

D (Py — vg, Fis(T;) — ve — wy) < /2.
Then setting u := v, + wy, we have
D (Py— vy, S —u) < g/2. (6.3)
Combining and , the triangle inequality implies , finishing the proof. [

Proof of Theorem[6.1 Given any 71,7, € X! we show that T, € O(T;). Let S =
UZOZO Fis(T;) be a stationary tiling, for some s > 0 and T; € 7,. By Lemma T2 € O(S)
and hence it suffices to show that S € O(7;). We show that for every € > 0 there exists
u € R? such that D(7; —u, S) < e.

Let ¢ > 0. Fix m € N such that supp(F,.s(7;)) o B(0,3/¢). By left-continuity (see
Proposition [1.2)), there exists 0 < § < log(¢/2) so that for every 0 < n < § the support of
Frns—y(T;) contains B(0,2/¢) and

D (Fsy (), Fins (T3)) < /2. (6.4)

We first show that there exists some R = R(g) > 0 so that for every z € R? the patch
[B(z, R)]® contains a translated copy of the patch F,_,(T}), for some 0 < n < 6. By
Theorem [5.2] in particular, there exists K > 0 so that for every tile T is S the set

{a - the patch supported on eX*T in S contains a copy of ozTZ-}

is §-dense in the interval (8™, 1]. In particular, for every tile 7' in S, the patch supported
on ef5(T) contains a copy of aTj for a € (1 — §,1], and hence the patch supported on
e+ms(T) contains a copy of Fys—,(T;), where here n = 1 — « € [0,5). Set

R = R(e) := B+ - max{diameter(T})}.
J

Then every patch [B(z, R)|®, for z € R%, contains a translated copy of the patch F,s_, (T;),
for some 0 < n < 4.

Invoking Lemma once again, we find some z € R? so that D(S — z,7;) < 1/R.
This implies that [B(z, R)]® and [B(0, R)]™ are 1/R-close, with respect to the Hausdorff
metric. Since [B(z, R)]® contains a copy of F,,s_,(T;), for 0 < n < §, the patch [B(0, R)]™
contains a patch P whose Hausdorff distance is less than 1/R from F,s_,(T;). Recall that
Fos—n(T;) contains a ball of radius 2/e, then in particular there exists some u € B(0, R),
with B(u,2/e) < B(0, R), such that

D(Ty = u, Fypsn(T3)) < D(P =, Fins—y(T3)) < /2. (6.5)

Combining ((6.4]) and (6.5) we obtain D(7T; —u, Fy,5(T;)) < €. But since S © F,,,5(T;), this
implies D(T1 —u,S) < D(T; — u, F,,5s(T;)) < €, and the proof is complete. O
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6.2. Geometric interpretation of dynamical properties. A finite local complexity
tiling 7 of RY is called repetitive if for every r > 0 there is a radius R := R(r) > 0, so
that for every z € R? the patch [B(z, R)]” contains translated copies of all the patches
of the form [B(y,r)]", y € R? (see e.g. [BG, Section 5.3], [bS1], and also [FRi] and [LP]
for a clearer distinction between similar, common, definitions of repetitivity).

Recall that a set S < RY is called relatively dense, or syndetic in the topological
dynamics setup, if there exists some R > 0 so that S intersects every ball of radius R
in R?. A relatively dense set with parameter R is called R-dense. Note that repetitivity
means that for every r > 0 and every y € R?, the set

Z, = {t eR? . [Bly,r)]" —y=[Bt,n] - t}

of return times to [B(y,r)]” is relative dense. Since [B(y,r)]” —y = [B(0,r)]” Y, the
set Z, is simply the collection of ¢ € R? for which 7 — y and T — ¢ agree on the ball of
radius r around the origin.

An immediate corollary of Theorems [6.1] and [5.2]is that if ¢ is incommensurable then
every T € X is of infinite local complexity. Since repetitivity is clearly impossible for
such tilings, we consider the following suitable variant.

Definition 6.3. Given € > 0, a tiling 7 € X is called e-repetitive if there exists some
R = R(g) > 0 such that for every y € R? the set

Ay ={zeR’: D(T -y, T —z) <e}

of return times to the e-neighborhood of 7 — y is R-dense. T is almost repetitive if it is
e-repetitive for every € > 0 (compare [FRi, Definitions 2.13 and 3.5]).

Recall that two tilings 7,7 of R? are called locally indistinguishable (LI) if T and T~
have the same collection of patches of compact support (see e.g. [BG, Definition 5.5,
[LP), Definition 1.6]). This notion induces an equivalence relation on tilings of R and one
denotes by LI(7) the equivalence class of the tiling 7. As in the case of repetitivity, we
consider the suitable variant of local indistinguishability.

Definition 6.4. Given ¢ > 0, we say that two tilings 7,7 € X, are e-locally indistin-
guishable (e-L1), if for every y € R? there exist z;, 75 € R? such that

D(T -y, T —x1),D(T' =y, T —a3) <e.

T,T' € XE are called almost locally indistinguishable (ALI), if they are e-LI for every
e > 0 (compare [FRi, Definition 3.9]). We denote by ALI(T) the collection of tilings in
XI that are ALI with 7.

A standard theorem in the theory of tilings, or discrete patterns, states that repetitivity,
having a closed LI equivalence class, and having a minimal orbit closure with respect to
translations are all equivalent properties (see e.g. [BGL Theorem 5.4], [LP, Theorem 3.2]).
A variant of this theorem for r-separated point sets in a setting that resembles the one
studied here is given in [FRi, Theorem 3.11]. Our proof of the multiscale substitution
tilings variant is similar, and included here due to small differences in the definitions.

Theorem 6.5. Let o be an irreducible incommensurable substitution scheme and let T €
XE. The following are equivalent:

(1) The orbit closure O(T) := {T +z : x € R} of T is minimal.
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(2) ALI(T) is closed in (XZ, D).

(3) T is almost repetitive.
Proof. (1) = (2) : It suffices to show that O(7) = ALI(T). First, clearly O(T) > ALI(T),
because if 7' € ALI(T), putting y = 0 in Definition [6.4] implies that for every k € N there

exists some z; € R? with D (T — 2, T') < 1/k, and so T' € O(T).

Let 7€ O(T),e > 0 and y € R%. Then T’ —y € O(T), hence there exists some z; € R?
so that D (7" —y,T — x1) < e. By minimality 7, and hence T — y, belong to O(T"), so
there exists some x5 € R? with D (7 —y, T’ — 25) < e. We conclude that 7’ € ALI(T).

(2) = (3) : Assume that (3) does not hold. Then there is some € > 0 for which 7 is
not e-repetitive. Namely, there is some y € R? so that the set of return times to the e-
neighborhood of 7 —y is not R-dense for any R > 0. Then there is a sequence z;, € R? for
which the sequence of patches | B(zy, k)]T does not contain a patch that, after translation,

is e-close to 7 — y. The inclusion

O(T) = ALI(T) = O(T),

combined with the assumption that ALI(7) is closed, implies that O(T) = ALI(T).
Let 77 € XF be a limit of some subsequence of [B(z, k)]” — z;. Then no translation of

T is e-close to T —y. Since T is a limit of the sequence T —xy, then 7" € O(T) = ALI(T).
This means that there is some x € R? so that D (T —y, T’ — x) < ¢, a contradiction.

(3) = (1) : Let T" € O(T) and let ¢ > 0, then there exist y, € R with D (T — yx, T') <

1/k. By (3), T is §-repetitive. In particular, for y = 0 in Definition , there is some

R > 0 for which the set
Ag={zeR’: D(T,T —z) <¢/2}
is R-dense, and we may assume that R > 2/e. Fix K > 2R. Since
D(T —yk,T') <1/K < 1/2R, (6.6)

by the definition of D, the patches supported on the 2R-ball around the origin in 7" and
in T — yx are 1/2R-close. Since Aj is R-dense and R > 2/¢, there is some z¢ € B(yx, R)
so that D (T, 7T — o) < ¢/2 and

B(zo,2/¢) € B(yk,2R). (6.7)
Set x1 = xg — yi. Since ||x1]| < R, combining and implies that
D(T —xo, 7' —21) =D (T —yx — 1, T — 1) < /2,
and by the triangle inequality this yields
D(T,T'—a1) < D(T, T —x0) + D(T —x0, T —21) <&.

It follows that 7 € O(T’), and minimality is established. O

Corollary 6.6. Let o be an irreducible incommensurable substitution scheme. Then every
T € XE is almost repetitive, and every T,T' € XL are ALI-equivalent.
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6.3. Supertiles. Consider an irreducible incommensurable substitution scheme ¢ in R%.
Minimality of (Xf ) ]Rd), combined with the construction of stationary tilings, allows for
the existence of the powerful hierarchical structure known as supertiles on all tilings in
the multiscale tiling space XI'.

Definition 6.7. Let S € X! and s € R" be so that Fy(S) = S. For every m € N we
have F,,s(S) = S. We denote by S~ the tiling whose tiles are {¢"*T : T is a tile in S}.
These tiles are called order m supertiles of S, or simply m-supertiles, and are denoted by
T The type of the supertile e”T is inherited from the type of T', and for every ¢ = m
every (-supertile can be decomposed into a union of m-supertiles.

As a consequence of minimality, every tiling 7 € X of R? inherits a hierarchical
structure of supertiles from any given stationary tiling. Given 7 € X! and a stationary
tiling S with Fy(S) = S, for s > 0, fix m € N and v,, € R? so that 7 = lim, .o S + v,,.
Since 0§~ < 08§ and 0S8 + v, — 0T, the sequence 0S™™ + v,, is convergent and the limit
is a subset of 07, which defines m-supertiles of 7. Note that by (4.3), for any tiling in
the Re-orbit of a stationary tiling F,(S) = S, supertiles are of the form e™*T for some
tile T" of legal type and scale.

Example 6.8. Figure [11] illustrates tiles, thought of as O-supertiles, within 1-supertiles
and a single 2-supertile, in a stationary tiling generated by the scheme on two triangles
illustrated in Figure

vv vv A A L A A L
V. VAV V.
AaOLK B8 LN

FIGURE 11. Tiles as 0-supertiles, within 1-supertiles (in bold boundaries),
all within a single 2-supertile. Compare also with Figure |§|
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7. EXPLICIT TILE COUNTING FORMULAS

This section contains various explicit asymptotic counting formulas for tiles in incom-
mensurable multiscale tilings, according to their types and scales. Results on the distri-
bution of metric paths on incommensurable graphs [KSS|] play an important role.

Definition 7.1. Let G be a directed weighted graph with a set of vertices V = {1,...,n}.
Let 4,7 € V be a pair of vertices in G, and assume that there are k;; > 0 edges €1, . . ., €,
with initial vertex ¢ and terminal vertex j. The graph matriz function of GG is the matrix
valued function M : C — M, (C), its (4, j) entry the exponential polynomial

Mi; (s) = et 1o ¢ e~ ems),

If 7 is not connected to j by an edge, put M;; (s) = 0. Note that the restriction of M to
R maps R to real valued matrices.

Note that given a substitution scheme o, the (i,7) entry of M, (s), where M, is the
graph matrix function of the associated graph G,, is given by

<a$)> 4+ <a§f”)> :

7.1. The number of tiles of given types and scales. First we need the following
counting result on metric paths in graphs associated with incommensurable schemes.

Theorem 7.2. Let o be a normalized irreducible incommensurable scheme in R?, and let
G, be the associated graph. Let I be an interval that is contained in an edge € € £ with
wiatial vertex h € V, and assume that I is of length 6 > 0 and of distance oy from the
vertex h. Then the number of metric paths in G, of length x, with initial fixed vertex
1€V, that terminate at a point in I, grows as

1—e %

d

independent of i, where qp, - 1 is column h of the rank 1 matrix

7 —tr(adj (I — M, (d)) - M. (d))’

with 1= (1,...,1)T e R*, and M, is the graph matriz function of G,.

—apd

e qne™ + o (edx) , T — 00,

Sketch of proof. The proof follows from a slight adjustment of the proof of Theorem 1 in
[KSS], and so we only give an outline of the proof. A main tool is the Wiener-Ikehara
Tauberian theorem, by which the exponential growth rate of our counting function follows
from special properties of its Laplace transform, and in particular the location of its poles,
see [MV]. Roughly speaking, if there exists A € R for which the Laplace transform has a
simple pole at s = A, and there are no other poles in the half plane Re(s) = A, then the
counting function grows exponentially with exponent \.
The counting function we are interested in can be written as

Bis(x) = D0 X(t+aoi+aots) (), (7.1)
~vel'(4,h)

where I' (4, h) is the set of paths in G, with initial vertex ¢ and terminal vertex h. Note
that although is written as if I is assumed to be open, the arguments and results
presented here are not changed if I is assumed to contain one or both of its endpoints,
as the Laplace transform is not changed if only countably many values of the counting
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function are varied. A direct computation, details of which can be found in [KSS|, shows
that the Laplace transform is
. 1—e® (adj (I — M, (5)))s

£{Bus (0)) (5) = f Biy () e ™y = e —— - g e

As a result of Proposition [2.5] since G, is associated with a substitution scheme, the
value of A, which due to the form of the Laplace transform is the maximal real value
for which the spectral radius of M, () is exactly 1, is the dimension d, see [Sm|, Lemma
8.1]. The Perron-Frobenius eigenvalue of the non-negative matrix M,(d) is indeed 1, and
a corresponding eigenvector can be chosen to be the vector of volumes of prototiles in
Ty. Since o is normalized, this vector is 1, from which it follows that @), is a positive
matrix. Since the columns of (), are multiples of the eigenvector 1, all the rows of @), are
identical, from which the independence of ¢ stems in the statement of the result.

The rest of the proof concerns the careful analysis of the poles of the Laplace transform,
and more specifically the zeros of the exponential polynomial det(I — M,(s)), to which
the bulk of [KSS] is dedicated. The steps taken there provide proof that there are no
poles in the half plane Re(s) > d, except for a simple pole located at s = d, establishing
the properties required for the application of the Wiener-Ikehara theorem. [l

Theorem 7.3. Let o be an irreducible incommensurable scheme in R?. For every j =
I,...,n and 0 < a < b < 1, the number of tiles of type j in Fy(T;) with scale in [a,b], or
equivalently with volume in [a?,b%], grows as

gojy[a,b]edt + o0 (edt) , 1t — o0,

independent of i, where Q;ap] 1= 2ip_y Chjjap]qn and qy is as in Theorem

LA N (0 ()
o= 3 2 (o) (@) "= () ). (7.2
k=1
(k) y . i
ay,; are the constants of substitution as in Deﬁmtzon and

k k k k
n,(lj)(a) ‘= max {a, Oz,(lj)} , ;zglj)(b) ‘= max {b, aéj)} ) (7.3)

Although the formulas given in Theorem seem complicated, in fact they are easily
evaluated in examples, as will be demonstrated in Example [7.8| at the end of this section.

Proof. Tiles of type j in F; (T;) correspond to metric paths of length ¢ that terminate
on edges with end point j. Let € € £ be such an edge in G, and assume ¢ is of length
I (¢) = log L, corresponding to tiles of scale in («, 1]. Let § and ag be as in the statement
of Theorem [Z.2l There are three distinct cases:

(1) If @« < a < b then

aozlogé—logézlogg

5=10g§—10g%—a0=10g§.

Therefore
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(2) If a < @ < b then ap = 0 and
0= logé —log% —qp = logg.
Therefore
Cagal—e 1

_tod(,—d_ p—d
e — da (a b )

(3) If a < b < « then ap = 0 and 6 = 0 and there is no contribution to the counting,.

Summing the contributions from all edges in GG, that terminate at the vertex j, we
establish the required formula. U

Note that by Theorem and its proof, the exact same formula arises for scales in
the interval [a, b], (a,b] or [a,b). In particular, ;. = 0 and we deduce the following
corollary.

Corollary 7.4. For every j = 1,...,n and o € (ﬁjmi“, 1], the number of tiles of type j
and scale exactly o in Fy(T;) is o (e™) as t tends to infinity.

The results stated above can be described in terms of supertiles.

Corollary 7.5. Under the notation of Theorem for every tile T' of legal type and
scale (see Definition[5.1), the number of tiles of type j in Fy(T) with scale in [a,b] grows
as

©j,[a,p]VOl (etT) + 0 (vol (etT)) , t— .

In particular, for every sequence (T(m)) of supertiles of growing order in T € XL the

m=0

number of tiles of type j with scale in [a,b] in the patch [T™]7, grows as
©j,[a,p]VOl (T(m)) +o0 (Vol (T(m))) ,  m — .
Proof. If T is a rescaled copy of o7}, then
F(T) = F{(aT;) = Fioog1/e) (T),
and by Theorem the number of tiles we are interested in grows as
P fap e BV 4o (e™), t— 0.
But ed(t-18(1/2)) — edtq = vol(e!T'), and the result follows. O

We remark that Corollary gives an alternative proof that the scales in which tiles
appear in incommensurable tilings are dense within the intervals of legal scales, see The-
orem [5.2] For the next results, recall that for a tiling 7" and a set B < R? we denote [B]”
to be the patch of all tiles in 7 that intersect B.

Corollary 7.6. Let (T(m))m>O be a sequence of supertiles of growing order in T € XE.
The number of tiles of type j in [T™]7 grows as

gpj,(ﬁ;mn’l]vol (T(m)) +o0 (vol (T(m))) , m — 0
with

n kn;
1 *\?
eropn =4 35 (1 (o)) o (74
=1 =1
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In particular, the total number of tiles in [T™]7 grows as

J

@j gmn vl (TU) + o (vol(T™)) |t — oo, (7.5)
=1

independent of 1.

Proof. Simply note that the parameters in ([7.3)) satisfy n,gl;) (0) = ag;.) and ,ug;.)(l) =1, for
all i, j, k. 0

Manipulations of the formulas given above allow for computations of other quantities.
For example, we give below the asymptotic formula for the relative number of tiles of a
given type and scales within a fixed interval of scales, within all tiles in supertiles. Various
other quantities can be similarly derived.

Corollary 7.7. For every 7 = 1,....,n and 0 < a < b < 1, the relative number of tiles
of type j with scale in [a,b] within the total number of tiles in a patch supported on an
m-supertile, tends to

Pj,[a,b]

ijl (pjz(lgy‘in»l]
where Qjfa) and ;g 1y are as in T heorem and Comllary respectively.

Example 7.8. Let o be the substitution scheme in R? on 7T} = U and T, = D the two
equilateral triangles, as described in Figure [3] By a direct computation

T 18
Q- — édJ (I — M, (2)) / __ 1 : <i §>
—tr(adj (I — M, (2)) - M! (2)) 5 log2 + logb \ 3

+o(l), m— o,

25

and so
1 1 8 1

. and = —- .
4" Elog2 + Llogh 2795 Tlog2 + Llogh

q1 =

Consider rescaled copies of U (tiles of type 1) with scales within the interval [g, %]
Since o < % for any scale v in which tiles appear in the substitution scheme o, we have
n=2and p =% in (7.3). Plugging this into (7.2) we get

119 d 175
“u[24] T gy M
and so

3017[3 4] = cn,[%’%]ql + 0217[%’%]612 ~ (0.296.

55

We now use the above computation to derive a couple of results about tiles that are
rescaled copies of U with scales in the interval [%, %] First, according to Corollary ,
for every tiling 7 € X and every sequence (T(m))m>0 of supertiles of growing order in

T, the number of such tiles in the patch supported on 7™ grows approximately as
0.296 - vol (T™) + o (vol (T™)), m — .

Next, using ((7.4) we have
901’(Binin71] [ 2016 and 9027(5§nin’1] a3 1841,
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and by Corollary we deduce that the relative number of such tiles within the total
number of tiles in a patch supported on an m-supertile, tends to

7Ll 4]

P1,(pmin 1] + Pa, (apin 1]

+0(1) ~ 0.076 + o(1), m — .

7.2. The volume occupied by tiles of given types and scales. For the main results
of this section we turn to probabilistic results on graphs.

Theorem 7.9. Let o be a normalized irreducible incommensurable scheme in R?, and
let G, be the associated graph. For any i1 € V and € € £ with nitial vertex v let p;. be
the probability that a walker who is passing through vertex i chooses to continue his walk
through the edge ¢, and assume that the sum of the probabilities over all edges originating
at any vertex is equal to 1. Let I be an interval that is contained in some edge € € £ with
wniatial vertex h € V, and assume that I 1s of length 6 > 0 and distance ag from the vertex
h. Then the probability that a walker originating at vertexr i € V and advancing at unit
speed is on the interval I after walking along a metric path of length x, tends to

ph55Qh + 0(1>7 T — O,
independent of i and of oy, where g, is as in Theorem [7.3.

Proof. The proof is very similar to that of Theorem given above for counting paths
terminating in given intervals. Here we adjust Theorem 2 in [KSS] in the same way
Theorem 1 in [KSS] is adjusted for the proof of Theorem [7.2] O

Theorem 7.10. Let o be an irreducible incommensurable scheme in R%. For every j =
L,...,n and 0 < a < b <1, the volume covered by tiles of type j in F,(T;) with scale in
[a,b], or equivalently with volume in [a?, V%], grows as

Vj{a,b]edt +o0 (edt) , 1 — 00,

where V;jap] = D p_y Anjfap)dn and gy is as in Theorem

kg d (%)
L (k) Ny, (@)
dhjfap] = };1 (ahj > log ui%-)(bf

with 7712’;)(@) and ,ug;)(b) as in ([7.3)), and independent of 1.

Proof. We assign probabilities to the graph G, in the following way. Assume ¢ is an
edge with initial vertex h that is associated to a tile ' = o1} € w,(T}). Then put
pre = volT = a?, which is the probability for a point in 7} to belong to the tile T" after the
substitution rule g, is applied to T;. By , for every vertex the sum of the probabilities
on its outgoing edges is 1.

Let € be an edge as above, and recall that I(¢) = logé. We wish to calculate the
probability that a metric path terminates at a point on ¢ associated with a tile of scale
in [a,b]. Once again there are three distinct cases:

(1) If « < a < b then § = log 2, and so
Pred = o logg.
(2) If a < o < b then § = log 2, and so

pred = alog g
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(3) If a < b < « then § = 0 and there is no contribution to the counting.

Summing the contributions from all edges in GG, that terminate at the vertex j, we
establish that the probability for a point in the patch F;(T;) to be in a tile of type j and
scale in [a, b] tends to

Z dhj,[a,b]qh +o0 (1) s t— 00,
h=1

and since the volume of this patch is e we arrive at the required formula. O
The proof of Corollary yields also the following analogous formula.

Corollary 7.11. Let (T(m))m>0 be a sequence of supertiles of growing order in T € XE.
The volume of the region covered by tiles of type j in [T™]7 grows as

ij(ﬁ;mnyl]vol (T(m)) +o0 (vol (T(m))) ., m — 0.

where
n  knj *) d
_ k 1
Vj,(gmin,1] = 2.2 (O‘hj> log NONGS
h=1k=1 J

Remark 7.12. The results and formulas stated above can be used to recover the for-
mulas originally obtained by Sadun for irrational generalized pinwheel tilings in [Sall,
Theorem 8], as these tilings can also be described as stationary tilings generated by in-
commensurable substitution schemes on a single right triangle, as described in Remark
We note that the computations for Corollaries and appear also in [Sm)
§2, 88|, which includes additional explicit formulas for various examples in the context of
Kakutani sequences of partitions.

8. MULTISCALE TILINGS ARE NOT UNIFORMLY SPREAD

Following Laczkovich [[], we say that a point set Y < R? is uniformly spread if there
exists some o > 0 and a bijection ¢ : Y — aZ< satisfying

sup [y — ¢(y)| < .
yeY

Such a mapping ¢ is called a bounded displacement (BD). Given a tiling 7 of R?, by tiles
of uniformly bounded diameter, we say that T is uniformly spread if there exists a point
set Y7, that is obtained by picking a point from each tile in 7, which is uniformly spread.
Note that since the tiles are of uniformly bounded diameter, if 7 is uniformly spread then
every point set Y7 obtained in the above manner is uniformly spread.

The following criterion, phrased here for tilings instead of point sets, was proved by
Laczkovich, see [[, Theorem 1.1]. Recall that for a set A = R? and a constant r > 0, we
denote AT" = {x e R?: dist(x, A) < r}.

Theorem 8.1 ([[]]). Let T be a tiling of R? by tiles of uniformly bounded diameter, then
T is uniformly spread if and only if there exist positive constants ¢, > 0 so that

[#[U]T — avol(U)| < ¢ vol((oU)*1) (8.1)

holds for every bounded, measurable set U.
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The question whether fixed scale substitution tilings are uniformly spread was studied in
[ACG, [FSS, [yS1] and [yS2], where it was shown that certain conditions on the eigenvalues
and eigenvectors of the substitution matrix imply a positive answer to this question.
Our goal in this section is to show that under a mild assumption on the geometry of
the boundaries of the participating prototiles, incommensurable multiscale substitution
tilings are never uniformly spread, emphasizing once again the difference between the
tilings in the standard setup and the tilings being studied here.

Theorem 8.2. Let o be an irreducible incommensurable substitution scheme in RY, and
assume that the boundary of every prototile T; € T, satisfies

vol ((@suppFy(T;)) ™) = O(el™") (8.2)
for some fizred n > 0. Then every T € X is not uniformly spread.

Note that for polygonal prototiles clearly holds with n = 1. In a subsequent work
[SS] we show that as a result of Theorem and the minimality of the dynamical system
(Xf , Rd), the set of BD-equivalence classes that appear in X% has the cardinality of the
continuum.

We present two independent proofs of Theorem [8.2l Both proofs rely on finding
sufficiently large lower bounds on the discrepancy in , allowing the application of
Laczkovich’s criterion from which Theorem is implied.

Proof 1 of Theorem [8.2] The first proof follows from the lower bound given in Lemma

B.3] This is standard in the context of the dynamical and the fractal zeta functions, to

which the books [PP] and [LV] are respectively dedicated, and so we only sketch a proof.
Let E(t) denote the error term in Theorem [7.3|

Lemma 8.3. Let o be an irreducible, incommensurable substitution scheme in R?. Then
for mo constant f < d do we have

E(t) =0 (™).
In particular, if E,, denotes the error term in (7.5)), for no e > 0 do we have

Ey =0 ((vol (1)),

Sketch of proof. The result follows from information on the location of the poles of the
Laplace transform of the counting function as appears in , which are the zeros of the
exponential polynomial det(I — M, (s)).

First, assume by contradiction that the error term is bounded by e for some 8 < d.
Then by inverse Laplace transform theory, all poles s € C of the Laplace transform other
than s = d have real part less or equal to 5 < d, see [Paol, Proposition 6]. Therefore, they
must be bounded away from the vertical line Re(s) = d.

On the other hand, incommensurability of ¢ implies that d is a limit point of the real
parts of zeros of det(l — M,(s)). Similarly to [LV) Theorem 3.23], this is deduced by
considering rational approximations to the exponential polynomial det(/ — M, (s)), and
using Rouché’s theorem. See also [Pol, Proposition 7). O

Proof 1 of Theorem[8.9. Let T € X! and let (T(m))m>0 be a sequence of supertiles of
growing order in 7. Denote by #[T™]7 the number of tiles in [T(™]7. By Corollary
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7.6, #[T™]7 grows as Cvol(T™)) + E,, for some constant C. Hence for any o # C, the
inequality (8.1)) clearly fails for U = T(™). For a = C' we obtain that

[#[T™]T — - vol (T™)| = B,
T are m-supertiles and hence by
vol (7)™ < € (vol (1))
for some constant Cjy. In view of Lemma [8.3| we obtain that for any constant ¢
HITT - vol (T0)] > ¢ vol ((e1) ™)

for m large enough. We deduce that for any constant ¢ the inequality (8.1)) in Laczkovich’s
criterion fails for U = 7™, for m large enough, and the proof is complete. [l

Proof 2 of Theorem The following reasoning, including the proof of Lemma (8.5
below, was pointed out to us by the anonymous referee of the first version of the paper.
We are truly grateful for the suggestions and for the opportunity to include a second
approach in this revised version.

Given a multiscale substitution scheme o, say that edges of the same length and with the
same initial and terminal vertices are equivalent, and denote by &, the set of equivalence
classes of edges of G, .

Lemma 8.4. There exists an absolute constant C, that depends on the parameters of o,
with the following property: For everyt > 0 and T; € 7, the patch Fy(T;) contains at most
C - 1l tiles that are pairwise translation non-equivalent.

Proof. First, observe that by Proposition , tiles of type j in Fy(T;) correspond to paths
of length ¢ in GG, that initiate at vertex ¢ € V and terminate on an edge that terminates at
vertex j. In addition, translation equivalent tiles are in particular of the same scale, and
so the corresponding paths terminate at the same distance from j. Note that the number
of edges in a path of length ¢ is bounded between ¢t/M and t/m, where M and m are the
lengths of the longest and shortest edges of G, respectively. Let N, denote the number
of edges in a path 7, not including the last partial edge (if there is one). In particular, if 7
and n are two paths that initiate at vertex i, terminate on equivalent edges, and contain
the same collection of edges counted with multiplicities, then v and 7 correspond to tiles
in Fy(7;) that differ by a translation. In other words, if N, = N, and the paths v and
n correspond to translation non-equivalent tiles, then these two paths contain different
collections of edges, counted with multiplicities.

In view of the above, the number of different partitions of N edges into || cells is an
upper bound for the size of the largest set of translation non-equivalent tiles of type 7 in
Fy(T;) that correspond to paths with N edges, that is, to paths v with N, = N. The
number of such partitions is

(N + 1&] — 1
&o| =1
where the implied constants depend only on the parameters of o. Since there are finitely
many types of tiles, there are O(t‘go‘_l) pairwise translation non-equivalent tiles in F(T;)

that correspond to paths with IV edges. Recall that N is an integer between ¢t/M and t/m,
thus there are O(t/l) pairwise translation non-equivalent tiles in F}(T}), as required. [

> = O(N“eo'_l) = O(t|5o|—1)7
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We denote by #P the number of tiles in a patch P.

Lemma 8.5. For every tyg > 0 and T; € 7, there exist t = ty and €y > 0 such that for
every € € (0,g9] we have

vol (suppFy(T;)) et
log'lvol (suppFy(T;))  tl

#F (1) —#E(T,) = C (8.3)

where C' depends only on the parameters of o.

Proof. Let ty > 0 and T; € 7, and consider the patch P = F, (T;) . By the definition of
the semi-flow F; we have vol(supp(P)) = e which implies that #P > e’ since all tiles
are of volume at most 1. Combining Lemma [8.4] and the pigeonhole principle, there is a
tile 7"in P and a constant ¢ > 0, so that T" has at least ¢Sz~ » Tgo‘ many translation equivalent
copies in P. Suppose that < 1 is the scale of T, and set ¢ = ¢y + log1/a. Then the
patch Py := Fi(T;) contains a tile Flog1/(T") which is of unit volume, and has at least

edto
tol€ol

in P; whose scale is strictly smaller than 1, and set gy := log 1/ > 0. Then the number
of tiles in the patch Fy,.(T;) is the same for any choice of ¢ € (0,gy]. Pick some € € (0, g¢]
and let Py := F,,.(T;). Then all of the copies of Fiog1/o(T) in Py are of unit volume,
where in Py all of these tiles were already subdivided via o, and follows. 0

c many translation equivalent copies in P;. Let § < 1 be the maximal scale of a tile

Proof 2 of Theorem[8.3. Observe that it follows from Theorem that for any minimal
space X of Delone sets, or tilings, if there exists some 7 € X that is not uniformly spread,
then every 7 € X is not uniformly spread (compare [FG, Theorem 3.2], the argument
holds in any minimal space). In fact, under the assumption of minimality, if some 7 € X
satisfies for all measurable sets U < R¢ with some positive constants a and ¢ > 0,
then every T € X satisfies with the same constants a and ¢. So in view of Theorem
we may assume by contradiction that there exist constants «, ¢ > 0 for which

VT e X! VU < R? measurable :  |#[U]" — a - vol(U)| < c-vol((oU)*").  (8.4)

Consider sets U of the form supp(Fy(T;)), with ¢ > 0 and T} € 7,. By (8.2) there exist
0 > 0 and ty large enough so that for every t > tq and every T; € 7,

C edt
3 Il
where C'is the constant in (8.3). By Lemma , there exist some t > t; and € > 0 that
satisfy (8.3). Since
‘Vol(supp(Ft(Ti))) — Vol(supp(FHE(Ti)))} < vol (((9supp( (T)))“)

we deduce from (8.3)) that either

> co el and T > vol ((Asupp(F(Th))) M) (8.5)

C dt
‘#FHE(E) —a VOI(SUPP(FHe(Ti))” = 3 €S . eldmneo) ,

or

‘#Ft(Ti) — o VOI(SUPP(Ft(Ti)))’ = %;5 |

Combined with (8.5 this contradicts (8.4]), which completes the proof. O

> c. e(d 77+5)t.
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Remark 8.6. Let d > 2. A point set Y < R? is called rectifiable, or bi-Lipschitz equivalent
to a lattice, if there exists a bi-Lipschitz bijection ¢ : Y — Z¢. Namely, a bijection ¢ for
which there is some constant L > 1 that satisfies

1_ o) - ol _
LS Tu—wl

for every two distinct points y;,y2 € Y.

Rectifiability is often established using a sufficient condition of Burago and Kleiner,
which requires an appropriate upper bound on the discrepancy }#[U 17 — a - vol(U )! for
large cubes U, see [BK2]. Improving the lower bound of E(t) from Lemma to a
polynomial error term of the form e/t for some § < 1, would imply the failure of
Burago-Kleiner condition for all point sets that arise from multiscale substitution tilings.
Lohofer and Mayer claim this with 6 = 1 for what in our context would be constructions
associated with the golden ratio, which heuristically is the case with the smallest error
term, see [LM) p. 5]. Unfortunately, this appears without proof.

Consider the “Sturmian” tiling discussed in Proposition [5.4] for which cs(k) = k + 1
and the generating substitution scheme consists of a single square prototile. Namely,
there are only k + 1 tiles in the patch Fy¢(7T') that are pairwise translation non-equivalent.
Repeating the arguments of Lemma [8.5] and Proof 2 of Theorem yields a sequence
(Uk)k=0 of square patches that grow exponentially, with

VOl(Uk) )
log(vol(Uy)) )

This shows in particular that the Burago-Kleiner sufficient condition fails for this tiling!

We remark that the existence of non-rectifiable point sets in R? is a non-trivial result,
see [BK1] and [McM]. Finding concrete non-rectifiable examples, which currently include
only those described in [CN] and in |G, is a very interesting problem.

‘#[Uk]T —a- vol(Uk)| =0 (

9. UNIFORM PATCH FREQUENCIES

This section is dedicated to the study of patch frequencies in incommensurable tilings.
We define a multiscale tiling variant of patch frequency, where instead of counting appear-
ances of patches up to translation equivalence as done in standard constructions, we group
together patches that are dilations of each other. This is crucial in order to establish the
existence of positive uniform patch frequencies for dilations of legal patches, which is key
in our proof of unique ergodicity of incommensurable tiling dynamical system in §10}

Our proof follows the framework suggested in appendix A.1 of [LMS2] for the existence
of uniform patch frequencies of fixed scale substitution tilings. Indeed, some of the steps
are identical to those of Lee, Moody and Solomyak, while others require new ideas and
results that strongly depend on the incommensurability of the underlying substitution
scheme. In particular, the assumption of primitivity and the theory of Perron-Frobenius
are replaced by our results on patches in incommensurable tilings and their scales devel-
oped in Sections [ and [7]

Definition 9.1. A sequence (4,) ., of bounded measurable subsets of R? is van Hove if

Lol ((04,)")

g—o  vol(Ay) =0



MULTISCALE SUBSTITUTION TILINGS 37

for all r > 0, where as before A™" = {x e R?: dist(x, A) < r}. In addition, we denote
A7 :={xe A: dist(z,04) = r}
for any r > 0 and a bounded set A = R%.

Let o be an irreducible incommensurable substitution scheme in R?. By our definition
of tiles and by Proposition , all tiles in a tiling 7 € X% have boundary of measure zero,
and so every sequence of supertiles with growing order is van Hove. Given a patch P in
a tiling 7 € X, a bounded interval I < R and a bounded set A — R¢, denote

(e

Lp (A, T):=#{geR?: Jaelst. g+aP cT,(g+supp(aP)) c A},
Np (A, T):=#{geR?: Jaelst. g+aP cT,(g+supp(aP)) nA# F},
where once again # B denotes the number of elements in a finite set B.

Theorem 9.2. Let o be an irreducible incommensurable substitution scheme in R?, and
let S € XE be a stationary tiling. Let P be a patch in S and let I be a bounded interval
that contains 1 and a left neighborhood of 1. Then for every van Hove sequence (A,)

in R?

g1

Lr (A, +h S
freq(P,1,S) := qli_)nélo Pﬁ[\(fol(z;li_) )
q

exists uniformly in h € R, and is positive.

(9.1)

Let s € R* be so that § = F,(S). Since S is fixed, we simplify notation and set
L'])}[(A) = L'])J(A,S) and NPJ(A) = NPJ(A,S).

Lemma 9.3. Let A = R? be a bounded set and let (Aq)q>1 be a van Hove sequence in
R?. Let P be a patch in S and let I < R be a bounded interval that contains 1 and a left
neighborhood of 1. Then

(1) there exists ¢y > 0, which depends only on o, so that
L'pJ(A) < ClVOI(A).

(2) there exist c2,qo > 0, which depend on P, I and (A,) so that for all ¢ = qq

q=1’
LPJ(AQ + h) = CQVOI(AQ).
(3) limgon Np 1(0(A, + 1))/ Lp (A, + h) = 0 uniformly in h € R%.

Proof. We follow the proof of Lemma A.4 in [LMS2]. Parts (1) and (3) are identical but
are short and so we include them here. Lemma replaces primitivity in part (2).

(1) Select a tile from the patch P. Distinct patches of the form aP in S will have
distinct selected tiles, therefore

LP,I (A) < V_l VOI(A),

min
where Vi, is the infimum over tile volumes in S.

(2) By Lemma [5.7, and since S is stationary, there exists an ¢ € N so that for every
tile T in S, the patch Fy,(T) contains a copy of the patch a/P as a sub-patch,
for some « € I. It follows that for any set A, the number Lp ;(A) is at least the
number of ¢-supertiles with support contained in A. Since tiles in S are of volume
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at most 1, the volume of an /-supertile is at most e*®. Let r be the supremum of
the diameters of /-supertiles. We have obtained
L’]),](Aq + h) = €7€SdVOI(AqiT + h,)
= e_Zdeol(Aq_’")
> e (vol(A,) — vol ((04,)™7)) .
Since (Aq)@1 is van Hove, the proof is complete.

(3) Let r denote the supremum of the diameters of the supports of aP, for a € I. In
view of parts (1) and (2) of this lemma
Np (0A, + h) - Lp;((0A)* + h) _ cvol((0Ay) ™ +h)  ervol((0A,)™) 0
Lp’](Aq + h) h LPJ(Aq + h) h CQVOI(Aq + h) CQVO](Aq) ’
uniformly in h € RY, as required. 0
Consider for g-supertiles, that is, A, = e?*suppT’, where 7' is a tile in S. Since there
are only finitely many types of tiles and the set of scales in which they appear is bounded,
we obtain the following.

Corollary 9.4. Under the assumptions of Lemma if Ay = e@suppT’, where T is a
tile in S, then there exists a constant for which (2) holds for all tiles T in S, and the
convergence in (3) is uniform in the choice of T.

The main step of the proof of Theorem [9.2]is given by the following Lemma.

Lemma 9.5. Let S,P and I be as above. Then

L s T
epy e Tim LRLCTSWORT) (9.2)
’ g—x vol(et*suppT)

exists uniformly in tiles T in S.

Proof. Fix e > 0. By Lemma [9.3] and Corollary [0.4] there exists mg € N so that for every
m = myg and every tile T in &
Np ((0e™*suppT’) < € Lp 1(e™*suppT). (9.3)

Choose a tile T in S, and assume it is of type j and scale «, that is, T is a translated
copy of oTj, and set A = suppT. For ¢ > m > my, consider the decomposition of the
g-supertile e?*T" into m-supertiles. The support of an m-supertile of type 7 is of the form
e™ B A;, where A; is a translation of the support of the prototile T} € 7,, and 3 € (8™, 1]
is the scale in which the corresponding tile appears in Fg_ns(a15).

Observe that the set {F,,,(8T;) : 8 € (8™, 1]} consists of a finite number of patches
up to rescaling, because F,,,s(57;) = Fns—i0g(1/8)(1;) and

i {ms —log(1/8) : B e (67", 1]}
is a finite set. Therefore, there is a finite number of tile substitutions under the semi-flow
Fy(T;) for ms—1log(1/8™™) < t < ms. It follows that Lp j(e™SA;) is a piecewise constant
function of the variable 8 € (8™ 1]. Namely, there is a finite partition of the interval
(Bmin 1] into M; sub-intervals {I;1, ..., I; u,}, depending only on P, I and m, so that for
every choice of representatives {f;,€ I, : ¢ =1,..., M,;} the equality
Lp (€™ BA) = Lp 1(e™ B0 Ay).

holds for every S e I, .
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Denote by n;, the number of m-supertiles with support e™*3A; with 8 € I;, in the
decomposition of e?*T into m-supertiles. Together with (9.3), we have

Z Lp (€™ BipAi)nieg < Lp (e A)
n M;
< Z Z Lp (€™ B 0 Ai)niog + Np (0™ BisAi)nieg  (9.4)
i=1i=1

n M,
+¢) Z Z Lp (e Bi 0 Ai)ni g

Note that n; ¢, is exactly the number of tiles of type ¢ and scale in the interval /; ; in the
patch Flg_m)s—iog(1/a)(T}). By Theorem there exists a constant ; r,, > 0 independent
of j so that

lim Mty =
g e(lg—m)s—log(1/a))d (W
Since vol(e®sA) = e(@—los(l/a)d this vields
lim —iba %Ji,ze—msd' (©.5)

g—o vol(e?* A)
Dividing (9.4) by vol(e?*A) and letting ¢ — oo as in ({9.5)), we obtain

o Lps(e®A) o Lpa(eA) B med
lqun_)Soglp m — lltllllg)lf m < &TZ Z L’P [( ﬁz gA )QOZ ]M . (96)

By (1) of Lemma(9.3] and since tiles in S are of volume at most 1, we have
LP,I( ™58 As) < ervol(e™ B Ay) < cpe™
The right-hand side of (9.6]) is thus bounded by

3 Yevnn <8

with ¢ independent of ¢ and of m. Smce e > 0 is arbitrarily, the limit in (9.2)) exists. This
limit, denoted by cp ;, satisfies

B@éA )902 Ile dea

I M§

n M, n
DD Lp (€™ BiAi)pi, e < cpr < (1+¢ Z
i=1¢=1 )
independent of the choice of tile 7' € S. By (2) of Lemma u for large enough values of
m the left-hand side is positive, and so cp s is positive. O

The proof of Theorem now follows by the same arguments as those given in detail
in the proof of Lemma A.6 in [LMS2].

Sketch of proof of Theorem[9.3. Consider the decomposition of R? into the m-supertiles
e™T for T in S. Lp (A, + h) can be approximated by sums of Lp ;(e"*suppT’), using
Lemma (9.5, The van Hove property is then used to show that boundary effects are
negligible. U

In fact, the arguments used above can be used to establish the existence of uniform
patch frequencies for general tilings T € XI'.
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Corollary 9.6. Let T € X For any legal patch P in T and a bounded interval I = R
that contains a left neighborhood of 1

freq(P,1,T) = freq(P,I,S) > 0,
and in particular, Corollary holds for T . Non-legal patches have zero frequency.

Proof. We only sketch the proof, since it follows from standard arguments about supertiles
as in the proof of [LSol Theorem 4.11 (ii)]. If P is a legal patch and I is an interval as
above, then for any tiling 7 € X% the associated frequency in supertiles approaches cp y,
and when considering general sets the difference amounts to boundary effects. In the non-
legal case, since such patches must intersect the boundaries of supertiles of arbitrarily large
order, the van Hove property of sequences of supertiles deem the frequencies negligible. [

We end this section by showing that in the classical sense of uniform patch frequency,
all patches in tiling XX have zero frequency.

Theorem 9.7. Let o be an irreducible incommensurable substitution scheme in RY, let

S € XI be a stationary tiling, and let P be a patch in T € XE. For any van Hove sequence
(Aq)q21 in R?

freq(P,T) := lim Lp(4y + 1)

g—o  vol(A,) =0

uniformly in h € R, where
Lp(A):=Lpay = #{geR": g+ P c T, (g+supp(P)) < A}.

Proof. The proof follows from the fact that for every £ > 0 there exists my € N so that
for every m = my

LP(GmSA)

vol(ems A)
holds, for every set A that is the support of a tile 7. This is true because the patch
‘P contains at least one tile, say a translated copy of ST; for some prototile T; € 7, and
B e (pmn 1]. Clearly, Lp(e™sA) is smaller than the number of copies of 3T} contained in
F.s(A), which is o(vol(e™* A)) by Corollary [7.4 As in Theorem[9.2] the proof now follows
from standard approximation arguments for supertiles and the van Hove property. [l

<€

10. UNIQUE ERGODICITY

This section is dedicated to the proof of unique ergodicity of incommensurable tiling
dynamical systems.

Theorem 10.1. Let o be an irreducible incommensurable substitution scheme in RY.
Then the dynamical system (XE RY) is uniquely ergodic.

Our proof draws inspiration from that given in [LSo| for the case of tiling spaces as-
sociated with fixed scale substitution tilings of infinite local complexity. Although the
approach and framework follow that of Lee and Solomyak, since Theorem [9.7|implies that
the standard patch frequencies are all zero, their arguments cannot be applied directly.
The main innovation is given in Lemma [10.3] in which we take advantage of the fact that
patch frequencies are non-zero only when patches are counted with their rescalings in
some non-trivial interval of scales. This allows us to use the theory of Riemann-Stieltjes
integration in order to evaluate the countable sum to which the ergodic averages converge.
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10.1. Cylinder sets and partitions of the space of tilings. Let ¢ be an irreducible
incommensurable multiscale substitution scheme in R?, and let

Xs:=0(8)={S —x : z e R},

where § € X! is a stationary tiling. As shown in §6, the dynamical system (X', R?)
is minimal, and so Xg = XZ. Nevertheless, we use the notation Xs to emphasize that
the space is the orbit closure of a specified stationary tiling S. We begin by defining a
sequence of partitions of X into finitely many cylinder sets.

The idea is to create “pixelized” images from patches and to define cylinders as the
collection of tilings with the same “pixelized” image on a large centered cube

Ch = [—2™,2™)4,

Subdivide (), into small cubes ¢, of side length 2%,1 taken to be products of half open
intervals (this are the “pixels”), and write

22m+1d

Cp, = |_| Co-

w=1

Let T € Xs, and consider the patch [C,,]”, which consists of all tiles in 7 that intersect
Chn. We use this patch to color the small cubes with colors {0, 1,...,n} according to the
following rule. Recall that by Proposition , every tile in every tiling in XZ is similar
to one of the prototiles in 7, and can be assigned a type. If ¢, is contained in the interior
of the support of a tile of type ¢ € {1,...,n}, we color the cube ¢, in color i. Otherwise,
¢, intersects the boundary of the support of a tile in 7. In such a case we color ¢, in the
color 0. This coloring of the small cubes in C,, according to [C,,]7 is the m-pizelization
of T, and is denoted by II,,(T), see Figure [12] for an illustration.

FIGURE 12. A patch [C,,]7 and its m-pixelization.

Next, denote by {U,, ¢}~ the finite set of all different colorings of the small cubes in
C', using the colors 0,1,...,n. For £ € {1,..., N}, let

X(Umj) = {TE Xs : Hm(T) = Um7g}
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be the set of tilings in Xs whose m-pixelization is U,, . This is a cylinder set in Xg, and

clearly for every m € N
N,

Xs = | | X(Un), (10.1)
=1
where | | denotes a disjoint union.

Fix m e N and ¢ € {1,...,N,,,}, and consider the set G,,, of all patches of the form
[Crn]~% with S — € X(Upny) and x € RY. For every patch P € G, 4, there is a Borel set
Vp < R? of mazimal wiggle, for which I, (P —z) = Uy, for all x € Vp and Vp is maximal
with this property with respect to inclusion. Since the small cubes ¢, are products of
half open intervals, for every patch P € G,,, the set Vp contains an open set. Note that
although Vp always contains the origin, it is not necessarily an interior point of Vp.

The tiling S has countably many patches up to translation equivalence, and so there
are countably many patches of the form [C,,]5~® in G,, ¢, modulo translation equivalence.
We choose a set (G, )= of representatives in the following way. First, note that given
a patch P € G, , there exists an interval of scales in which dilations of P have U,,, as
their m-pixelization, where the m-pixelization of a patch with support that covers C,, is
defined similarly to the m-pixelization of a tiling. If this interval of scales is degenerate
and contains only 1, we can take advantage of the fact that the set Vp of maximal wiggle
contains an open set, and so for some small translation of P the corresponding set of
scales is non-degenerate. In addition, recall that by Lemma [5.7], patches appear in § in a
dense set of scales. Combining the above we conclude that it is always possible to choose
a set (Gme)= of representatives modulo translation equivalence of the form

(Gmi)= = | {s:5Pi}iz1, (10.2)
j=1
with the property that for every j € N, the scaling constants {s;;};>1 are dense in some
interval /; that contains 1 and a left neighborhood of 1.
Given a patch P and a set VV < RY, define

XP,V):={TeXs:JxeVst. P-azcT}.

It follows that N
X (Une) = || X(siP5 Varym) L X
ij=>1
where Pj, {si;}i=1 and I; as in (10.2), V;, p, are the sets of maximal wiggle for the patches
si;P;, and
Xons = {TeXs : Wn(T) = Upy, fz e R st [Cn]” + 2 < S}
are the tilings so that the patch [C,,]” is only admitted in the limit, compare [LSd].

10.2. Proof of unique ergodicity. Denote by x,, ¢ the characteristic function of X (U, ).
Using the decomposition (10.1]), in order to establish unique ergodicity for (Xg, R?) it is
enough to show that for every van Hove sequence (Aq)q21 and every pair (m, ()

lim !
s vol(A4,)

J Xim,o(8 = — h)dr = e (10.3)
Aq

uniformly in h € R? where u,,, is a constant depending only on m and on £. We note
that relying on the decomposition of the space ((10.1)) into finitely many pairwise disjoint
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cylinders, which can be made arbitrarily small, the sufficiency of ((10.3]) is standard, see
e.g. [LMSI], Theorem 2.6]. This is also the approach in [LSo, Theorem 3.2], where it is
shown that

. 1 & VOl 5. 7) L. P. (Aq + h)
1 - o o i,57 5 i,5 75 _
o (Vol(Aq) JAq Xn(§ =& = h)de Z Z vol(A,) 0

Here Lp(A) := Lpy(A), where as in we simplify notation and put Lp(A4) =
Lpi(A,S). Combined with (10.3), unique ergodicity of (Xs,R?) will follow from the
next result.

Proposition 10.2. There exist constants v; so that

VOI 5”733 3”77] (Aq + h) % ~
(JIL%Z Z voI(A,) = Z v,freq(P;, 1;,S) < o,

j=1li=1 j=1
uniformly in h € R, with P;, {s;;}i=1 and I; as in (10.2) and freq(P,I,S) as in (9.1).

For the proof of Proposition[10.2| we establish the following two lemmas. Lemmall0.3in
particular is a key step in the proof, and the density of scales in which patches appear in
incommensurable tilings plays an important role, together with the existence of uniform
patch frequencies as established in

Lemma 10.3. For every j > 1 there exists a constant v; so that

Vi p,) Ly, (Ag + 1)

. xavol(Vy, : N
qhig) Z VOl(Aq) = UjfreQ(Pj7 [jv S):

i=1

uniformly in h € RY.
Proof. Fix j, and write a := inf I; and b := sup I;. For every z € [a,b] denote I(x) :=
[a, z]. Define the functions f, g, : [a,b] — R by
f(x) = vol(Vap,)
( ) L'p Ix)(A +h)
Janlt vol(4,)

where f(a) = 0 if I1,,,(aP;) # Upye. By definition, f is continuous and g, is monotone
for every ¢ € N and h € R?, and so the Riemann-Stieltjes integral

b
J fdgq,h

exists (see [Al §7]). Fix N € N, and relabel the elements of {s; ;}¥, in an increasing order.
Let {z;}Y | be so that

a=Tg <z < ---<xTNy=0b
Tic1 < Sij ST Vli<i<N.

By definition of the Riemann-Stieltjes integral and by our construction, we have

N—oo

b
f fdgon = hmeSm (9o (5) — G (1)
¢ (10.4)

B i VO]’(‘/si,ij)Lsi,ij (Aq + h)
B vol(A,) ’

i=1
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where the second equality holds because for fixed ¢ and h the sum on the right-hand side
is finite. We remark that even though almost every term in the sum established in
is equal to 0, as ¢ increases and h varies the quantity L, p, (A, + h) gets positive values
for every 1.

By Theorems [0.2] and 0.7} the function
Jo() = lim gqn(x) = frea(P;, I(x), S)
is well defined, and the convergence is uniform in h. Observe that f is bounded and that
g 1s monotone. By the first mean value theorem for Riemann-Stieltjes integrals (see

[Al, Theorem 7.30]) and Theorem [9.7, there exists a positive constant inf{f(z)} < 7; <
sup{f(z)} for which

f Fdgo = 0;(gn(b) — go(a) = yfreq(P;. I;, S). (10.5)

In view of ([10.4) and (10.5)), to finish the proof we therefore must show that the order
of the limit and the integration can be switched, that is

b b b
lim J fdggn = J fd <lim gq7h) = J fdge. (10.6)
9= Jq a q—®© a
Indeed, let us fix ¢ € N. Using integration by parts (see |Al §7.5]) we obtain
b b
| 7001 = 109000) = F@)g00(0) = [ gaact (107

Note that g,; is a monotone, piecewise-constant function, and that f is continuous.
Then the integral on the right-hand side of ((10.7)) exists, and can be viewed as a Lebesgue
integral. Taking limits as ¢ — oo in ((10.7)) we obtain

b b
lim [ fdg = F0)g:0) - F@)ge(a) = i [ goadf (10.5)
Since the patches s; ;P; are of bounded diameter p (which is related to m), we have
qul < C<p)7

where C'(p) is a constant that depends only on the tiling S and on p. Therefore, by the
Lebesgue’s dominated convergence theorem and another integration by parts

b b b
i [ gundf = | 9ef = 90(0)10) ~ go(@f @)~ | fdgn (109
Combining (|10.8) and (10.9) we arrive at ({10.6)), thus finishing the proof. O

Lemma 10.4. Assume that for every € > 0, there exists qo € N so that for every q = qo
and every h € R?

< €.

) o VO s”P] s”PJ (A + h)
Z Z vol(A4,) :

J=qo i=1

Then Proposition holds.

Proof. The proof is very similar to the proof of [LSo, Corollary 3.3]. The key step is to
use Lemma |10.3|in order to apply Fatou’s lemma and bound from below the limit inferior
of the expression on the left-hand side of . The limit superior is then bounded from
above using the assumed inequality. O
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We now use Lemmas and to establish Proposition [10.2, from which unique
ergodicity of the dynamical system follows, thus proving Theorem [10.1

Proof of Proposition[10.9. Fix r > 0 and enumerate all patches in S that have diameter
less than r. A patch P is called k-special if it occurs as a sub-patch of a k-supertile,
with & minimal, and we denote sp(P) = k. As shown in the proof of Lemma up to
dilation there are finitely many patches that can be supported on a k-supertile. Group
all inflations of a given patch together. By the above and by Lemma([10.4] it is enough to

show that
Ls.p(A, +h
ZsirATg T 10.10
Z > Ly 1) Vol A (10.10)

P)>ki=1
can be made arbitrarily small, Where (8;)i=1 is an enumeration of the set of possible scales
in which P can appear. Namely, we need to show that for every € > 0 there exist k1, q; > 0
such that for every k > k; and ¢ > ¢; the quantity in is less than e.
Indeed, since the support of every k-special patch intersects the boundary of some
k-supertile, we have

Z ZLS p(A,+h) < # {73 : diam(P) < r,supp(P) < U (8(ekssuppT))+T}
sp(P)>k 1=1 TeA

(10.11)

where the union is taken over the set A of all tiles T € S such that e**supp(T) < (A,+h)*".

The rest of the proof is now identical to that of [LSol Theorem 4.14]. There exists a
constant C,. such that the right-hand side of is bounded by

C, Z vol (é’(ekssuppT))Jrr . (10.12)
TeA

Given 0 > 0, since (e’“suppT) o1 is van Hove, ((10.12)) can be bounded by
Covol ((Aq + h)”) = C,0vol ((Aq)”)

for sufficiently large k. The sequence (A4,) _, is also van Hove, and so

¢=>1
vol ((44)™") < (1 + &)volA,
for sufficiently large q. Therefore, for any sufficiently large k, for sufficiently large ¢

3 Z 3501’4 th) g 0).

sp(P)>k =1

Since the right-hand side is arbitrarily small, the proposition follows. 0

Remark 10.5. Unique ergodicity for certain fusion tilings was established in [F'S2], and
in particular for their one dimensional construction, which as mentioned in Example
corresponds to the %—Kakutani tiling. We note that in contrast to their approach, the
proof described here does not require reconizability.

We believe that the arguments in §9/and can be extended to the case of schemes with
“incommensurability of orientations”, in the sense of the pinwheel tilings. Presumably, an
additional layer of isometries would be added to the information carried by the associated
graph, and in the definition of patch frequencies, patches would be counted together with
isometric copies within a neighborhood of the identity in the associated isometry group.
More on this will appear in future work.
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APPENDIX 1. PATCHES OF MULTISCALE SUBSTITUTION TILINGS

i

H F
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FicUurRE 13. A fragment of an incommensurable multiscale substitution
tiling of R?, generated by the square scheme illustrated in Figure .
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substitution

mmensurable multiscale
ated by the triangles scheme illustrated in Figure .

FIGURE 14. A fragment of an inco

tiling of R?, gener
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