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Lecture 1: Introduction

1.1. HISTORY

In the second half of the 19th century, Pierre Curie experimented with magnetism
of iron. When placing an iron block in a magnetic field, sometimes the iron will
stay magnetized after removing it from the field, and sometimes the iron will lose the
magnetic properties after removal of the field. Curie discovered that this has to do with
the temperature; if the temperature is below some critical temperature 7., then the iron
will retain magnetism. If the temperature is higher than T, then the iron will lose its
magnetic properties.

In the 1920’s, Lenz gave his student Ising a mathematical model for the above
phenomena, and Ising proceeded to study it, solving the one dimensional case in his
thesis in 1924. Ising proved that in dimension one, the magnetization is lost in all
temperatures, and conjectured that this is also the case in higher dimensions.

This was widely accepted until 1936 (!) when Peierls showed that in dimension 2 and
up, there is a phase transition at some finite temperature.

In this course we will deal with a cousin of the so-called Ising model: a model known
as percolation, first defined by Broadbent and Hammersley in 1957. We will mainly
be interested in such phase transition phenomena when some parameter varies (as the

temperature in the Ising model).

1.2. PRELIMINARIES - GRAPHS

We will make use of the structure known as a graph:

v' NOTATION: For a set S we use (,f) to denote the set of all subsets of size k in S;




- <§> ={lz,y} s wyeSaFy}.

Definition 1.1. A graph G is a pair G = (V(G), E(G)), where V(G) is a countable
set, and E(G) C (V(QG)).

The elements of V(G) are called vertices. The elements of E(G) are called edges.
The notation z < y (sometimes just  ~ y when G is clear from the context) is used for
{z,y} € E(G). If x ~ y, we say that x is a neighbor of y, or that z is adjacent to y.
If x € e € E(G) then the edge e is said to be incident to x, and z is incident to e.

The degree of a vertex x, denoted deg(x) = degq(x) is the number of edges incident

to z in G.

v/ NOTATION: Many times we will use z € G instead of z € V(G).

Example 1.2. e The complete graph.
e Empty graph on n vertices.
e Cycles.

Z,72,7°.

Regular trees.

VANAVAVAN

Example 1.3. Cayley graphs of finitely generated groups: Let G = (S) be a finitely
generated group, with a finite generating set S such that S is symmetric (S = S~1).
Then, we can equip G with a graph structure C = Cg g by letting V(C) = G and
{g,h} € E(C) iff g7th € S.

S being symmetric implies that this is a graph.

Cg,s is called the Cayley graph of G with respect to S.

Examples: Z¢, regular trees, cycles, complete graphs.

We will use G and (G, S) to denote the graph Cg g. Ay A

Definition 1.4. Let G be a graph. A path in G is a sequence v = (79,71, - -, Vn) (With
the possibility of n = 0o) such that for all j, v; ~ v;41. 70 is the start vertex and -, is

the end vertex (when n < 00).

o graph dfn

o Cayley
graphs

Arthur Cayley

(1821-1895)
o paths



> graph dis-

ance

> connectiv-

ty

The length of v is |y| = n.
If ~v is a path in G such that  starts at z and ends at y we write v: z — y.

The notion of a path on a graph gives rise to two important notions: connectivity and

graph distance.

Definition 1.5. Let G be a graph. For two vertices x,y € G define
dist(z,y) = distg(z,y) :=inf {|y| : v:2 — y},

where inf () = oo.

Exercise 1.6. Show that distg defines a metric on G.

(Recall that a metric is a function that satisfies:

o p(z,y) >0 and p(z,y) =0 iff v = y.

o p(z,y) = ply, z).

o p(x,y) < ple,2) +p(z,y). )
Definition 1.7. Let G be a graph. We say that vertices x and y are connected if
there exists a path v : x — y of finite length. That is, if distg(z,y) < oco.

The relation z is connected to y is an equivalence relation, so we can speak of equiv-
alence classes. The equivalence class of a vertex x under this relation is called the
connected component of x.

If a graph G has only one connected component it is called connected. That is, G

is connected if for every x,y € G we have that x < y.

Exercise 1.8. Prove that connectivity is an equivalence relation in any graph.

v' All graphs we will consider will have bounded geometry. Specifically, we will always

assume bounded degree; i.e. the degree of any vertex is at most some number d.

v NOTATION: For a path in a graph G, or more generally, a sequence of elements from

a set S, we use the following “time” notation: If s = (sg, s1,...,8n,...) is a sequence in

S (finite of infinite), then s[t1,t2] = (St,, St;+1,- - -, St,) for all integers t2 > ¢ > 0.
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1.2.1. Transitive Graphs. If G is a graph, then an automorphism of G is a bijection
¢ : G — G such that x ~ y if and only if ¢(z) ~ ¢(y) (that is, ¢ preserves the graph
structure). The set of all automorphisms of a graph G is a group under composition,

and is denoted by Aut(G).

Definition 1.9. A graph G is called transitive if for every z,y € G there exists
ey € Aut(G) such that ¢, 4 (x) = y. (That is, the group Aut(G) acts transitively on
G.)

Exercise 1.10. Let G = (S) be a finitely generated group with symmetric generating set
S. Show that the Cayley graph of G is transitive. For every x,y € G give an example

of an automorphism @, that maps x +— y.

1.3. PERCOLATION

What is percolation?

Suppose G is a graph. Consider the edges of G, and declare an edge of G “open”
with probability p and closed with probability 1 —p, all edges independent. Consider the
(random) sub-graph of G induced by the open edges. This is not necessarily a connected
graph.

We will be interested in the connectivity properties of this random subgraph, espe-
cially in the existence of infinite connected components.

Let us give a proper probabilistic definition.

Definition 1.11. Let G be a graph. Fix p € [0,1]. Let (w(e))ccr(q) be i.i.d. Bernoulli
random variables with mean Plw(e) = 1] = p. If w(e) = 1 we say that e is open,
otherwise we say that e is closed.
Consider the subgraph w of G whose vertices are V(w) = V(G) and edges F(w) =

{e€ E(G) : x(e) =1}.

e w is called p-bond-percolation on G.

e For z € G denote C(x) the connected component of x in w.

o If y € C(z) we write z <> y and say that = is connected to y. For sets A, B

we write A <> B if there exist a € A and b € B such that a < b.

o percolation

dfn



Simon Broadbent

i
John Hammersley

(1920-2004)

> density of

ylinders

o If |C(x)| = 0o we write z > oco.

v" This model was first defined by Broadbent and Hammersley in 1957.

1.4. KOLMOGOROV’S 0 — 1 Law

Let us briefly recall the measure theory of infinite product spaces.

The o-algebra for the space containing (w(e))ccp(q) is the o-algebra generated by the
cylinder sets:

If E C E(G),|F| < oo is a finite subset of edges, and n € {0, 1}E(G) is a 0, 1-vector
indexed by E(G), then the cylinder around E at 7 is the set

Chp = {w € {0, 1}E(G) :VeeFE , wl)= n(e)} .

These are the basic measurable sets.

The o-algebra F for the space is then the ¢ algebra generated by all cylinders:
F=0(Cpr : n€{0,1}°9 | EcE@QG),|E| <x).
For fixed finite subset £ C E(G), |E| < oo, let
sza@@):eeEy:%%E:ne{QHMQ}.

This is the information carried by the edges in E. Of course Fg C F.

Perhaps the most useful property of F is that the cylinder sets are dense in F: that
is, for any event A € F, and any € > 0, there exists a finite E C E(G),|F| < co and an
event B € Fg such that P[AAB] < e.

F is defined to be the smallest o-algebra containing the cylinder sets, but does F
contain more than cylinders? In fact, it does.

For a finite subset E C E(G),|E| < oo, one can also consider the events that do not
depend on the edges in E:

Te=o(w(e) : e¢ E).
And define the tail-o-algebra
T=()Te

E
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These are events the do not depend on a finite configuration of edges; in other words,
for a tail event A € T, w € A if and only if for any finite E C E(G), |E| < oo and any
n € {0,1}F@ such that n(e) = w(e) for all e ¢ E, also i € A.

Exercise 1.12. Let w be p-bond-percolation on a graph G.
Show that the event that |C(x)| = oo is measurable.
Show that the event that there exists an infinite component in w is measurable.

Show that this event is a tail event.

Theorem 1.13 (Kolmogorov’s 0,1 Law). Let w(e). be i.i.d. random variables and let

A be a tail event. Then, P[A] € {0,1}.

Proof. Let A be a tail event. So A € T for all finite E C E(G), |E| < oo. Let (A4,,), be
a sequence of events such that PJAAA,] — 0, and A,, € F,, for all n, where F,, = Fg,
for some finite subset E,, C E(G),|E,| < co. Note that

| P[An] = P[A]| = | P[An \ A] + P[A N Ap] = P[A]| = | P[A, \ A] — P[A\ Ay]|
< P[4, \ A] + P[4\ 4,] — 0.

Since F;, is independent of Tz, we have that for all n, PJANA,,] = P[A] P[A,] — P[A]%.
On the other hand,

P[A] < P[AU A,] = P[AN A,] + P[AAA,] — P[A%
Since P[A] € [0, 1] we must have that P[A] = P[A]? and so P[4] € {0,1}. O

Corollary 1.14. For a graph G define ©(p) = ©¢(p) to be the probability that p-bond

percolation on G contains an infinite component. Then, O(p) € {0, 1}.

Andrey Kolmogorov

(1903-1987)
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Lecture 2: Basic Properties

2.1. TRANSLATION INVARIANCE

Last lecture we used Kolmogorov’s 0,1 Law to show that ©(p) € {0,1}. We reprove
this for transitive graphs.

For a graph GG, we say that an event A € F is translation invariant if A = A for
all p € Aut(G). Here pA = {pw : w € A} where (pw)(e) = w(p~t(e)) and p({z,y}) =
{e(x),e(y)}-

Exercise 2.1. Show that the event that there exists an infinite component is translation

tnvariant.

Lemma 2.2. Let G be a transitive graph. If A is a translation invariant event then

P[A] € {0,1}.

Proof. Transitivity is used in the following

Exercise 2.3. Let G be an infinite transitive graph, and let E C E(G),|E| < oo be
some finite subset. Then, there exists ¢ € Aut(G) such that pENE = ).

Given this exercise, let A be translation invariant. Let (A,), be a sequence of events
A, € F, where F,, = Fg, for finite subsets E, C E(G),|E,| < oo, and such that
P[AAA,] — 0.

This tells us that in some sense we can replace A by A,, without losing much. Indeed,

for any ¢ € Aut(G),
P[AN@A] = P[An N @An] S P[(AN @A)\ (An N pAn)] <PIA\ Ap] + Plp(A\ Ap)]

= 2P[A\ A,] — 0.
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For every n let ¢, € Aut(G) be such that ¢, E, N E, = (. Since A, € F,, we get
that A, is independent of ¢, A, for all n. Since A = ¢, A for all n,

PlA] = P[AN ¢, A] < P[A, N, A,) + 2P[AAA,)

= P[A,] PlpnAn] + 2P[AAA,] — P[A)%
So P[A] = P[A4]? and thus must be in {0,1}. O

This gives another proof of Corollary for transitive graphs.

2.2. MONOTONICITY

Recall that the sample space for percolation on G is {0, 1}E(G). There is a natural
partial order on elements of this space: w < 7 if w(e) < n(e) for all e € E(G). In other

words, a configuration 7 is larger than w if any edge open in w is also open in 7.

Definition 2.4. Let A be an event in percolation on G. We say that A is increasing
if w<nand w € A imply that n € A; that is, opening more edges for configurations in
A remains in A.

We say that A is decreasing if w < 7 and n € A implies that w € A; that is closing

edges remains in A.

Exercise 2.5. Show that {x <> oo} is an increasing event.
Show that {x <> y} is an increasing event.
Show that A is increasing if and only if A€ is decreasing.
Show that the union of increasing events is increasing.

Show that the intersection of increasing events is increasing.

v One can also define increasing (respectively, decreasing) functions on {0, I}E(G). o natural cou-

pling
Consider the following procedure to generate p-percolation on a graph G: Let (Ue)ccp ()

be i.i.d. random variables indexed by the edges of G, each distributed uniformly on [0, 1].
For any p € [0,1], let Q,(e) =1 if U, < p.
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Then, €, is a p-percolation process on G. Moreover, this couples all percolation
processes on (G in one space, with the property that for p < ¢, if an edge e is open in {2,

then it is open in €.

v NoTATION: Henceforth, we will use P,E to denote the probability measure and

expectation on the space of the above coupling (that is, of the i.i.d. sequence of uniform
random variables). In this space, we use €2, to denote the percolation cluster induced
by the edges e with U, < p. P,,E, denote the measure and expectation on the space of
p-percolation. If it is not clear from the context, we add super-scripts IP’S ,Eg to stress

the graph on which percolation is performed.

Lemma 2.6. Let A be an increasing event on {0, 1}E(G). Let B be a decreasing event.

Then, for all p < g,
PplA] <PBy[A]  and  Py[B] > Py[B].
Proof. Under the natural coupling with uniform random variables, recall that Q,(e) =1
if U. < p. Since Q, <, for p < g, we get that if Q, € A then Q, € A. So
P,[A] =P[2, € A] <P[Q, € A] =P [A].
The proof for B follows by noticing that B¢ is an increasing event. a

Monotonicity and the 0,1 law combined give:

Corollary 2.7. Let Og(p) denote the probability that there exists an infinite component.
Then, there exists p. = p.(G) € [0,1] such that for all p < pe, Oc(p) = 0 and for all
p>pe; Oc(p) = 1.

Proof. Just define p. = sup{p : ©¢(p) = 0}. O

The structure of O¢ is almost fully understood. Two main questions remain:

e For a graph G what is the transition point p.(G)? When is 0 < p.(G) < 17
e For a graph G, does percolation percolate at criticality? That is, what is ©¢(p.)?

The second question is perhaps the most important open question in percolation theory.



Pe

FIGURE 1. The quite boring graph of O¢g

Exercise 2.8. Show that p.(Z) = 1.

13
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Lecture 3: Percolation Probability (6(p))

3.1. CLUSTER AT A SPECIFIC VERTEX

It will be more convenient to study the cluster at a specific vertex, C(x).

Definition 3.1. For percolation on an infinite connected graph G, define define the
function 6g . (p) = Pplr <> oo]. If G is a transitive graph, then write 6¢(p) = 0g..(p),

since this latter function does not depend on x.

Note that 0, (p) is monotone non-decreasing, ¢ ,(0) = 0 and 0g (1) =1 (if G is

an infinite connected graph). So it would be natural to define

pe(G,x) =sup{p : Og.(p) =0}.

We will see that actually p.(G,z) = p.(G) and does not depend on z.
In fact, we will see that the following are equivalent for p € [0, 1]:
* O¢(p) =1.
e 0c.(p) > 0 for some x.
(

e 0G.(p) > 0 for all .

3.2. HARRIS’ INEQUALITY (FKG)

In 1960 Harris showed that ©2(1/2) = 0 (so p.(Z?) > 1/2). In his proof he intro-
duced a correlation inequality, that in words states that any two increasing functions
of percolation configurations have positive covariance. This inequality has also come to
be commonly known by the FKG inequality, for Fortuin, Kasteleyn and Ginibre who
proved some generalizations of it for the non-independent case.

In order to state Harris’ inequality properly, we would like the concept of increasing

functions on {0, 1 }E(G) .
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Definition 3.2. A function X : {0,1}(%) — R is called increasing if X (w) < X (1)
for all w < 7. f is called decreasing if X (w) > X(n) for all w < n.

Exercise 3.3. Let A be an event. Show that the function 14 is increasing if and only

if A is an increasing event.

v' Any function X : {0, l}E(G) — R is also a random variable, so we can speak of

expectation, moments, etc.

We turn to Harris’ Lemma:

Lemma 3.4. For percolation on a graph G let X, Y be two increasing random variables

in L? (i.e. E[X?),E[Y? < ). For any p,

Ep[XY] > Ep[X] - Ep[Y].

Exercise 3.5. For percolation on G, let X,Y be decreasing random variables in L*. Let
Z be an increasing random variable in L?. Show that for any p,

o By[XZ] <Ep[X]-Ep[Z].

¢ B,[XY] > E,[X] E,[Y].

Proof of Lemma[3.4 First, note that
E[XY] > B[X]E[Y] < E[(X — E[X])(Y — E[Y])] >0,

and that X is increasing if and only if X —[E[X] is increasing. So we can assume without
loss of generality that E[X] = 0 and E[Y] = 0.

Next, we prove the lemma in the case where X,Y € Fg for some finite £ C
E(G),|E| < co. This is done by induction on |E|.

Base: |E| = 1. Suppose E = {e}. In this case, X,Y are functions of w(e) =1 or
w(e) = 0. That is, X is determined by two numbers: Xy = X({w : w(e) =0}) and
X1 =X{w : w(e) =1}). Since E[X] =0,

0=E[X] = pX({w : w(e) =1}) + (1 - p)X({w : w(e) = 0})

o step 1:
translate to

expectation 0

o step 2:
finite # of
edges
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so X7 = —%Xo. Since X is increasing, Xy < Xj. So it must be that Xy < 0.
Similarly, for ¥ with ¥y = Y({w : w(e) =0}) and Y1 = Y ({w : w(e) =1}), we have

Vi = —12Y) and ¥; < 0. Now,

1—p)? 1-—
E[XY] = pX1Yi + (1 — p) Xo¥p = Xo¥p - ((pp)Jrl—p) = X% L0

Induction step: |E| = n + 1. Assume that £ = {ep,e1,...,e,}. Let E' =

{e1,...,en}.
Let n € {0, 1}E/. For w € {0, 1}5() Jet wy be defined by wy(e) = w(e) if e ¢ E' and

wp(e) =n(e) if e € E'. Consider the random variables
Xn(w) = X (wn) and Yy(w) =Y (wy).
Then, X, Y, € Fi. and are increasing. So by the |E| =1 case,
E[X,Yy] > E[X,] - E[Y,].
This holds for any choice of n € {0, 1}El. Thus, a.s.
E[XY|Fg] > E[X|Fp] - E[Y|Fe].
Now, consider the random variables
X' =E[X|Fz] and Y =E[Y|Fg].
Note that X', Y are increasing (because X,Y are). Since |E’| = n, by induction,
E[XY] = EE[XY|Fp] > E [E[X|Fp] - E[Y|Fp]]
> EE[X|Fp] EE[Y|Fp] = E[X] - E[Y].

This proves Harris’ Lemma for random variables that depend on finitely many edges.

To extend to infinitely many edges we use the (L?-) Martingale Convergence Theorem:

Theorem 3.6 (Martingale Convergence Theorem). Let (M,), be a L?-bounded mar-
tingale (that is, such that sup, E[M2] < c0). Then, M, — M a.s. and in L? for some
M in L*.
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A proof, and more on martingales, can be found in Probability: Theory and Examples
by Rick Durrett, Chapter 5.

Now, back to Harris’ Lemma: Let ej, €9, ..., be some ordering of the edges in E(G).
Let Fp = Fiey..eny- If X is in L? then X, := E[X|F,] is a martingale (known as
the information exposure martingale). Similarly for Y, := E[Y|F,]. Now, point-wise,
X, — X and Y,, — Y. Since (X,,)n, (Yn)n converge to a limit a.s. and in L? by the

Martingale Convergence Theorem, these limits must be X and Y. That is,
E[(X - X,)?] -0 and  E[Y -Y,)} —0.
An application of Cauchy-Schwarz gives,

E[|XY — XoYo|] <E[IX]-[Y = Ya|] + B[] - |X — Xo]]

< VEX?]-E[(Y - Y)Y + VE[Y2] - E[(X — X,)2] = 0.
For every n, X,,,Y,, are increasing. So by the finite case of Harris’ Lemma, E[X,,Y,] >

E[X,] - E]Y,]. Hence,

E[XY] = lim E[X,Y,] > lim E[X,]-E[Y,] = E[X] E[Y].

n—o0 n—0o0

3.3. INFINITE CLUSTER AT A VERTEX

We now use Harris’ Inequality to prove

Theorem 3.7. Let G be an infinite connected graph. The following are equivalent.

e Og(p) =1.
e There exists x such that 6 4(p) > 0.
e For all x, Oc »(p) > 0.

Proof. We will show that for any x, ©¢(p) = 1 if and only if g . (p) > 0.
Note that

Oc(p) < 0c.:(p).
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So if ©¢(p) = 1 then there exists z such that 65 .(p) > 0. Since G is connected, the
event {x <> z} has positive probability. Since this event is increasing, Harris’ Lemma
gives

0.2 (p) = Pplz < 00] > Pplz <+ 2,2 <> 00] > Py[x <> 2] - 0 .(p) > 0.

One the other hand, if g ,(p) > 0 then
Oc(p) =Pp[F 2 : 2z ¢ 00] > Pplz ¢ 0] >0,

so the 0,1 law gives that ©¢g(p) = 1. ]

Corollary 3.8. Let G be an infinite connected graph. Then, for any p < p.(G) and any
x we have that Og »(p) = 0. For any p > p. and any x we have that 0g . (p) > 0. Thus,

pe(G) =sup{p : O¢(p) =0} =inf{p : O¢(p) =1}
=sup{p : Og.(p) =0} =inf{p : bg.(p) > 0}.
Thus we are left with the two interesting and basic questions:

e What is p.(G)? When is p.(G) < 17
e What is Og(p.(G))?

Exercise 3.9. Let H be a subgraph of G. Show that p.(H) > p.(G).



19

Percolation

Ariel Yadin

Lecture 4: Critical point in Z¢

4.1. PEIERLS’ ARGUMENT

The fact that p.(Z) = 1 is related to the fact that the Ising model does not retain
magnetization at any finite temperature. Peierls originally used the following type of
argument to show that the Ising model has non-trivial phase transition in dimension 2
and up, and this is related to the fact that 0 < p.(Z%) < 1 for all d > 2. We will use

Peierls’ argument to prove this.

Theorem 4.1. Let G be an infinite connected graph with degrees bounded by D. Then,

1
D-1

pe(G) >

Proof. A self-avoiding path in G started at x is a path 7 such that vy = x and ~; # ;
for all ¢ # j. Let S, be the set of self-avoiding paths in G started at x of length n, and
let ft, = |Sn|. Let pu = limsup,, (pn)"/™.

Note that since D is the maximal degree in GG, and since a self-avoiding path cannot
backtrack over the last edge it passed through, p, < D(D —1)"! and 4 < D — 1. So
it suffices to show that p.(G) > p~ .

Note that for any path v € 5, since 7 is self-avoiding, v passes through n different

edges, so

7

P,y C C(z)] = Pp[y is open | = p".

Now,

Py[Sn N C(x) # 0] < Bp[|SuNC(x)] = D Pply C C(x)] = pnp™

YESn

Rudolf Peierls

(1907-1995)
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Now, the event that |C(x)| = oo is the event that C(z) contains an infinite self-avoiding

path started at z. Thus,

Ppla ¢ oc] = lim Py[S, NC(x) # 0] < lim (ul/mp)".

n—oo
If p < p! then this last limit is 0. So g (p) = 0 for all p < g~!, which implies that
pe(G) > p . O

Example 4.2. Let Ty be the d-regular tree. Peierls’ argument gives that p.(Ty) > ﬁ.
Later we will see that p.(Tq) = 1. Ay A

4.2. UPPER BOUND vIA CUT-SETS

Let G be an infinite connected graph. Let x € G be some fixed vertex. A cut-set is
a set II of edges such that any infinite self-avoiding path started at x must pass through
an edge of II. A minimal cut-set is a cut-set II such that for any e € II, the set IT\ {e}

is not a cut-set (i.e. II is minimal with respect to inclusion).
Exercise 4.3. Show that any finite cut-set must contain a minimal cut-set.

Proposition 4.4. Let G be an infinite connected graph and let x € G. For percolation
on G, x < oo if and only if for every finite minimal cut-set 11 it holds that I contains
at least one open edge.

In other words, C(x) is finite if and only if there exists a finite cut-set I such that all

edges in I are closed.

Proof. 1f C(x) is finite, then the set {{y, 2} € E(G) : y € C(z),z ¢ C(x)} is a finite cut-
set. All edges in this cut-set must be closed because one of their endpoints is not in
C(x).

If C(z) is infinite, then there exists an infinite self-avoiding path 7 starting at x, whose
edges are all open. Let II be any finite cut-set. Then v must pass through some edge of

II, so II must contain an open edge. O

Proposition 4.5. Let G be an infinite connected graph, and let x € G. Let C, be the
set of minimal cut-sets of size n. If there exist ng and M > 1 such that |Cy| < M™ for

all n > ng, then p.(G) < %
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Proof. Take p > % so that M (1 —p) < 1. If IT € C), then the probability that alleges
of IT are closed is (1 — p)™. Thus, there exists N large enough so that

P,3n>N : 311 € C, : all edges in IT are closed | < Z M"(1—-p)" <
n>N

N

Now, let S = {I€C, : n< N} and let £ = pegS. Let C be the set of all
minimal cut-sets that do not intersect E. Let A be the event that there exists a minimal
cut-set in C' whose edges are all closed. Any minimal cut-set in C' must be of size larger
than N. So, P,[A4] < 1.

Let B be the event that all edges in E are open. Since E is finite, P,[B] > 0. Any

minimal cut-set in C' does not intersect F, so A is independent of Fg, and so

P,[B N AY = By[B] - (1 - Py[A]) > 5 B,[B] > 0.

Now, if there exists a minimal cut-set II such that all the edges of II are closed, then
either |II| < n and so B does not occur, or II does not intersect E and so A occurs.

Thus, {z ¢ oo} C B°U A, which implies {z <> co} D BN A°. So

0c.2(p) = Pplz <> o00] > =Py[B] > 0,

2
and so p.(G) < p.
Since this holds for all p > 2= we get that p.(G) < 2L, 0

4.3. DuALITY

For Z¢, we know that p.(Z%) < p.(Z?) for all d > 2. So in order to show that Z? has
a non-trivial phase transition it suffices to prove that p.(Z?) < 1.

The main tool to show this is duality, which is due to the fact that Z2 is a planar
graph. This dual structure will help us count the number of minimal cut-sets of a given
size.

Suppose G is a planar graph. Then, we can speak about faces. Each edge is adjacent
to exactly two faces (Euler’s formula). So we can define a dual graph G whose vertex
set is the set of faces of G, and to each edge e € E(G) we have a corresponding edge

~

¢ € E(G) which is the edge connecting the faces adjacent to e.
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FIGURE 2. A planar graph (vertices are squares, edges are solid lines)

and it’s dual (vertices are disks, edges are dashed lines).

For Z? the dual structure is special: 72 is isomorphic to Z? itself. Indeed, every face
of Z? can be identified with the point at it’s center, so the vertices of 72 are (%, %) +7Z2.
For an edge e € E(Z?) the dual edge is just the edge of (%, %) + 72 that crosses the edge
e.

The self duality of Z? provides a natural coupling of percolation on the two graphs.
For an edge ¢ € F (ﬁ) we declare é open if and only if e is closed. So p-percolation on
72 is coupled to (1 — p)-percolation on Z2.

A self-avoiding polygon in a graph G is a finite path v such that v = 7, = x and
v; # 7 for 0 < j # 4 < n, where n is the length of v; that is, a path that visits every

vertex once, except for the initial vertex with coincides with the terminal vertex.

Proposition 4.6. II is a minimal cut-set in Z*> (with respect to 0) if and only ifﬂ =
{é : e €ll} is a self-avoiding polygon in Z2.
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FIGURE 3. Z2 and it’s dual.

Proof. Let v be a self-avoiding polygon in Z2. Then, ~ splits the plane into two compo-
nents, one infinite and the other finite, but non-empty. This finite component contains
at least one face of Z2 so a vertex of Z2. So the edges dual to v are a cut-set.

Now, let IT be a minimal cut-set in Z2. If F is a face in Z? adjacent to an edge e € II,
then there must be another edge €’ # e in II that is adjacent to F; if there wasn’t then
one could go around the face F' without crossing e, so II'\ {e} would still be a cut-set.

So for v = f[, every vertex that v passes through has degree at least 2. Since 7 is
finite, it contains a self-avoiding polygon, say +'. However, if we go back with duality,
Ir = ';’ is a cut-set contained in II, and so must be II' = II by minimality of II. So
~" =~ and 7 is a self-avoiding polygon.

Now, for the other direction, let v be a self-avoiding polygon in Z2. So the dual of
v, Il = 4 is a cut-set. Let II' C II be a minimal cut-set. Then the dual ' = IU is a
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self-avoiding polygon, and also v/ C . But any self-avoiding polygon cannot strictly
contain another self-avoiding polygon, so v' = ~, and so IT = II’. This implies that II is

a minimal cut-set. O

FIGURE 4. A minimal cut-set and it’s dual self-avoiding polygon.

We can now use Proposition to count the number of minimal cut-sets of size n in
72

Let II be a minimal cut-set in Z? of size |II| = n. If II does not intersect the edges of
the box {z : ||z|/oc < n} then the isoperimetric inequality in Z? tells us that |[II| > n,
so it must be that II contains an edge at distance at most n from 0. Let v be the
corresponding self-avoiding polygon in Z2. Then, v is a path of length n, with a point
at distance at most n from (%, %) There are at most 4n? choices for such a point, and
then since v is self avoiding, there can be at most 4 - 3"~ ! possible such paths. So the
number of possibilities for v is at most 1602371,

Thus, for any € > 0 there exists no(¢) such that for all n > ng(e), the number of
minimal cut-sets in Z? of size n is at most 16n23"~1 < (3 4+ &)". So we conclude that
pe(Z?) < g—ii for any e which gives a bound of p.(Z?) < 2.

We conclude:

Corollary 4.7. For all d > 2,

< p(ZH <
2d—1 SPZ) =
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Lecture 5: Percolation on Trees

5.1. GALTON-WATSON PROCESSES

Galton and Watson were interested in the question of the survival of aristocratic Francis Galton
surnames in the Victorian era. They proposed a model to study the dynamics of such a (1822-1911)
family name.

In words, the model can be stated as follows. We start with one individual. This
individual has a certain random number of offspring. Thus passes one generation. In the

next generation, each one of the offspring has its own offspring independently. The pro-

cesses continues building a random tree of descent. Let us focus only on the population

Henry Watson

size at a given generation.
(1827-1903)

Definition 5.1. Let p be a distribution on N; d.e. p1: N — [0, 1] such that >, u(n) = 1.
The Galton-Watson Process, with offspring distribution y, (also denoted GW,,,) is
the following Markov chain (Z,,), on N:

Let (X, k)jken be a sequence of i.i.d. random variables with distribution pu.

e At generation n = 0 we set Zp = 1. [ Start with one individual. |

e Given Z,, let
Zn,
Zny1 = ZXn—i—Lk-
k=1

[ Xn+1,k represents the number of offspring of the k-th individual in generation

Example 5.2. If ;(0) = 1 then the GW,, process is just the sequence Zyp = 1,7, =0
for all n > 0.
If u(1) =1 then GW, is Z,, = 1 for all n.
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How about p(0) = p =1—p(1)? In this case, Zy = 1, and given that Z,, = 1, we have
that Z,11 = 0 with probability p, and Z,,;1 = 1 with probability 1 — p, independently
ofall (Zy : k<mn). If Z, =0 the Z,11 =0 as well.

What is the distribution of 7" = inf {n : Z, = 0}? Well, on can easily check that
T ~ Geo(p). So GW,, is essentially a geometric random variable.

We will in general assume that 11(0)+p(1) < 1, otherwise the process is not interesting.

VANAVAVAN
5.2. GENERATING FUNCTIONS

v NoTATION: For a function f : R — R we write f(®) = fo---o f for the composition

of f with itself n times.
Let X be a random variable with values in N. The probability generating func-

tion, or PGF , is defined as
Gx(2) =E[z*] = ) P[X =n]z".

This function can be thought of as a function from [0, 1] to [0, 1]. If pu(n) = P[X = n] is
the density of X, then we write G, = Gx.

Some immediate properties:

Exercise 5.3. Let Gx be the probability generating function of a random wvariable X

with values in N. Show that

o Ifz€0,1] then 0 < Gx(z) <1.
e Gx(1)=1.

e Gx(0)=P[X =0].

o G\ (1-) = E[X].

e E[X?] =G%(1-) + G (1-).

o ZoGx(0+) =n!PLX = n).

Proposition 5.4. A PGF Gx is convex on [0, 1].
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Proof. Gx is twice differentiable, with

G%(2) =E[X(X —1)2X7% >0.

The PGF is an important tool in the study of Galton-Watson processes.
Proposition 5.5. Let (Z,), be a GW, process. For z € [0,1],
E[z7 | Zo,..., Zn) = Gu(z)?".

Thus,

GZnZGl(L”):GMO---oG“.

Proof. Conditioned on Zy, ..., Z,, we have that

Zn
Zni1 =Y Xy,
k=1

where X1, ..., are i.i.d. distributed according to p. Thus,
Zn, Zn
E[z7 | Zo, ..., Zo) =E[[[ & | Zo...., Zn] = [[ Elz™*] = Gu(2)?".
k=1 k=1

Taking expectations of booths sides we have that
G2,.1(2) = E[z71] = ElGu(2)7] = Gz, (Gu(2)) = Gz, 0 Gu(2).
An inductive procedure gives
Gz,=Gz, ,0G, =Gz, ,0G0G, = =G,

since Gz, = G,. 0
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5.3. EXTINCTION

Recall that the first question we would like to answer is the extinction probability for
a GW process.

Let (Z,)n be a GW,, process. Extinction is the event {dn : Z,, = 0}. The extinc-
tion probability is defined to be ¢ = ¢(GW,) = P[3n : Z, = 0]. Note that the events
{Z,, = 0} form an increasing sequence, so

q(GW,) = lim P[Z, = 0].

n—oo

Proposition 5.6. Consider a GW,,. (Assume that u(0) + (1) < 1.) Let ¢ = q(GW,,)
be the extinction probability and G = G . Then,

e ¢ is the smallest solution to the equation G(z) = z. If only one solution exists,
q = 1. Otherwise, ¢ < 1 and the only other solution is G(1) = 1.
e g=1if and only if G'(1-) = E[X] < 1.

V' Positivity of the extinction probability depends only on the mean number of off-

spring!

Proof. f P[X = 0] = G(0) = 0 then Z,, > Z,,_; for all n, so ¢ = 0, because there is never
extinction. Also, the only solutions to G(z) = z in this case are 0,1 because G (z) > 0
for z > 0 so G is strictly convex on (0,1), and thus G(z) < z for all z € (0,1). So we
can assume that G(0) > 0.

Let f(z) = G(2)—2. So f"(z) > 0 for z > 0. Thus, f’is a strictly increasing function.

e Case 1: If G’(1—) < 1. So f'(1—) < 0. Since f/(0+) = —(1— (1)) < 0 (because
(1) < 1), and since f’ is strictly increasing, for all z < 1 we have that f'(z) < 0.
Thus, the minimal value of f is at 1; that is, f(z) > 0 for all z < 1 and there is
only one solution to f(z) =0 at 1.

e Case 2: If G'(1—) > 1. Then f/(1—) > 0. Since f'(0+) < 0 there must be some
0 < z < 1 such that f/(x) = 0. Since f’ is strictly increasing, this is the unique

minimum of f in [0, 1]. Since f’(z) > 0 for z > =, as a minimum, we have that
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f(z) < f(3%) < f(1) = 0. Also, f(0) = u(0) > 0, and because f is continuous,
there exists a 0 < p < x such that f(p) =0.

We claim that p, 1 are the only solutions to f(z) = 0. Indeed, if 0 <a < b < 1
are any such solutions, then because f is strictly convex on (0, 1), since we
can write b = aa + (1 — )1 for some a € (0,1), we have that 0 = f(b) <
af(a)+ (1 —a)f(1) =0, a contradiction.

In conclusion, in the case G'(1—) > 1 we have that there are exactly two
solutions to G(z) = z, which are p and 1.

Moreover, p < z for z the unique minimum of f, so because f’ is strictly

increasing,
—1<—(1—p(1) = f(0+) < f'(z) < f'(p) < f'(z) =0

for any z < p. Thus, for any z < p we have that

f(2) = £(2) — 1) = - / Pt <p- =

which implies that G(z) < p for any z < p.

Now, recall that the extinction probability admits

g= lim P[Z, =0] = lim Gz, (0) = lim G™(0).

n—0o0 n—o0 n—oo

Since G is a continuous function, we get that G(q) = ¢ so ¢ is a solution to G(z) = z.
If two solutions exists (equivalently, G'(1—) > 1), say p and 1, then G (0) < p for
all n, so ¢ < p and thus must be g =p < 1.

If only one solution exists then ¢ = 1. a

5.4. PERCOLATION ON REGULAR TREES

Let d > 3 and let T be a rooted d-regular tree; that is, a tree such that every vertex
has degree d except for the root which has degree d — 1. Let o € T be the root vertex.
Note that every vertex that is not the root has a unique ancestor, which is the neighbor
that is closer to the root. Also, every vertex has d — 1 neighbors farther from the root,

which we call descendants.
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0 1 0 1

FIGURE 5. The two possibilities for G’(1—). The blue dotted line and
crosses show how the iterates G (0) advance toward the minimal solu-

tion of G(z) = z.

For each n let T,, = {z : dist(z,0) = n}. If we perform p-percolation on T', which
vertices are in C(0)?

Well, for a vertex x # o let y be the unique ancestor of x; that is let y be the unique
neighbor of z that is closer to o. Then, x <> o if and only if the edge {y,z} is open and
Y <> 0.

Now, let Z,, be the number of vertices in T;, that are in C(0); Z, = |C(0) NT,|. Then,
we have that

Zn= ), Y Lo,yen=-1)

yGC(o)ﬁTn,l €Ty, x~y
Since all these edges are independent, for each y € C(0)NT},—1, we have that 3° 7 ., 1o, ({y.e))=1} ~

Bin(d — 1, p). Also from independence we get that given Z,,_1,

Z’n—l

Zy= Y B
j=1

where (Bj); are independent Bin(d — 1,p) random variables.
So (Zy,)n constitute a Galton-Watson process with offspring distribution Bin(d—1, p).

‘We thus conclude:
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Proposition 5.7. If T' is a rooted d-regular tree, with root o € T, then the sequence
(IC(o)NT},|)n is a Galton-Watson process with offspring distribution Bin(d—1,p). (Here
T, is the n-th level of the tree T'.)

Theorem 5.8. For d > 3, and percolation on the d-reqular tree Ty:

b pc(Td) %
° @T(i (p8> =0.
Proof. Let o € Ty be some vertex. Let x1,...,x4 be the d neighbors of o. For every

y # o there is a unique j such that the shortest path from y to o must go through
xj. We call such a y a descendant of z; (with respect to 0). Let T; be the subtree of
descendants of z;.

Let T' = T3 which is a rooted d-regular tree rooted at x1. Since T is a rooted d-regular
tree, the component of x1 in p-percolation on T is infinite if and only if a Bin(d — 1, p)
Galton-Watson process survives. That is, 67, (p) > 0 if and only if p(d — 1) > 1. So
pe(T) < 7.

T is a subgraph of T4, which implies that p.(Ty) < p.(T) < % Also, the (maximal)
degree in Ty is d so pe(Tq) > 2.

So pe(Tq) = pe(T) = 725, which is the first assertion.

For the second assertion, note that o <> oo if and only if there exists j such that

|C(z;) N Tj| = oo. Thus,
d
0(—)00 gz |Cl'j ﬂT|— ]—d'eTj,xj(p)'

ﬁ, the Galton-Watson process above does not survive a.s. (because p(d—1) =

1). So QTjwj(ﬁ) =0, and so HTd,O(ﬁ) = 0.

For p =
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Lecture 6: The Number of Infinite Components

6.1. THE NUMBER OF INFINITE CLUSTERS

In 1987 Aizenman, Kesten and Newman proved that for percolation on Z¢ the infinite
component is unique if it exists. Two years later, Burton and Keane provided a short

proof of this result that works for all amenable transitive graphs.

Lemma 6.1. Let G be a transitive infinite connected graph. For percolation on G let N
be the number of infinite components. Then, for any p € (0,1) there exists k € {0,1, 00}
such that Pp[N = k| = 1.

v NOTATION: We require some more notation regarding random variables X :

{0,139 5 R, Let € {0,115 be some vector, and let E C E(G). For w €
{0, l}E(G) define wy g(e) = n(e)liecpy +w(e)liegry; that is, the values of w on coordi-
nates in E are changed to match those in 7. (Note for example that the cylinder around
E at nis just Cy) g = {w : w=wy}.) Specifically, for the case that n =1 of n = 0 we
write
wi,e(e) = ey + Liegmw(e) and wo,e(e) = 1egmw(e).

wi,E (resp. wo ) is the configuration w after forcing all edges in E to be open (resp.
closed).

For a random variable X : {0,1}"(%) — R define Xy E(Ww) = X(wy,p). That is, X, g
measures X when the configuration in E is forced to be 7. As above, let X g(w) =

X(wl,E) and X(),E(w) = X(me).

Exercise 6.2. Let G be a graph, and let n € {0,1}5%) and E c E(G). Let X :
{0, l}E(G) — R be a random variable. Show that X, g is measurable with respect to Tg

(that is, X, g does not depend on the edges in E).
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Proof of Lemma[6.1. Recall Lemma [2.2] that states that any translation invariant event
has probability either 0 or 1. For any k € {0,1,...,00} the event { /N = k} is translation
invariant. Thus, P,[N = k| € {0,1}. Thus, there is a unique k = k, € {0,1,...,00}
such that P,[N = k] = 1.

Let B be some finite subset of G. Let E(B) be the set of edges with both endpoints
in B. We assume that B is such that F(B) # (). Let Cp be the event that all edges in
E(B) are closed, and let Op be the event that all edges in E(B) are open. As long as
p € (0,1) and E(B) # (), these events have positive probability.

Now, let N¢ be the number of infinite components if we declare all edges in F(B) to
be closed, and let Np be the number of infinite components if we declare all edges in
E(B) to be open. That is, N¢ = Ny g(B) and No = Ny g(p). Note that we = w if and
only if w € Cp and wo = w if and only if w € Op. Also, note that N¢, No € Tg(p) and
thus are independent of the edges in F(B). So, using the fact that C'g, Op have positive
probability, for k = kp,

P,[Nc = k] =P,[Nc = k|CB] =Pp[Nc = N = k|Cg] =Pp[N = k|CB] =1,
and similarly,
P,[No = k] =P,[No = k|Og] =P,[No = N = k|Op] = 1.

So Pp-a.s. No = No = k.

Let Np be the number of infinite components that intersect B. Opening all edges in
E(B) connects all components intersecting B, and closing all edges in E(B) disconnects
them. So if Ng > 2 and N < oo, then No < N — 1 and N¢ > N.

Thus, we conclude that for all p € (0,1), if k, < oo, we have that
Pp[NB > 2] < ]P)p[NO < N¢ — 1] = 0.

Fix some o € G. For every r use B above as the ball of radius r around o. Let N, be
the number of infinite components intersecting the ball of radius r around o. If k, < oo
we get that Pp[N, > 2] = 0. Since N, N, we conclude that if k, < oo, P,[N > 2] = 0.
So kp € {0,1,00} as claimed. O
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Exercise 6.3. Give an example of a transitive graph and some p € (0,1) for which the

number of infinite components in percolation is a.s. co.

6.2. AMENABLE GRAPHS

Definition 6.4. Let GG be a connected graph. Let S C G be a finite subset. Define the

(outer) boundary of S to be
o0S={x¢S : x~S}.
Define the isoperimetric constant of G to be

& = O(G) :=inf {|0S]/|S| : S is a finite connected subset of G} .

Of course 1 > ®(G) > 0 for any graph. When ®(G) > 0, we have that sets “expand”:

the boundary of any set is proportional to the volume of the set.

Definition 6.5. Let G be a graph. If ®(G) = 0 we say that G is amenable. Otherwise
we call G non-amenable.
A sequence of finite connected sets (Sy, ), such that [0S5,]/]|S,| — 0 is called a Folner

sequence, and the sets are called Folner sets.

The concept of amenability was introduced by von Neumann in the context of groups
and the Banach-Tarski paradox. Folner’s criterion using boundaries of sets provided
the ability to carry over the concept of amenability to other geometric objects such as

graphs.

Exercise 6.6. Let S C Ty be a finite connected subset, with |S| > 2. Show that |0S| =
|S|(d —2) + 2.
Deduce that ®(Ty) = d — 2.

Exercise 6.7. Show that Z¢ is amenable.

6.3. THE BURTON-KEANE THEOREM

Burton and Keane’s argument consist of the definition of a trifurcation point: a point

where 3 different clusters meet.
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Definition 6.8. Let G be an infinite connected graph. Let x € G. B(x,r) denotes
the ball of radius r around z (in the graph metric). For percolation on G, let N,
be the number of infinite clusters that intersect B(z,r). Let M, be the number of
infinite clusters that intersect B(x,r) if we declare all edges in B(z, ) closed; i.e. M, =
(Ni)o,E(B(x,r)- Let ¥p(x) be the event that = is a r-trifurcation point, defined as

follows:

e B(z,r) intersects an infinite cluster (NN, > 1).
e If we closed all edges in B(z,r) then the number of infinite clusters that the

B(z,r) intersect split into at least 3 infinite clusters (M, > 3).

Let us sketch a proof of why there cannot be infinitely many infinite clusters in
transitive amenable graphs. If there are infinitely many infinite clusters, then three
different ones should meet at some ball of radius r, so that the center of that ball is a r-
trifurcation point. That is, there is positive probability for any point to be a trifurcation
point. Transitivity gives that we expect to see a positive proportion of trifurcation points
in any finite set. But the number of trifurcation points cannot be more than the number
of boundary points (by some combinatorial considerations). If the boundary is much
smaller than the volume of the set, we obtain a contradiction.

The rigorous argument relies on two main lemmas:

Lemma 6.9. Let G be a transitive infinite connected graph. Let N be the number of
infinite clusters in percolation on G.

For any p € (0,1), there exists r > 0 such that if N = oo P, —a.s., then for any x,
P, [V, (x)] > 0.

Proof. For every r > 0 let N, be the number of infinite clusters that intersect B(x,r).
Let M, be the number of infinite clusters that intersect B(x,r) if we declare all edges
in B(z,r) closed.

If N = oo Pp-a.s. then since N, ,* N we have that for some r = r(p) > 0, Pp[N, >

The main observation here, is that if we close the edges in B(x,r). then any infinite

component that intersects B(z,r) splits into components that intersect B(z,r), one of

Robert Burton
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which must be infinite. That is, M, > N, a.s. So we have that

N =

Pp[Wr ()] = Pp[M; > 3, Ny > 1] = Pp[Ny > 3] >

The next lemma is a bit more combinatorial, and will be proven in the next section.

Lemma 6.10. Let G be an infinite connected graph. Let S be a finite connected subset
of G. For percolation on G, the number of r-trifurcation points in S is at most D"|0S],

where D is the mazimal degree in G.
These Lemmas lead to the following

Theorem 6.11. Let G be a transitive infinite connected graph. Assume that G is
amenable. Then, for any p € (0,1) there exists k =k, € {0,1} such that the number of
infinite clusters in p-percolation on G is P, —a.s. k.

In other words, there is either a.s. no infinite cluster or a.s. a unique infinite cluster.

Proof. Let o € G be some fixed vertex. Let (S,), be a sequence of Folner sets. Let
r = r(p) > 0 be such that P,[¥,(0)] > 0. For each n, let 7, be the number of r-

trifurcation points in S,,. Note that by transitivity, using Lemma [6.10]
d" - [0Sn| = Ep[ra] = Z Pp[Wr(s)] = [Snl - Pp[¥r(0)],
sESy

where d is the degree in G. So,

05|

]P’P[\IIT(O)] <d - |Sn|

By Lemma [6.9] this implies that the number of infinite clusters is not oo P, —a.s. So this

number is either 0 or 1 by the 0,1, co law. a
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6.4. PROOF oF LEMMA [6.10]

Proof. Assume first that for every s € S, also B(s,r) C S.

Define an auxiliary graph W: The vertices of ¥ are the r-trifurcation points in S
and the points in dS that are in infinite components. For edges of ¥, let x ~ y if
B(x,r) +» B(y,r) by an open path that does not pass through any B(z,r) for some
other vertex z, and lies on some infinite component.

Note that by definition, if x is a r-trifurcation point, then in the graph ¥, removing
x will split ¥ into at least 3 connected components. (This is not necessarily true for
vertices of ¥ which are not trifurcation points.) Here is where we use the assumption
on S. Indeed, if x is a r-trifurcation point then there are three infinite clusters that
intersect S \ B(zx,r), that cannot connect outside of B(z,r). That is, there are at least
three points in 0.5 that are vertices of W. These points cannot connect to one another
in the graph W: Indeed, if some part of an infinite path connects two balls around
such points, say B(a,r), B(b,r), then this infinite path must intersect another boundary
point, say c. If ¢ # a,b then the infinite path goes through B(c,r) so would not connect
a,b in the graph U. If ¢ = a (or ¢ = b) then the infinite path would connect the two
components coming from B(x,r), so x would not be a trifurcation point.

We claim:

Claim. Let ¥ be a graph and let V C U be a set of vertices with the property that for
every vertex v € V, the graph induced on W\ {v} has at least 3 connected components.

Then 2|V |+ 2 < |¥|.

Proof of Claim. By induction on |V|. If |[V| = 1 then this is obvious, since |¥\ {v}| > 3
for V= {v}.

Now, if [V| =n+1, then let v € V and let C4,...,Ck be the components of ¥\ {v}.
For every j = 1,2, let w; be an auxiliary vertex, and consider the graph ¥; where w; is
connected to € instead of v. For j = 3 let w3 be an auxiliary vertex, and let W3 be the
graph where ws is connected to Cj, ..., C) instead of v.

Let V; =V N Cj. Then, |V;| < n, and also, for every v € V}, if we remove v from ¥;

then there are at least 3 components in ¥, \ {v} (otherwise ¥\ {v} would not have at
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least 3 components). By induction, if V; # () then 2|V;| 4+ 2 < |¥,| for all j = 1,2,3 and
if V; = () then this holds because |¥;| > 2. So,

2V =2+ 2(Va| + [Va| + [V3]) < 2+ W1 | + [Wo| 4 [W3] = 6 = W] +2 -4 = [¥] - 2.
O

Using the claim, we get that if A is the number of r-trifurcation points in S, then
2A < |¥|—-2= A+ (|]¥| - A) — 2. Since any vertex of ¥ that is not a trifurcation point
is a boundary point, we conclude 24 < A + [9S| — 2 so A < |0S].

All this was under the assumption that for every s € S, also B(s,r) C S. For general
S, let 8" = J,cg B(s, 7). Then any r-trifurcation point in S is a r-trifurcation point in
S’. So it suffices to show that [9S’| < D"|9S|.

Now, if D is the maximal degree in G, then since for any z, |0B(x,r)| < D(D —1)",
and since any point in 95’ is at distance exactly r from a point in 95, we have that

0S| < > |0B(x,r —1)| < D"-[95].
€IS
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Lecture 7: Probabilistic Tools for Product Spaces

7.1. DISJOINTLY OCCURRING EVENTS

Suppose z,y, z are three vertices in a graph G. We can ask about the events xz <
Yy, x <> z in percolation on G. This is equivalent to the event that there exist open paths
a:x — yand 8 :x — z. We can also consider a smaller event: the event that there
exists open paths o : * — y and 8 : * — 2z that are disjoint. This is the canonical
example of the two events x <> y and = <> z occurring disjointly. That is, the events
are required to both occur, but each must be guarantied by a disjoint set of edges.

Let us give a formal definition. Recall that for a set of edges £ C E(G) and a vector
n € {0, 1}E(G), the cylinder of E and 7 is

Chpe={w : Vec E, w(e)=n(e)}.

For an event A, a set of edges F, and a configuration w € {0, I}E(G)7 we say that
E guaranties A at w if C, g C A. In words, knowing that on the edges in E the

configuration is w implies the event A.
Definition 7.1. For two events A, B define an event
Ao B := {w : dENE =0, Cup CAC,p CB}.

That is, A o B is the event that both A, B occur, but their occurrence is guarantied

by disjoint edge sets.
Exercise 7.2. Show that Ao BC ANB.
Exercise 7.3. Show that if A is increasing and B is decreasing then Ao B= AN B.

Exercise 7.4. Show that if AC A',B C B’ then Ao B C A’ o B’.
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7.2. THE BK INEQUALITY

The following is a useful inequality proved by van den Berg and Kesten. It has come

to be known as the BK inequality.

Theorem 7.5 (BK Inequality). Consider percolation on G. Let A, B € Fg be increasing
events depending on some finite set of edges E C E(G),|E| < oco. Then,

P,[A o B] < P,[A] - B,[B).

Before proving the BK inequality, let us remark that if A was increasing and B
decreasing, then the inequality holds by Harris’ Lemma. Moreover, with a much more

complicated proof, Reimer proved that the assumption of increasing is unnecessary:

Theorem 7.6 (Reimer’s Inequality). Consider percolation on G. Let A, B € Fg be any
events depending on some finite set of edges E C E(G),|E| < co. Then,

Pp[A o B < Py[A] - Py[B].

The main observation that makes proving BK easier than proving Reimer’s inequality

is
Claim 7.7. If A, B are both increasing events, then Ao B has a simpler form:
AoB={w+n : w-n=0, we Anec B}.

Proof. We show two inclusions.
For “O>": Letw-n=0andw € A,n € B. Let E=w (1), E' = n~!(1). Then wn =0

implies E N E' = (). Because A, B are increasing,
CurCA and Cy e CB.
Also, since Cyyp.p = Cyu . and Cypy g = Cy
ijq,’E CcA and Cw+n,E’ C B.

Sow+mne AoB.
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For “C”: Let £ € Ao B. Let EN E" = () be such that C¢ g C A and C¢ gy C B. Let

w(e) = 1{66E}E(e) + l{eQEUE’}g(e) and 77(6) = l{eEE’}g(e)'
So by definition w+n = ¢ and w-n = 0. Note that w € C¢ g C Aandn € Cepr C B. O

Exercise 7.8. Show that if A, B are increasing, then A o B is increasing.

Proof of the BK inequality (Bollobds € Leader). The proof is by induction on the size
of the edge set £ C E(G) for which A, B € Fg.

The case where |E| =1 is simple.

Suppose that |E| > 1. Remove an edge e from E, and let E' = E'\ {e}. For any event
F € Fpand j € {0,1} let Fj € Fg be defined by

Fj:{w : wj7e€F}.

(Recall that wje(e') = 1ier=e}j + Liozeyw(e’).)

Let D= Ao B.

Claim 1. Aj, B; are increasing for j € {0,1}. Indeed, if A; 3 w <7, then w;, € A.
We always have 7;. > wj.. Since A is increasing, n;. € A, which gives n € A;.

Claim 2. Dy C Ap o By. (Actually, equality holds, but this will suffice.)

If ¢ € Dy then e =w+nforw-n=0and we A,n € B. Sow(e) =n(e) =0, and
w € Ap,n € By. So &y € AgoBy. But Ago By is increasing, and £ > &, so £ € Ago By.

Claim 3. Dy C (ApoB1)U (A1 0By). (Actually, equality holds, but this will suffice.)

If €Dy, then e =w+nforw-n=0andwe A ne B. Thus, either w(e) =1 =
1 —n(e) ornle) =1 =1—w(e). In the first case, wi . =w € A, =7 € B and in
the second case woe € A, 1. € B. So either w € Ay, € By or w € Ag,n € By. Thus,
w+mn € (Apo Bi)U (A1 o By).

Now, if {(e) = 1 then { = w + 1 and we are done. If £(e) = 0 then £ = wo e + Mo,e
and woe - Mo = 0. But we always have that (;. € Fj, if and only if ¢ € F}. So either

wo,e € A1,M0,e € Bo or woe € Ao, Mo,e € Bi.

Béla Bollobés

Imre Leader
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With these claims, we continue: We have that Ag C A1, By C B;. By Claim 2 and

by induction,
(7.1) P[Dy] < P[Ao] - P[By).
By Claim 3, Claim 1 and induction
(7.2) P[D1] < P[A; 0 By] < P[A,] - P[By].
Claim 2 tells us that
Do C (Ag o By) N (A o By),
so with Claim 3,
P[Dy] + P[D1] < P[(Ag 0 By) N (A 0 By)] + P[(Ag o By) U (4 o By)]
(7.3) = P[Ag o B1] + P[A; 0 By] < P[Ag] - P[B1] + P[A1] - P[Bo].
Finally,

P[A] - P[B] = ((1 — p) P[Ao] + pP[A1]) - (1 = p) P[Bo] + pP[B1])

= (1—p)?-PlAo] - P[Bo] + (1 — p)p - (P[Ao] - P[B1] + P[Ai] - P[Bo]) +p” - P[A1] - P[B1]

> (1= p)*P[Do] + (1 — p)p (P[Do] + P[D1]) + p? P[D1]

= (1= p) P[Do] + pP[D1] = P[D].

7.3. Russo’s FORMULA

Grigory Margulis Another useful tool is a formula discovered by Margulis and independently by Russo.
It is classically dubbed Russo’s formula in the literature.

Suppose X : {0, 1}E(G) — R is some random variable. Recall the definition w;¢(€’) =

1yerzeyw(€’) + 1ge—eyj for j € {0,1}. Define the derivative of X at e, denoted J. X to

be the random variable
8€X(w) = X(wlye) — X(WQB) = (Xl,e — nge)(w).

The expectation E[0.X] is called the influence of e on X.



43

Exercise 7.9. Let A be an event. We say that an edge e is pivotal in w for A if for

weEAw+6.dAorwg Ajw+ 6. € A. Here
(w+0e)(€) = Lpeyw(€’) + Lig=ey (1 — w(e))

flips the value of w at e.
That is, e is pivotal in w for A if flipping the state of the edge e changes whether w

is in A.
o Show that

{w : e is pivotal in w for A } = A1 ANAge,

where Aj . ={w : wj. € A}.

e Show that if A is increasing

E[0.14] = P{w : e is pivotal in w for A }].

T e T T =

FIGURE 6. Two examples of configurations w with edges that are pivotal
in w for the event of crossing the rectangle from left to right. On the left,
blue edges are closed, and are all pivotal. On the right, red edges are all

open, and are all pivotal.

Theorem 7.10 (Russo’s Formula). For any random variable that depends on finitely

many edges, X € Fg, |E| < oo,

d
d7p EP[X] = ;Ep[an]-

Lucio Russo
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Proof. We will in fact prove something stronger. Let F = {ej,...,e,}. For any vector
of probabilities p = (p1,...,pn) € [0,1]" consider the probability measure P (with
expectation Ep) for which the edge states w(e;) are all independent Bernoulli random

variables, with mean p; for the edge e;. Define a function f : [0,1]” — R by

f(p) = Ep[X]
We will show that
0
— = Ey[0.. X].
Russo’s formula above then follows by the chain rule, and taking p; = --- = p, = p.
Let Ui, ..., U, be independent uniform-[0,1] random variables, and let Qp : E —

{0,1} be defined by
Qp(ej) = L, <p;3-
So €2y has the law of P,. With this coupling, for any j, and small €,
f(p+dje) = f(P) = E[X (Qps,e) — X (Qp)]-
If Uj € (pj,p; + €] the Qpys,e = Qp. Also, if Uj € (pj,p;j + €] then
X(Qpis) = X10y(Qp)  and  X(2p) = Xoe, (2p).

So by independence,

f(p+d;e) — f(p) = E[leej (Qp)l{UjE(Pj7Pj+6}}] - E[Xovej (QP>1{Uj€(Pj7Pj+€}}] =& Ep[aer]

We conclude

0 . fp+de)— f(p)
o/ (P) = iy =

= Ep[0e, X].
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Lecture 8: The Sub-Critical Regime

8.1. MEAN COMPONENT SIZE

An interesting quantity to consider is the typical size of a connected component in
the percolation cluster. Recall that C(x) is the connected component of . We will use
the notation 0, (x) = B(z,n) \ B(z,n — 1) to denote the sphere of radius n; that is, all

points at graph distance exactly n from z.

Definition 8.1. For p € (0,1) and p-percolation on a graph G, define

XG.x(p) = Epl|C(z)[].

v’ XG,z(p) may be infinite. It is immediate that xg ,(p) = oo for all p > p.(G).

Suppose that

P,z > On(2)] < e

for some A > 0. Then,
Xe(@) = D _Ep[[C(2) N ()] < [0n(x)] - e
n=0 n=0

So if the graph G is such that the spheres around 2 grow sub-exponentially (for example,
this happens in Z¢, where the balls grow polynomially), then x.(p) < co.
The following was first proved by Hammersley. We prove it using a much simpler

argument, that utilizes the BK inequality.

Lemma 8.2. Suppose G is a transitive graph (e.g. Z). If x(p) < oo then the diameter
of C(x) has an exponentially decaying tail. That is, there exists X > 0 such that

Py < Op(x)] < e,
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Proof. The main observation is that for n > m > 1,

{z e 0m@)}c | {zoytolye o)}
YEOm (x)

Indeed, let w € {x <> Opym(x)}. So there exists an open (in w) path 7 that goes from
x t0 Opym(x). By loop-erasing, we can get a simple path 4 that is a sub-path of v
(so is open in w), and that goes from z to Opim(x). If we take y € 9p,(z) to be the
first point of 4" on 9y, (x), then 4’ is composed of two disjoint paths, one from z to y
and one from y to Op4m(x). Since dist(z,y) = m, there are two disjoint open (in w)
paths, one connecting x to y and one connecting y to distance at least n from y. So

wefz o ylofy & duly)}
We now apply the BK inequality to get for any n > m > 1,

Pplz ¢ Opim(@)] < Y Pl ¢ y] - Byly < 9u(y)] = Ep[IC(x) N O (@)[] - Pyly ¢+ Ou(y)]-
YEOm (x)

Since

> E[IC(x) N Om(2)]] = x(p) < 0,
m=0

we have that there exists m large enough so that E,[|C(x) N 9 (z)|] < 3. Thus, for any

x there exists y such that for all n,

Pplz > Opim(2)]

IN
N[ =

Pyly < On(y)]-

This implies that for all n,

N[

sup Pp[z <> Opym ()] < 5 - supPplx <> Op(2)].

We conclude that
sup Pz ¢ 9, (x)] < 271v/ml.
O

If one examines the proof, it can be noted that we only required that for some m > 1,

there exists a uniform (in z) bound on E,[|C(x) N O ()

| which is strictly less than 1.

Thus, we have actually shown,
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Lemma 8.3. Let G be a graph. Consider percolation on G, and assume that there exists

a <1 and m > 1 such that for all x € G,

Ep[|C(2) N O (2)]] < a.
Then, for any © € G and any n,

P,z ¢ 9 (x)] < al®/ml.

8.2. MENSHIKOV AND AIZENMAN-BARSKY

Our goal is to prove that in the sub-critical regime, the probability of x < 9,(z)
decays exponentially. As we have seen above, it suffices to show that for all p < p., the
expected size of C(x) is finite.

A remark concerning critical points: Instead of p. we could have defined the critical
point

pr =pr(G) =inf{p : Ep[|C(x)|] = oco}.
It is simple that pr < pe.

Menshikov and Aizenman & Barsky proved that for all p < p., E,[|C(z)|] < oo, which
implies pr > p¢, and consequently pr = p.. By Hammersley’s argument above, this
implies that there is exponential decay of the radius of C(z) in the sub-critical regime.

Menshikov’s method is slightly less general than Aizenman-Barsky. With a sub-
tle bootstrapping argument, Menshikov shows that for p < p., Pylz < Op(z)] <
exp (—An(logn)~2). This implies that if |9, (z)| = O(e2n10em) ™)) (for example, this
holds in Zd) then pr = p. and there is exponential decay of the radius tail.

Aizenman & Barsky’s method is more general, and does not require growth assump-
tions on the graph metric. Moreover, it holds in a wider generality than percolation,
although we do not detail that here.

We turn to the proof of the Aizenman-Barsky theorem.

8.3. DIFFERENTIAL INEQUALITIES

In order to understand the relation between p. and the mean component size, we

introduce the following augmentation of our percolation process:
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Color the vertices of G randomly and independently, setting each vertex to be green
with probability ¢ > 0, independent of the percolation. Let P, ., E, . denote the proba-
bility measure and expectation with respect to the product of p-percolation and green
vertices in G. We denote the random set of green vertices I'.

We fix some root vertex 0 € G and let C = C(0). Also, let C,(z) = C(zx) N B(0,r) and
Cr = C,(0).

Define

er(p, 8) = Pp,E[CT N F 7é mv
O(p,e) =Pp[CNT # 0] =P, [0« I,
X(0,€) = EpellCl - 1yopnry].

Exercise 8.4. Show that

Z]P’|C[—n (1—¢)",
n=1

[e.9]

e)=1-) PlCl=n](1—e)",
n=1

ZMC\_n n(l —e).

Deduce that

o0
1_
x = ( 6)(98

= PllCy| =njn(1— )"
n=1

Exercise 8.5. Show that as r — 00,

00, 00 00, 00
0. /0 and ap — (973 and 9% — 9"
Exercise 8.6. Prove that
a0,
PlC, NT|=1] = )
Iy Ny =1] =2

The most complicated estimate we have is the following:
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Lemma 8.7. We have

00

PIC, NT|>2] < (6,)° +p- b - —
Op

Proof. For an edge e, we write Cy. . for the component of 0 in B(0,r) when e is removed;

that is Cy . (w) = Cp(wo ). Let A, be the event that C,.(z) NT # 0. So 6, = P[Ag]. Also,
P[A,] < P[C(x) N B(x,2r) NT # 0] = .

Step 1. Let e = x ~ y be some edge in B(z,r). The main effort is to bound from
above the probability of the event B,, N A, o A, where By, :={x € C,C,. NT' =0}. On
this event, we have that there must exist three disjoint open paths, one o : 0 — z, and
the other two, 8,y : y — I, such that 3,y do not intersect C,.

(*) Note that B,, N A, o A, implies that {e is pivotal for C, NI # 0} o A,. We could
bound this using Reimer’s inequality, but let us circumvent this in order to be self
contained.

Let ¥, be the set of all subsets C' of B(x,r) such that P[B,,,C,. = C, A,] > 0. For

any such C' € Y., we have that

By N{Cre =C}NAy0A, =By N{Cre =C}NAcy(2)

where
Acy(2) = { there exist disjoint open paths 3,7 : I' — y such that
both 7, 8 do not intersect E(C) }
Similarly,
By N{Cre=C}NA, =By N{Cre =C}NAcy(1),
where

Acy(l) = { there exists an open path §: I' — y such that § does not intersect E(C') }

Thus, if we use P¢ to denote the percolation measure on the subgraph B(0,7)\ E(C)
then, because the events Acy(j) depend only on edges not in £(C) and By, {C,. = C}
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depend only on edges in E(C), we have
P[Byy,Cre = C, Ay 0 Ay] = P[Byy,Cre = C] - P[Ac,y(2)]
= P[Byy,Cre = C] - P[4, 0 A
< P[Bay,Cre = C]- PlAcy (1)] - P[A,]
(8.1) < P[Byy,Cre = C, Ay] - Oay,

where we have used the BK inequality for the measure P¢. Summing over all C' € %,

we get that
P[Byy, Ay 0 Ay < 8o, - P[Byy, Ayl

The event By, N A, implies that e is pivotal for C, N T # (. Summing over possible

choices for e, using Russo’s formula we have

00,
op’

Step 2. Now, consider the event that |[C, NT| > 2 and (Ag o Ap)¢. That is, 0 is

(8.2) PRz ~y : Byy,Ayo Ay < b -

connected to at least two vertices in ' in B(x,r), but there do not exist two disjoint
paths from I' to 0. Suppose that a,b are different two vertices in ' NC,.. Let a:a — 0
be an open path. Note that if b = 0, then we would have the event Ay o Ag along the
empty path and the path a. So we have assumed that a,b # 0.
Now, let e be the first edge along « : a — 0 such that removing e would disconnect
0 from I'; i.e. CpeNT = (. If such an edge does not exist, then removing the whole
path a : a — 0, we still remain with 0 connected to I'; which gives another disjoint path
connecting I" to 0. This contradicts our assumption that (Ag o Agp)°.
So we fix the first edge e =z ~ y on o : @ — 0 such that C,. N T = 0.
e By assumption, « is open, so e is open.
e ¢ disconnects 0 from I" so C,. NT = 0.

e z € C, and y is connected to I' by the initial part of «

Any path from I' to 0 must pass through e first, so 4, o A,.

We conclude that

{I&,NT|>2}N(AgoAp)° C{Je=ax~y : eisopen, By, Ayo0 Ay} .
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]
Cr,e
Oe
o e L
Ay o Ag Ayo Ay
CrenNI'=10
z €,

Note that the event B, N A, o A, is independent of the state of e. So by (8.2)),

00,

PHC’I’ N F‘ Z 2, (AO (@] AO)C] S p- 027» . aip

The BK inequality gives that
P[4 o Ag] < (P[Ag))* < (6,)?,
which completes the lemma since

P[lCNT| > 2] < P[Ag o Ag] + P[ICAT| > 2, (Ag 0 Ag)-

Lemma 8.8. If degy is the degree in G, then

00, 00,
1—p)—<d 1—¢)by,—.
(1-p) ap = egi(l —¢e)0o B

Proof. Asin Lemma for an edge e = = ~ y we consider the event By, = {x € C,C,. NI = 0}.
Note that if e is pivotal for C, NT" # (), then we must have that By, A,. By partitioning
over possibilities for By, C,. = C, just as in (8.1) we have that

(1 — p) Ple is pivotal for C, N T # @] = Pe is closed and pivotal for C, N T" # ()]

< Ple is closed , By, Ay| < Ple is closed , Byy] - 6.
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If e is closed, then C, . = C,, so summing over e with Russo’s formula,

(1-p) 883: < Oy - ez;yl[”[e is closed , Byy]
< O3y Ple€Cr,CrNT = 0] < 0, - degg - E[Cr| - 1, ar=p)).
z~y

The proof is completed since

00,
O’

E[C, |- Lie,rreny] = S PlC] = nln(l —&)" = (1—¢)
n=1
O

To summarize this section, combining Exercise 8.6 and Lemmas [8.7] and we have

the following differential inequalities.

Lemma 8.9. For degq the degree in G,

9§eg§+92+p-9gi
and
(1 —p)gf? < degi(1—¢)- ng
Proof. Use
P[c, NT # 0] < P[|C, NT| = 1] + P[|C, N T| > 2].
Then, combine Exercise [8.6] and Lemmas [8.7] and and send r — co. ]

8.4. THE AIZENMAN-BARSKY THEOREM

Theorem 8.10. Let p < p.(G) for a transitive graph G. Then,
Ep[|C(2)]] < oo.
Proof. Let p < q¢ < p.. Note that for any s € [p,q], 0(s,e) < 0(q,e) — 0 as ¢ — 0. Let

n > 0 be small enough so that for all s € [p,q] and € < 5, 6(s,e) < 1.
Recall that

B(s.0) =x(s,0)(1 =)™ 2 Fllc| = 1] = (1 —p)**e > 0.
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So 6 is strictly increasing in €, and so we can invert it on [0, ] and write fs(x) = € for the
unique ¢ such that (s,e) = x. This implies that f.(6(s,¢)) - gg (s,e) =1, foralle <n
and s € [p, q]. Thus, for all s € [p,q] and z < 3, we get that f/(z) < (1 —¢)~ 9% < .

Recall our differential inequalities from Lemma Combining them both we have

that for C' = sup,ep, 4 Sdigsa = %,

00

ov 2 2
o< (e + CO?) + 67,

For z < % this is the same as

which becomes
s(x
L) - 20 < o i,

Since f! is uniformly bounded by (1 — q)~ 98¢ we obtain
d [s
L)@ =t - W < o)

Integrating over an interval [y, x| for small enough y < z (in fact z < %), we have that

2fs(@) = 3 fs(y) < Cla) (@ —y).

Now, assume for a contradiction that E,[|C(z)|] = co. Since 6(p) = 0 this implies that
£4(0) = lim £5(0(p.2)) = lim == =0
A ~B0X(pe)

Thus, we may send y — 0 and get %fp(m) < C(q)z, which is to say that for all ¢ < n,

g
0(p,e) = \/ e
Thus, for any € < n,
0(q:¢) c
log gioey 1 log 1
lim sup e(pf) < — . limsup o8 E— = —,
e'—=0 log E 2 e’—=0 log 5 2
We use this in the first inequality

00 00

0 <e—+6%+ph—

€ e +60"+p ap’

which may be re-written as

0 1
0< —1logh—+—-— (pf—p).
< gologf+ - p(p P)
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We now integrate this inequality over [p,q] and [¢/,e] for 0 < &’ < e < 7. We use
the fact that 0(s,¢) is maximized on [p,q] x [¢/,¢] at (s,€) = (¢,¢) and minimized at
(s,6) = (p,€).

79 € qb —q—pb

OS/ log (876/) d8+/ 99(q,§) —a—p (p,f)erdg

» 0(s, ) o £
0(q,¢)
0(p,€’)
Dividing by log 5, we get taking &’ — 0 that

< (q—p)log + (¢0(q,¢) —pO(p.e') +p—q) -log 5.

0< 3(g—p)+qb(q,e) —pd(p,0) +p—q=—1(q—p) +q0(q,e).

Another limit as € — 0 gives that

0 < 5-(¢—p) < 0(q,0) = 0(q),

a contradiction! 0
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Lecture 9: Planar Percolation

9.1. DuALITY

Let G be a graph drawn in the plane. The dual of G, denoted G is the graph whose
vertices are the faces of G (including the infinite face if it exists). Two faces are adjacent
if they share an edge, so to every edge e in G we have assigned a dual edge é in G.

If w € {0,1}7(%) then define the dual of w to be

That is, a dual edge is open if and only if the corresponding primal edge is closed.

We have already used duality to prove an upper bound for p.(Z?).

The following property of planar graphs is the key to most of the arguments in planar
percolation. It is not simple to rigorously write down the proof, although the proof is

pretty clear from the figure.

Proposition 9.1. Let G be a planar graph. Let x ~ y be a specific edge in E(G). Let

>

~ g be the dual of v ~ y. Let w € {0, 1}E(G) be any percolation configuration, and
@ its dual. Let G' be the graph G with the edge x ~ y removed and let G’ be the graph
G with the edge & ~ 1) removed. Then, either there exists a path o : x — y in G’ that
admits w(e) = 1 for all edges € € «, or there exists a path B : & — ¢ in G’ that admits

W(€) =1 for all dual edges € € 5.
Let us prove a simpler version of this proposition, for Z2.

v NOTATION: A rectangle in Z? is a set of the form [a,a] x [b,0] NZ2. If R is a

rectangle, then OR, the (inner) boundary of R, is the set of vertices just inside R; i.e. ,

OR={z€eR : Jy¢R, x~y}.
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We also find it convenient to define the N, S, E, W boundaries: If R = [a, ] x [b, b'] N Z?

where a,d’,b, b are all integers,
ONR = [a,d| x {V'} NZ*  OgR={d} x [b,¥]NZ?

and similarly for south and west.

For a rectangle R, we write (<> R) for the event that there is an open path crossing
R from left to right; that is, the event that there exist x € OwR,y € OgR, and a path
v : & — y inside R that is open. Similarly, ({ R) denotes the event that there is a
crossing from top to bottom of R, that is from OyR to JsR.

There are also two possible duals for a rectangle R: For a rectangle R = [a,a] x [b, b']N
7?2 integers, let R" be the horizontal dual, which is the subgraph of 72 = (%, %) + 72,

induced on the vertices

R'=la—1b+3]x [a’+%,b’—%]m25.

(@, ¥)

A L O O O U Y DU SO U DU SO

FIGURE 7. A rectangle in Z? and its dual.
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The main duality observation is:

Proposition 9.2. Let R be a rectangle in Z2. Let w be any percolation configuration.

Then, exactly one of the following holds: either w € (<> R) or w € (J RY).

F1cURE 8. Two possibilities for exploration of the component of dw R.

Example 9.3. Let R be the rectangle [0,n + 1] x [0,n] N Z2.
Note that RY is a rotated version of R, and the symmetry gives that

Pyl R) = P1,[f R,
Since these events are a partition of the whole space,
Pyl R+ P1_,[¢ R =Py[< R+ P,[I R"] = 1.
Taking p = 1/2 gives Py s[> R]:%. VAN VAVAN
9.2. ZHANG’S ARGUMENT AND HARRIS’ THEOREM

The following theorem was first proved by Harris in 1960. Zhang provided a simple

(and much more general) argument later on.

Theorem 9.4. For bond percolation on 72, 6(1/2) = 0. Consequently, p.(Z?) > 1/2.

Proof. Assume for a contradiction that 6(1/2) > 0. So PP jp-a.s. there exists a unique

infinite component.
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Let R be the n x n rectangle [-n,n] x [-n,n] N Z2. Take n large enough so that
R intersects the infinite component with probability at least 1 — 5% (as n — oo this
probability tends to 1).

Now, consider the event
Ap = {w * Wo,E(R) € {BER A d OO}} .

That is, Ag is the event that OgR is connected to the infinite component by an open
path that does not pass through R. Define Ay, Ag, Ay similarly. The rotation-by- /2
symmetry implies that all these events have the same probability. Moreover, since these

are all increasing events, by Harris’ Lemma,

1 - 574 S ]P)l/Q[R <~ OO] S Pl/Q[AN UAS UAEUAW]

=1 =Py p[AR NAGNAZ N AR] <1 — (1= PypfAg))?

So Py jo[Ap] = Py ja[Aw] = 2.

Now, let R’ be the dual rectangle containing R; that is R’ = [—3, =] x [n+ $,n +
%] N Z2. Define the events Al Ay, AT, Ay, analogously to the above, for the rectangle
R’ in the dual graph Z2. Again we have that Py 5[Aly] = Py o[A] > %.

Finally, consider the event A = Ag N Ay N Ay N Ay. We have that

P[A] < P[AG] + P[Afy] + P[(AN)] + P[(45)] < 5,

so Py j9[A] > £ > 0.

Moreover, the event A does not depend on edges inside R. Also, if we open all
edges in R, then together with the event A this implies that there exist at least two
infinite components in Z2. This is because the union of E (R) and the infinite paths from
Ap, Aw is an open connected set of primal edges that separates the whole plane into two
components. Since the dual infinite paths from A'y, Al start in different components of
this separation, they cannot connect in the dual graph. Otherwise, somewhere a dual
open edge would cross a primal open edge which is impossible by construction.

That is,

0< 2_|E(R)|% =Py 5[A, E(R) is open | < P 5[ there are two infinite components in the dual @]
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But this last event must have probability 0 by the Burton-Keane Theorem. a

FIGURE 9. The event A from Zhang’s argument.

9.3. KESTEN’S THEOREM - A MODERN PROOF
We are now in position to prove Kesten’s remarkable theorem from 1980:

Theorem 9.5. Consider bond percolation on Z?. Then, for any p > %, O(p) > 0.

Consequently, p.(Z*) = %

Proof. Let R be the n x (n + 1) rectangle, R = [0,n + 1] x [0,n] N Z?. We know by
symmetry that Py [« R] = %, and specifically, uniformly bounded away from 0 (as
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Suppose that 6(p) = 0 for some p > % Then, % < p < pe. So by Aizenman-Barsky
(5kg hammer to kill a fly!), E; 5[|C(0)|] < oo, and

Py jolw <> Op(x)] < €7,
uniformly in z, for all n. Thus,
Pyl R < Y Piple < ORI < Y Pypfz <> 0n(2)] < ne ™ — 0.

Z‘E@\NR anER

This contradicts Py 5[« R] = :. 0

Kesten’s original proof that p.(Z?) < 1/2 did not use Aizenman-Barsky, which came

later.

9.4. SITE PERCOLATION AND THE TRIANGULAR LATTICE

For pedagogical reasons, we move now to site percolation on the triangular lattice.

In site percolation, the sample space is configuration of open and closed vertices:
{0, 1}G. The notations for connections, components, etc. are the same, and we will add
a super-script IP’;, IE; to specify site-percolation if there is possibility of confusion.

We leave it to the reader to verify that all the general results apply to site percolation
as well: namely, Harris’ Lemma, BK inequality, Russo’s formula, and the Aizenman-
Barsky Theorem.

As for the triangular lattice, it is the lattice whose faces are equilateral triangles. For

definiteness, let us fix T to be the lattices whose vertices are
V(T) = {(:p, V3y), (@ + %, §(2y +1)) : z,y€ Z} ,
and edges that form equilateral triangles
(@y) ~(@+1y)  and ()~ (@+5y+ %)

The dual lattice of T is the tiling of R? by regular hexagons, known as the hexagonal
lattice H. So site percolation on T is the same as coloring the hexagons of H black and
white randomly.

All of the results we have proved for bond percolation holds for site percolation as well:

Harris’ Lemma, Russo’s formula, the BK inequality, Aizenman-Barsky, and in amenable
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FiGURE 10. Left: The triangular lattice T and part of its dual lattice,

the hexagonal (or honeycomb) lattice H. Right: Percolation on the faces

of H = site percolation on T.

graphs we have the uniqueness of the infinite component (Aizenman-Kesten-Newman or

Burton-Keane).

9.5. CRITICAL PROBABILITY IN PLANAR SITE PERCOLATION

Let us redo Zhang’s argument in the site percolation case. In fact, we will first make
some general definitions. We will find it convenient to identify R? with C.
We consider percolation on the faces of H. For Zhang’s argument all we require is

some shape with symmetry. For example, in H we may take the rhombus.

Theorem 9.6. For percolation on the faces of the hexagonal lattice H (or, equivalently,

site percolation on the triangular lattice T), p. = % Moreover, 0(p;) = 0.

Proof. We start by proving that p. > % Assume for a contradiction that 0(1/2) >
0. Let R, be the rhombus of hexagons of side-length n centered around the origin.

Let OneR, Onw R, Ose R, Osw R be the north-east, north-west, south-east and south-west
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boundaries of the rhombus (corners are shared by two boundaries). Let R° = R\ (OngRU
Onw R U Ose R U Osw R) be the interior of R. For & € {NE, NW, SE, SW} let Let

Ag = {w ! Wo,Re € {8§R <~ OO}} .

This is the event that the corresponding boundary is connected to the infinite component
without using sites in R°.

By flipping over the real and imaginary axis, we have that P[Ang] = P[Anw] =
P[Asg] = P[Asw]. Moreover, these are increasing events, and Axg U Ayw U Asg U Asw =

{R <> c0}. So by Harris’ Lemma,

P[R ¢ 00] = 1 — P[NeAZ) < 1— (1 — P[Ane])%,

P[Ang] > 1 — (1 — P[R & oo])V/4.

Now, by the assumption that 6(1/2) > 0, taking n to infinity, the probability of
R + 00 tends to 1, and can be made as large as we wish. Thus, if it is at least 1 — 574,
we get that P[Ang] > 3.

Here we get to the part where % is special. The above computation is valid for any
p > pe. But if 6(1/2) > 0 (or p. < 3), then we get for any & € {NE,NW, SE,SW}, that
P[A¢] > 2 and P[Ag] > 2, where Ay ={l-w : w € Ac} is the event that J¢ is connect
to an infinite closed component.

Thus, we conclude that for A = Ane N Age N Asw N Ayws

PIA] < P[ARg] + P[(Asg)] + P[ASw] + P[(Anw) ] < g

So P[A] > =. Let E be the event that all sites in R° are open. Since A does not depend

1
s

on the configuration of sites in R°, we have that A, E are independent, and
op 1
P[A, E] > 27 17°1. =>0.

But AN E implies that there exist at least two infinite closed (red) components, on
from Osg and one from Jdyw that cannot intersect each other because the infinite open
(black) component connected to R separates them. This contradicts Aizenman-Kesten-

Newman (uniqueness of the infinite component in the amenable graph T).
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F1GURE 11. The rhombus R (n = 6).

The other direction uses the Aizenman-Barsky Theorem (exponential decay of radius
of open clusters).

Assume for a contradiction that p. > % Let C be the set of corners of R. Let A be
the event that there is an open (black) path in R connecting oynwR \ C to 0seR \ C.
Let B be the event that there is a closed (red) path in R connecting dswR \ C to
OneR \ C. We have already seen that P[A] + P[B] = 1. However, the symmetry of
the rhombus, together with the fact that both red and black have the same probability
gives, Py j5[A] = Py o[ B] = % Most importantly, this is uniformly bounded away from 0
as n — oo.

However, for large n, by Aizenman-Barsky,
P[A] < PE(IZ €EOnwR x> BSER] < TLP[:E PN 6n(x)] < ne " -0,

a contradiction. 0
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Lecture 10: The Cardy-Smirnov Formula

10.1. CARDY-SMIRNOV FORMULA

If h € §H is some hexagon, we may identify it with an open set in C - namely the
open hexagon itself. If h ~ h’ are adjacent hexagons in dH, we identify the edge h ~ h’
with the boundary between h and A’ in C.

Let D be a simply connected pre-compact domain in C and let a, b, ¢, d be four points
on the boundary of D, in counter-clockwise order. That is, the boundary of D is given
by a Jordan curve v : [0,1] — C, and 7(t,) = a,v(tp) = b,v(t.) = ¢,7v(tq) = d for some
ta < tp < tc. < tgin (0,1). For &, ¢ € {a,b,c,d}, we denote by (£,()p the part of ~
strictly between £ and (; e.g. (a,b) = y(tq, ts)-

Given a percolation configuration w € {0, I}H7 we want to “color” D in such a way
that the w-open hexagons are black, w-closed hexagons are red, edges between open
(resp. closed) hexagons are black (resp. red), and the boundary 0D is colored black on
(a,b) U (c,d) and red on (b,c) U (d,a). This is done as follows.

For all z € C, there are three disjoint possibilities: z is in exactly on hexagon of éH,
z is on the boundary between two adjacent hexagons of dH, or z is on the vertex where
three adjacent hexagons of dH intersect.

Define a function f, : C — {0,1,—1}. (We think of f,(z) = 1 meaning “z is black”,
fu(z) = 0 meaning “z is red”, and f,(z) = —1 meaning “z is not colored” or “z is
white”.) For z in exactly on hexagon h set f,(z) = w(h). If z is on the boundary of two
hexagons h ~ I/, set

-1 if w(h) # w(h')

Jo(z) =
w(h) if w(h) =w(h).
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Similarly, if z is on the intersection of three hexagons h, h', h”, set

w(h) ifw(h)=w)=w(h")
fu(z) =
-1 otherwise.
This extends w to a coloring of all C.

Now, given the domain D with four marked points a, b, ¢, d on the boundary, we want
the boundary to be compatible with coloring (a,b) U (¢, d) black and (b, c) U (d, a) red.
Thus, define fp,, : D — {0,1,—1} by forcing fp,, to be 1 on hexagons that intersect
(a,b) or (c,d) and forcing fp ., to be 0 on hexagons that intersect (b,c) or (d, a). If there
is a conflict (points z that lie on hexagons of different colors, or hexagons that intersect

different parts of the boundary of different colors) set fp ., = —1.

FIGURE 12. A domain D with four marked points a, b, ¢, d. The hexag-
onal lattice H is drawn, and is colored according to some configuration

w. Can you find the red crossing from (b, c) to (d,a)?

We can define random variables
B(w) = Bpapedsw) = fph,(1)  and  Rw) = Rpapedsw) = 5L, (0).

These are the black and red components in D. One may then verify that because we

are working in the plane, and because D is simply connected, either (a,b) is connected
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to (¢, d) by a black path, or (b, ¢) is connected to (d,a) by a red path. These events are
disjoint, since there cannot be both red and black paths intersecting in D.

We can now ask what is the probability that there exists a black path connecting
(a,b) to (¢,d)? Let us denote this probability by P(D,a,b,c,d,J).

An amazing conjecture by Aizenman, Langlands, Pouliot and Saint-Aubin states that
the limit P(D,a,b, c,d) = lims_,o P(D, a, b, c,d, ) should exist and should be conformal

invariant; that is, if ¢ : D — D’ is a conformal map then

P(¢(D), d(a), d(b), ¢(c), ¢(d)) = P(D, a,b, ¢, d).

Cardy later predicted the exact formula for this probability, which, as Lennart Car-
leson observed, is simplest stated on the equilateral triangle: For T' = the equilateral
triangle, and a, b, ¢ the vertices of T', suppose that [c,a] = [0, 1] on the real axis. Then
for any d € (0,1), P(T,a,b,c,d) = d. (A miracle!)

Cardy’s (non-rigorous) arguments, stemming from conformal field theory, are valid
for any “nice” planar lattice. In one of the beautiful works of the field, Smirnov proved

Cardy’s formula and the conformal invariance for the triangular lattice T.

Theorem 10.1 (Cardy-Smirnov Formula). Consider site percolation on the triangular

lattice T. Then, the limit P(D,a,b,c,d) ezists and is conformal invariant in the sense

P(¢(D), d(a), (b), ¢(c), ¢(d)) = P(D, a,b,c,d)

for any conformal map ¢.
Moreover, for an equilateral triangle T of unit side length with vertices a, b, ¢, and any

point d on (c,a), the formula for this probability is given by

P(T,a,b,c,d) = |d— c|.

10.2. COLOR SWITCHING

We will prove the main steps in Smirnov’s fabulous proof. For convenience, and
simplicity of the presentation, we will restrict to nice domains.
Let § > 0. A nice domain D at scale §, is a union of hexagons in §H, such that D

is simply connected, and such that the boundary of D forms a simple path in 6H.



67

We also want to consider points in the complex plane that lie on the intersections of
the hexagons. Let Cys be the set of vertices of the hexagonal lattice 6H (that is points
on the intersection of three hexagons).

Let 95D be the points in Cy that lie on two hexagons in the boundary dD. Each such
point has a unique adjacent edge that is an edge between hexagons. If we mark k such
points on the boundary of D, then this partitions the boundary of D into k disjoint
parts.

Let us restate the planar duality lemma that we have already used many times.

Lemma 10.2. Let D be a nice domain with 4 marked points a,b,c,d € 9sD. For
x,y € {a,b,c,d} let (z,y) be the part of the boundary between points x and y. Let A be
the event that there is an open (black) crossing from (a,b) to (¢,d), and let B be the event
that there is a closed (red) crossing from (b,c) to (d,a). Let Q be the set of percolation

configurations w € {0, 1}D with boundary values w}(a DU(ed) — 1,w}(b 0 = 0. Then,

U(d,a)

Q:A@B

That is, if we force the boundary to be black on (a,b)U (c,d) and red on (b, c)U(d,a),
then there is either a black crossing between (a,b) and (c,d) or a red crossing between

(b,c) and (d,a), but not both.

Proof. Start an exploration on the edges in-between hexagons from the unique edge
adjacent to point b, keeping red on the right and black on the left. When reaching a
fresh hexagon, turn left if it is red and right if it is black. This defines a unique path
from b into D that can only exit D at an edge entering a vertex in ds D, which is adjacent
to hexagons of different colors. The only such edges (under our boundary conditions)
are those entering a, ¢, d. But exiting at d would imply that red is on the left and black
on the right, which is the wrong orientation. So the exploration path must exit at either
a or c.

If the exploration path exits at a - the red hexagons to the right of the path form a
red connection from (b, ¢) to (d,a). If the exploration path exits at ¢ the black hexagons

to the left of the path form a black connection from (a,b) to (d,a).
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Two such connections cannot exist, since this would give two disjoint paths in D, one
from (a,b) to (c,d) and one from (b, c) to (d,a) that do not intersect. This contradicts

the fact that D is simply connected. a

c

FIGURE 13. A nice domain D. The path tracing the boundary is marked
in blue. Four points in Cs dividing the boundary into four parts are

shown. The exploration path from b is marked in green.

Let D be a nice domain, z € D and A C 0D. We write x <> A for the event that
x is connected to A by a black (open) path in D. Similarly, we write x <>r A for the
event that z is connected to A by a red (closed) path in D. Note that x must be open
/ black (resp. closed / red) if x <+ A (resp. = <> A). So these events are disjoint.

The following lemma is a subtle step in Smirnov’s proof, and is usually dubbed the

Color Switching Lemma.

Lemma 10.3 (Color Switching). Let D be a nice domain of scale 6. Let a,b,c € 05D
and let A1 = (a,b), Ay = (b,c), A3 = (c,a). Let x1,x9,x3 be three adjacent hexagons in
D\ 0D (so their centers form a triangle).

For j € {1,2,3} write

Bj:{l‘j B AJ} and Rj:{xj R A]}
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Then,

P [BloBQORg]:P%[B10R20B3]:]P) [R1 o By o Bs).

1
2

1
2

As

Ag
FIGURE 14. A nice domain with three marked points on the boundary,

and three adjacent hexagons x1, z9, x3 inside. Note the event Bjo Rso Rs3.

Remark 10.4. It is important not to mix this up with the fact that any color combination
is possible. The Color Switching Lemma says nothing about three disjoint paths of the
same color (i.e. P[B; o By o Bs)).

However, note that since we are at p = %, we may switch all black to red and vice-

versa, so P 1 [BioBso R3] =P 1 [R1 o Ry o Bs|, and similarly for other combinations.
Proof. The first step is to note that it suffices to prove

(10.1) P[B; o Ry 0 B3] = P[B; o Ry o R3].

Indeed, given ([10.1]), switching black to red and vice-versa (recall that we are at p = %),

P [BloR20B3]:P%[BlORQOR:;]:P [}%IOBQOBg]7

1 1
2 2
which is the second equality in the lemma.

Relabeling 1 +— 2 — 3 +— 1, we also have

P[Bl o Bg o R3] = P[Rg ] Bl ] BQ] = P[B3 ] Rl o BQ] = P[Rl ] BQ o Bg].
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We proceed with the proof of (10.1)). Note that (10.1]) is equivalent to

(10.2) P[Bl o Ry o Bg ‘ BN RQ] = P[Bl o Ry o R3 ‘ BN RQ]

Ay

FIGURE 15. The proof of ((10.2]). The blue line is the interface v, which
only explores those hexagons in the dotted black boundary. What is left

over is D’.

Suppose we are on the event B1 N Ro. Start an exploration at b into the edge between

A; and As. If we think of A; as being black and Ay as red, we may explore the

interface until we reach the edge (z,w) between the hexagons 1,2, such that w is at

the intersection of the three hexagons x1, z2, x3. This interface is explored so that black

is always on the left, red is on the right, and A; is considered black, Ao is considered

red.
Now, let v be the path explored, and let D’ be the domain D with all hexagons

adjacent to v removed. Note that the hexagons adjacent to v include a black path from

x1 to A1 and a red path from x5 to As. Also note that x3 € D’.
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The main observation is that due to planarity, conditioned on v being the interface
stemming from the event B1 N Ro, the event By o Ry o By holds if and only if there exists
a black path in D’ from x3 to Az. Similarly, conditioned on «, By o Ry o R3 holds if and
only if there exists a red path in D’ from z3 to As.

Recalling that we are at p = %, and that all hexagons in D’ are independent of those

adjacent to ~y, we get

P[BioRyoBs |y =P1[3 black a: 23 - A3 C D' =P1[3 red a: x5 — A3 C D]

1 1
2 2

:P[310R20R3 ’ ’}/]

Summing over all possible «, since the event B; N Ry is the union of such Interfaces, we

obtain ((10.2)). O

10.3. HARMONIC FUNCTIONS

In this section we will consider special functions on the vertices of the hexagonal
lattice 0H; i.e. functions on Cs.

Throughout this section fix a nice domain D, with three points a, b, c on 05D, sepa-
rating 0D into A; = (a,b), A2 = (b,¢), A3 = (¢,a). Let z € Cs be some 0H-vertex in
the interior of D. Define the event S3(z) = S3(z) to be the event that there exists a
simple open (black) path from A; to Az that separates z from As. We stress that this
path must be simple, that is, no hexagon may be visited more than once. The events

SY(z),8%(z) are defined similarly.

Lemma 10.5. Let D,a,b,c,xj, Aj, Bj, R; be as in the Color Switching Lemma (Lemma
. Assume that x1,x9,x3 are in counter-clockwise order, and also Ay, As, As (or,
equivalently, a,b,c). Let (z,w) be the edge in the hexagonal lattice 6H that is in between
the hexagons x1,xs, such that w is at the intersection of all three hexagons xi, T2, 3.

Then, we have the equality of events:
53(2) \ SS(w) = Bl o BQ @) R3.

Proof. The direction By o By o R3 C S(z) \ S(w) is simpler. Indeed, if By o By o R3

holds, then there are 3 disjoint paths, ~v1 : A1 — 21,72 : ©9 — As,7v3 : 3 — Ag such
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A1 Al

Az Az

As Ay

FIGURE 16. Left: The event S3(z). Right: S3(z) does not hold, because
the path is not simple.

that =1, 9 are black and 3 is red. The composed path ~57y; is a black path from A; to
As that passes through x; — x9. Since (z,w) is the edge between x; and x9, this path
must separate z from w. Since there is a closed path from w to As, it must be that oy

separates z from Ag, but does not separate w from As.

Ay
FIGURE 17. Proof of Lemma, [T0.5

For the other direction, assume that S(z) \ S(w) holds. Thus, there exists a black
(open) path v : A} — Ag separating z from As. Suppose that |y| = n. Let § be the
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path in D that starts on v, € As, continues in A, in clockwise direction, until reaching
Aq, continues on A; in clockwise direction and stops once reaching v9. The path £~ is
a simple cycle that surrounds z but not w (otherwise S3(z)\ $%(w) would not hold). So
~ must pass through the edge (z,w), meaning that z1,z2 € v but z3 ¢ . Because v
goes from A; to As, and x1,x2,x3 are in cyclic order, this implies that + is composed
of two disjoint parts: a black path from Ay to x1 and another disjoint black path from
T9 to As.

Now, let D" be the domain that is the component of D\~ containing x3. If D’ does not
contain part of A3 then w is separated by v from As, which contradicts S3(2) \ S3(w).
Let D" = D' U~. Suppose that «q is the part of v from A; to x7 and «s is the part of
v from zg to As. Let A = (A1ND")Uay \{z1} and A, = (A2 N D")U g\ {z2}. Let

5 = AsN D" and A} = {z1,29,23}. These sets decompose the boundary of D" into
four parts. Our duality arguments give that either A} is connected to A} by a black
path in D", or Af is connected to A by a red path in D”. In the first case, this path
joined with v would separate w from As in D, contradicting S3(2) \ S3(w). So there
must exist a red path connecting A% to A)j.

If x3 was black, then w would be separated from Az in D. So , since x1, z9 are black,
we have that z3 is connected to A3 in D by a red path, which is of course disjoint
from the disjoint black paths a7 : A7 — x1 and a9 : xo — As. We thus conclude that
Bj1 o By o R3 holds. a

10.3.1. Contour Integrals. Recall that the hexagonal lattice dH is dual to the trian-
gular lattice dT. That is, if (z,y) is a directed edge in §T, then for p = %, the dual

directed edge in 0H is (z,w) where

w = pLs* + —y;rm and z=p5L + —w;y

(multiplication by i rotates by 5 and V/3 is the scale. There is of course a choice here
to rotate either clockwise or counter-clockwise, which we have arbitrarily taken to be
counter-clockwise.) Recall that vertices of 6T are the centers of the hexagons in JH. For

a directed edge (z,y) in 6T, we write [z, y| for the corresponding dual directed edge in
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OH. If (z,w) is a directed edge in 0H we write [z, w] for the corresponding primal edge
in 0T. Note that for z ~ w in 0H, if [z, w] = (x,y) then p(y — x) = (w — 2).
Let v be a simple path in 6T N D Define the contour integral along v of a function

¢ = ¢s on Cs N D by
el

j{¢ Z - Y- 1) 7]—177j])7

where ¢([x,y]) = ¢([z,y]") = ¢(p% + %) If ¢ = ¢ converges uniformly to some

limit 4, this integral will converge to the usual complex contour integral of .

Note that if ~y is a simple closed path in 6TND (so 9 = V|| is the only self intersection
point), then it separates the complex plane C into two components, an interior, denoted
Int(y) and exterior, which is the component containing co (Jordan’s theorem). If « is
oriented counter-clockwise, then

7{ ¢ = pHw — 2)p(w).
Int () 3w~z¢1nt( )

One more definition, which is to avoid technical complications: If D is some nice do-
main of scale 0, and a,b,c € 95D, for z € D define radp 4 (2) = max;—; 23 dist(z, A4;),
where as usual 41 = (a,b), Ay = (b,¢), A3 = (¢,a). The radius of D is then defined to
be

rad(D) = inf radp 4 p.c(2).

2€D
v For a point z € Cs N D define H;(z) = P[S7(2)]. For a directed edge in the
hexagonal lattice, z ~ w € C5 N D, define P;(z,w) = P[S7(2) \ S/ (w)]. Note that

H;(2) = Hj(w) = Pj(z,w) = Pj(w, 2).
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Set 7 = ¢! . Define
H=Hs;=7H,+7*Hy+7Hs and F = Fs;=H,+ H,+ Hs.
Lemma 10.6. For any simple closed path ~v in 0T N D, of Euclidean length L,
)741{( <3LPl ¢ du(z)]  and ‘jq{F’ <3Pz ¢ 9n(x)],
¥ v
where n = [0~ 'rad(D)].

Proof. We can without loss of generality assume that v is oriented counter-clockwise.
Set I = Int(y) N Csy.
For w € Cs N D, consider the sum
> (w—2)pw) = (1 +7+7%) (w2 )d(w) =0,
z~ow

for some fixed 2’ ~ w. Thus,

0= Y w-2ow) = 3 <w—z>¢<w>+p7{¢

wel,zrw ISw~zel
1
=5 X -6 - el +o g o
Isw~zel v
Taking ¢ = Hj, we obtain,
fH =2 Y 0B - Pzw)= Y (w-2)Pizw)
IBwNZEI I>w~zel

= Z (w—z)Pj(z,w)—i- Z (Z_w>Pj<zaw)'

wel,z~w Isw~zgEl
Now, fix w € I, and let z1, 22, z3 be the neighbors of w in counter-clockwise order.

Let Pjj = Pj(zk, w). The Color Switching Lemma together with Lemma give that
(10.3) Pjk = Pjy1k+1 = Pjto k12

(Throughout, we always take indices modulo 3.) Thus,

Z(w— Pj(z,w) = (w — 23) ZT ik = (1+7+77) ZPlk—O

Z~w 7=1 J,k=1 k=1

N
S~—
=
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and also
3
Z(w—z)ZTij(z,w) w — z3) ZTk+JP (1+7+72%) ZPlk—O.
z~w j=1 J,k=1 k=1

‘We conclude that

pd H= Z (z —w)(TPy(z,w) + T2 Py(2,w) + 72 P3(2,w)),

and

pj{ = Z (z —w)(Pi(z,w) + Pa(z,w) + P3(z,w)).
g

Iw~zgIl

Finally, note that the event S7(z)\ S7(w) implies that for every hexagon that z is on,
there exists a mono-chromatic path from that hexagon to the corresponding part of the
boundary. This is just Lemma Since one of these boundary parts is at distance at
least rad(D) from z, and since the distance between two adjacent hexagon centers is 0,

we get that for n = [6~'rad(D)],
P[S7(2) \ §7(w)] < Pz <> O (2)].

Thus,

v

’j{F’—‘Z V-1 =) (Pr+ Pe+ P3)([vj-1,7%] 7 [y-1,%1 ")
j=1

< S|y[3P[z > ()],

and similarly,
| fﬂy < 3]7| - 3Bz ¢ O ()]
5

Since d|v| is the Euclidean length of v, this completes the proof. ad

10.3.2. Proof of the Cardy-Smirnov Formula. v' Assume that the domain D is

a discrete approximation of some simply connected domain D. We will assume (but
not prove) that the functions H; converge uniformly to limiting functions hq, ho, h3
on D as 6 — 0. (This can be shown via the Arzela-Ascoli Theorem, with a proper
Holder continuity estimate on H;.) Given this convergence, we have limiting functions

h =lim Hs = Thy + 72hy + 73h3 and f = lim F5 = hy + ha + hs. Our goal is to show
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that h, f are harmonic, so must be uniquely defined by their boundary values. We will
then use the boundary values to determine these functions.

Lemma tells us that for any triangular closed simple contour v inside D, the
contour integrals satisfy §. h(z)dz = ¢, f(2)dz = 0. This is because of uniform conver-
gence, so the discrete contour integrals converge to their continuous counterparts, and
also because as 6 — 0, for n = [6~'rad(D)] — oo, so Pz <+ 0,(z)] — 0, by Zhang’s
argument.

A famous theorem by Morera now tells us that h and f are holomorphic in D. So h
and f are determined by their boundary values.

Let us see what these boundary values are.

Az

F1GURE 18. The possibilities when z € A3, which cannot occur together.

Note that for any z € As, one cannot separate z from Ag, so hg(z) = 0. Also, as in
Figure [18] consider the four boundary parts (a,b), (b, c), (¢, z), (z,a). Then, either (a,b)
is connected to (¢, z) by a black path or (b, c) is connected to (z,a) by a red path, and
exactly one of these events must hold. Since red and black have the same probability
(recall, we are at p = 3!) we get that P[S'(z)] + P[S?(z)] = 1, because the black and
red paths above separate z from the corresponding boundaries. Taking the § — 0 limit

gives that for any z € As,

h3(z) =0 and hi(z) + ha(z) = 1.

Giacinto Morera

(1856-1909)



78

Of course this argument can be repeated for any j € {1,2,3}, so that if z € A; then
hj(z) =0 and hj+1(z) + hj+2(2) =1.
What is the conclusion?

v First of all, for any z € A; we get

f(2) = hi(z) + ha(z) + h3(2) = 1.
So f has constant 1 boundary values, and thus must be the constant function 1.

v Second, let T be the equilateral triangle with vertices at 1,7,72. Let ¢ : T'— D be

the conformal map (guarantied by the Reimann mapping theorem) that maps (1) =
¢, o(7%) = a, (1) = b. Consider the holomorphic function, g = h o (.

Because hi + ho + hg = 1, we have that any z € T is mapped by g to a convex
combination of 7, 72,73 = 1, that is g : T — T. Moreover, if z € (7,72) then ¢(z) € (c, a)

and so h3(p(z)) =0 and

9(2) = Thi(e(2)) + T*ha(p(2)) € (1,7%).

Similarly, we get that g : T' — T is a holomorphic map, mapping the boundary parts
(1,7), (1,72) and (72, 1) to themselves. By standard complex analysis there is only one
such function: the identity. So h : D — T is the Reimann map mapping a — 72,b
l,e—T.

Finally, we recover the Cardy-Smirnov formula: For a point d € (¢, a), the probability
that (a,b) is connected to (c,d) by a black path is the probability that d is separated
from (b, c) by a black path from (a,b) to (¢,a). Thus, as 6 — 0 this converges to ha(d).
We have seen that

o(d) = Thy(d) + 72ha(d) = 7 + 7(T — 1)ho(d)

where ¢ is the unique conformal map from D to T mapping a — 72,b+> 1,¢ — .

This already proves the conformal invariance.
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It also gives the value of ha(d), since we can evaluate it for a specific domain, namely
T itself. If a = 72,b = 1,¢ = 7 and if d € (c,a) then write d = (1 — ¢)c + ca where
|d — c| = |72 — 7| - £. Note that ¢ is the identity map, so
d—rT d—c
ha(d) = =

T(r—1) 712-7

— ld=c _

= = = 6 which is exactly the formula,

ha(d) is a non-negative real number so ha(d)

since |72 — 7| = |7 — 1] is exactly the side length of the triangle.
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Percolation

Ariel Yadin

Lecture 11: Percolation Beyond Z?

11.1. THE MASS TRANSPORT PRINCIPLE

11.1.1. A review of group actions. Recall that a group I' is said to act on a set X
if there is an action I' x X — X, denoted (g,x) — g.z such that gh.z = g.h.x for all
g,h € T,z € X (associativity) and 1p.z = x for all z € X.

Exercise 11.1. Show that any group acts on itself by left multiplication.

Show that any group acts on itself by conjugation.

Exercise 11.2. Let I' = Aut(G) be the set of automorphisms of a graph G. Show that
I' acts on G.

A group I' acts transitively on X if for every x,y € X there exists g € I" such that
g.x = y. Thus, a transitive graph G is one that its automorphism group acts on it
transitively.

If T acts on X, for any x € X we can define a subgroup I'y, := {g € T : gx ==x}.
This is called the stabilizer of x. We can also define 'z = {g.xz : g € T'}. This is the
orbit of x.

So a transitive action is the same as I'e = X for all x € X.

Exercise 11.3. Show that the stabilizer of x is a subgroup.

Show that |T'z| = [ : T'].

One may also consider the orbit of a subset of I': If S C T let Sz = {s.x : s € S}.
Let I act on X. A function f: X x X — R is said to be invariant under T, if it is

invariant under the diagonal action of I'; that is, if for any x,y € X and any g € I', we

have f(gzx, gy) = f(x,y).
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11.1.2. Mass Transport.

Theorem 11.4 (General Mass Transport Principle). Let I be a group acting on X. Let
f:X xX —[0,00| be a non-negative invariant function. Then, for any a,b € X

S fan) =3 )

z€Tb yela IToyl

Before proving the general mass transport principle, let us see some of the conse-
quences: First of all, if the group acts transitively, then the sums above are just over

the whole space X.

Corollary 11.5. If I acts transitively on X and f: X x X — [0,00] is a non-negative

invariant function, then for any o € X,
Tzo]

0,%) = x,0) - .

S Slor) =3 flw0) 12

A most important concept in this context is unimodularity:

Definition 11.6. An action I' on X is called unimodular if for any y € 'z, we have
|Fazy| = |Fyl'|.

A graph G is called unimodular if Aut(G) is a unimodular action.

Exercise 11.7. Let I' be a group acting on X. Show that for all x,y € X,
Tpy| = [Ty : T NI

Show that if I" is a discrete action on X then I' is unimodular. (A discrete action is

one where all stabilizer subgroups are finite; i.e. |[I'y| < 0o for all z € X.)

The mass transport principle is in fact equivalent to unimodularity for transitive

actions.

Theorem 11.8 (Mass Transport Principle). Let I' be a transitive action on X. Then,
the action is unimodular if and only if for every f : X x X — [0,00] non-negative

invariant function, and every o € X,

Zf(()?x) :Zf(xvo)'
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First, some algebra:

Proposition 11.9. LetI" act on X. LetT'yy ={g €l : gx=y}.
For any x,y € X we have that for any g € I'y ,,

Iyy=gl'y =Tyg.
Moreover, for any x,y,z € X, if I'y, # 0 then [Ty yz| = |T'z2].

Proof. Choose g € T'yy. Then, if h € Ty, we have that h = gg~'h and g~'h € T,. On
the other hand, if h € I'; then gh € I'; . Thus, I'; , = gI',.
Similarly, if h € T, then hg~! € T, and if h € T then hg € T,,. So I'y, = ['yg.
Now, by the first identity I'; y2 = gI'zz. The map h.z — gh.z between I';z and gI'; 2

is a bijection; indeed, it is injective by associativity, and it is surjective by definition. So
Tey2l = |gT2z2] = [Tzl
g

Proof of Theorem [I1.8, Let I" be a transitive action. If I' is unimodular, then the the-
orem follows directly by the mass transport principle, since |I'yo| = |I'yz| for all o,z by
the definition of unimodularity.

Now assume that I' is transitive and ), f(o,2) = >, f(x,0) for every non-negative
invariant function as in the theorem. Fix a,b € X and set f(x,y) = 1fyer, b} Where
Foz={g9€l : ga=xz} fisinvariant since f(g9.x,9.y) =1 <= g.y € I'y 4..b which
is if and only if there exists v € I" such that ya = g.« and v.b = g.y. This is if and only
if g71y € T'yr and y = g~ 14.b, which is equivalent to y € Ty zb. So f(g.7,9.y) = f(z,y).

Thus by assumption,
ITq,0b] = Zf(o,:):) = Zf(x,o) =#{x : 0T, b}
Since
{z 1 0€lyb}={z : 3gel', ga=z,gb=o0}={ga : 3gel', gb=o0}=T,a,

we get that
Ta,0b| = [Ts 00l
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This was true for any a, b, 0. Choosing a = o we get that for any a, b, [I'qb| = Iy 4a| =
|T'ya| by Proposition m (Pap # 0 because of transitivity). This is the definition of

unimodular. a
We now turn to the proof of the general mass transport principle.

Proof of Theorem[11.4. If y € 'y pa then y = g.a for some g € I'y ;. Since f is invariant
this implies that f(y,b) = f(g.a,g9.2) = f(a,z). Thus,

S faa) =Y fae) Y Flb‘zzbwlb, S )

zel'd zel'b y€l'z pa y€l'y va

We now interchange the sums. For this, note that
{(z,y) : v€lbyelal = {(m,y) 3¢ ,2=¢b and g, gx=0b,9.a :y}
={(z,y) : 39, gz =0bga=y}
= {(w,y) : 3y, g_l.b:x,g.a:y}
={(z,y) : x€Ty.byeTla}

So
1

1
;bf(a,x)—;:b Tl D fwh) = fwb) > T
T x y€l'y pa yel'a z€ly ob

By Proposition we know that for any g € I'y 3, I'; , = 9.
Let x € I'y 4b. Then there exists g such that g.y = a and g.b = z. So g te I';p and

g '.a =y. Thus, Lep = I'yg~! and so [ypa = Ly ta =Tyy.
Plugging this into the above, we have
1
> flaw)=3_ fub) 3
‘Fx,ba|
z€l'b yel'a z€ly ob
1 Cy.abl Tyb]
:Zf(yvb) Z ?:Zf(:%b) IZ{G :Zf(yab)ry )
Tyy Tyl Tyl
yela €y ob yela yela
where the last equality is again by Proposition 0

Finally, we may deduce that any group is a unimodular and transitive action on any

one of its Cayley graphs.



84

Corollary 11.10. If G is a group generated by a finite symmetric set, then the action

of G on the corresponding Cayley graph is transitive and unimodular.

Proof. Transitivity is simple.

As for unimodularity, we show that the mass transport principle is satisfied, and thus
G is unimodular by Theorem [I1.8]

Let f: G x G — [0, 00] be an invariant function. Then, since z +—+ gz~!g is a bijection

of G onto itself,

> g x) ng:v 9.9 = > f9

y=gz~lg

11.2. APPLICATIONS OF MASS TRANSPORT

11.2.1. Invariant Percolation. We now define a considerable generalization of bond
/ site percolation, but although it is very general, it is also extremely useful in many

contexts.

Definition 11.11 (Invariant Percolation). Let G be a graph. Let P be any probability

2B(G) or 2VIGVE(G)  Tet Q be the canonical random subset.

measure on either 2V(G),
We say that P (or ) is an invariant percolation if P is invariant under the action of
Aut(G); that is, if for every ¢ € Aut(G), the probability measure Pop~! = P; in other
words, ©{) and €2 have the same distribution.

When we wish to distinguish between the cases 2V(G) 2E(G) o 2V(GVE(G) ahove, we

will say that P (or 2) is an invariant site (resp. bond, resp. mixed) percolation.

Exercise 11.12. Let G be a Cayley graph. Show that both site and bond percolation on

G are invariant percolation.

Example 11.13. If G is transitive, there is no invariant percolation such that |Q =1
a.s.
Indeed, if the was such a measure P, then P[Q2 = {z}] would be a constant independent

of x (by transitivity), so

1= PlQ={z}]=) p=oc
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Ay A

Example 11.14. Suppose G is transitive. Does there exists an invariant percolation §2
such that 0 < || < 00 a.8.?

If there was such a measure P, then define Q' by first choosing Q according to P and
then choosing a uniformly chosen vertex x in €2, and setting ' = {z}. That is,

lipeq)
12

We claim that € is an invariant percolation, which would contradict the previous

P = {z} | Q] =

example.
Indeed, if ¢ € Aut(G) then

1,,-1 1
{p~1lzeQ} {zeQ} /
= =P ={z} | ©Q].

Since Q and ¢ have the same distribution, this shows that ' is invariant. VAN\VAVAN

Plp = {2} Q) =PI = {9 'z} | Q] =

Example 11.15. If G is transitive then the number of finite components in an invariant
percolation {2 must be 0 or co a.s.

For suppose N is the number of finite components, and P[0 < N < oo| > 0. Then, if
we set Q' to be the union of all finite components, then the measure P[{)' € -|0 < N < o0]
is an invariant percolation such that P[|Q| < 00]0 < N < oo] = 1. VA VAVAN

Example 11.16. Let P be an invariant percolation, and let ¥ be the (random) set of all

r-trifurcation points. Then, ¥ is an invariant percolation. So |¥| € {0,000} a.s. Ay A

Proposition 11.17. Let P be an invariant percolation on some Cayley graph G. For
any x € G, the component of x, C(x), contains either O or infinitely many r-trifurcation

points.

Proof. For any configuration w C 2V(®) and z,y € G define F(z,y,w) = 0 if the
component of z in w contains 0 or infinitely many r-trifurcation points. Otherwise, if

the number of r-trifurcation points in the component of x in w is IV, set

if y is a r-trifurcation point

1
Fz,yw) =4 "
0

otherwise
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Note that F(ez, ¢y, pw) = F(x,y,w) for ¢ € Aut(G). Thus, f(x,y) := EF(z,y,Q) is

invariant. So we can apply Mass Transport to f and get

Zf(o,a:) = Zf(a;,o).

By definition, »_  F(o,z,w) € {0,1} so >, f(o,z) < 1.

However, if w is a configuration and o € G is such that the component of o in w has
finitely many r-trifurcation points, then the component of o is infinite, and for any z in
this component, F(z,0,w) = % for some N.

We conclude that if A is the event the the component of o contains finitely many

r-trifurcation points, then for any w € A, > F(z,0,w) = oo. Thus, if P[A] > 0 then
Z f(xv O) > EZF($, va)l{wEA} = o0.

Thus, by Mass Transport we must have that P[A] = 0.
This holds for any o, so a.s. there are no components with finitely many r-trifurcation

points. a

11.3. UNIQUENESS PHASE

Recall our coupling of all percolation spaces together by assigning i.i.d. uniform-[0, 1]
random variables (U(x)). to the vertices of G, and the configurations Q,(z) = Liy(z)<p
so that €, has law IP’;ite. Let us also use the notation C,(x) to denote the component of
x in the subgraph €2,

A technical lemma we will require, which is a property sometimes known as tolerance.

We work in some product space [0,1]" (e.g. when V = V(G)). The cylinder o-
algebras Fg are defined as in the {0, l}V case, except with configurations in [0, l]V. For

any subset S define
As={we 0,1 : 3w ed, wg=uw|g}=J Cus.
weA

So Ag € Fs. Since A = Ag N Ay, and since Fg, Fyn\ g are independent, we get that
P[A] = P[Ag] - P[Ayg]. So if P[A] > 0 then both P[As] > 0 and P[Ay 5] > 0.
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Lemma 11.18 (Tolerance Lemma). Let S be a finite set and let 0 < p < q<1. Let A
be some event and let Agpq = Ay\sN{V s €S, U(s) € [p,q]}-
If P[A] > 0 then P[Ag, 4] > 0.

That is, the vertex labels in some finite set can be changed to be in [p, q] without

ruining the positivity of the given event.
Proof. Since S is finite, and since {V s € S, U(s) € [p,q|} € Fgs, whenever P[Ag] > 0,
PlAy\s.¥ s € S U(s) € [p.ql) = PlAy\s] - (¢ = p)!* = PLA] - (P[As]) (g — p)'°.

O

Theorem 11.19. Under the standard coupling, for any q > p such that 6(p) > 0, any
infinite component of €0y must contain an infinite component of €1y,.

Consequently, if ), has a unique infinite component a.s. then so does €.

Proof. Let p < g such that 6(p) > 0. For a configuration w, let I(w) be the union of all
infinite components in w.

For configurations w < n and z,y € G set F(z,y,w,n) := 1 if y <> = in n and if
y is the unique vertex in I(w) such that dist,(x,y) is minimal amount all z € I(w).
That is, F(z,y,w,n) = 1 if dist,(z,y) < dist,(z, 2) for all z € I(w) and y € I(w). Set
F(z,y,w,n) = 0 otherwise.

Thus, F' transports a unit of mass from = to the nearest y such that y is connected
to  in n (the larger configuration), but y must be in an infinite component of w (the
smaller configuration). If such a y is not unique then no mass is transported.

Thus, >, F(z,y,w,n) < 1 by definition, and also F' is invariant. So the function
f(z,y) = E[F(z,y,Q)p, Q)] is invariant as well, and admits } f(z,y) < 1.

For vertices g, 1, ..., Zn, let A(xo,...,z,) be the event that |Cy(x0)| = 00, Cq(x0) N
I(Qp) =0, x, € 1(Q,) and zo, ...z, is the shortest path between Cq(xo) and I(£2).
Let A be the event that there exists an infinite component in 2, that is disjoint from

1(2,). Since
AC U U A(zo, ..., xn),

n=1x0,....Tn
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we have that if P[A] > 0 then there must exist n and z, . . ., z, so that P[A(zo, ..., x,)] >
0.

However, if we let
B =Av\fa1,an 1y V1<) <n—1, Ulz;) € [p,ql}

then by Lemma we get that P[B] > 0 as well. But B implies that for any
y € Cq(xo), the shortest path in Cy(y) to I(€2p) is through xy, ..., z,, and so the unique
closest point in I(§) is @,. Thus, on the event B, > F(y,zn, Y, Qq)1p = oo and if
P[B] > 0,

1 Z Zf(xay) = Zf(y)x) :ZEF(ya:Z:?Qp?Qq) 2 ZE[F(y,x,Qp,Qq) | B}P[B] = 00,
Y ) Y Y

a contradiction.

So we must have that P[A] = 0; that is, a.s. every infinite component in €, intersects
some infinite component in §2,. Since any component in €2, is also a component in €,
this implies that a.s. every infinite component in {2, contains an infinite component in

Q,. O

Recall the number £, of infinite components which is a.s. constant, and a.s. in the set
{0,1,00}. Theorem tells us that if p < ¢ and k, = 1 then k; = 1 as well. So the
quantity

Pu=pu(G) :=inf{p : k, =1} =sup{p : k, = o0}
is well defined. Thus, there exists at most three phases: no infinite components, then
infinitely many infinite components, then a unique infinite component.

There is a lot of research when one of these phases is empty. It is also very difficult
to understand what happens at the critical points.

Of course, we have already seen that p, = p. when the graph is amenable. In the
non-amenable case, it may be that p, = 1 so we always have infinitely many infinite

components.

Exercise 11.20. Show that for the d-regular tree p,(Tq) = 1.
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Lecture 12: Non-Amenable Groups

12.1. CRITICAL PERCOLATION ON NON-AMENABLE GROUPS

The following is a beautiful result of Benjamini, Lyons, Peres and Schramm.
Itai Benjamini
Theorem 12.1. If G is a non-amenable unimodular transitive graph, then 0(p.) = 0.
The proof of this theorem is in two steps: first we show that the number of infinite
clusters at p. cannot be 1, and then we show that the number of infinite components at
pe cannot be oo.

We work with bond percolation, the proofs for site percolation are similar.

12.1.1. No unique infinite component, k, # 1.

Lemma 12.2. If Q) is an invariant percolation on a transitive unimodular graph G such
that all components of 2 are finite, then E[degq(x)] < degq —P.

Consequently, if (Qe)e are a sequence of invariant bond percolation configurations such
that lim. 0 P[Q:(e) = 1] = 1, and if G is non-amenable, then there exists € > 0 such

that - a.s. has an infinite component.

Proof. Note that for a finite set 5,

Oded Schramm

degq |S| — 0S| = ZZ(l — 1gygsy) = Zdegs(a:). (1961-2008)

€S Yy~ T€S

Thus, for any finite set 5,

1
S D degg(x) < deggy —0(G).
€S

Since all components of €2 are finite, define

degq(z)
F(z,y,Q) = W “Liaesy (in Q) )
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So f(z,y) :== E[F(x,y,Q)] is an invariant function. By the mass transport principle,
E[degq(z Z f(z,y) Z fly,z ‘c(z)| Z degn(y) < degg —@.
YT
Now if G is non-amenable, then the above estimate becomes non-trivial, and it is a
uniform estimate over all invariant percolation configurations.

Thus, if we choose ¢ small enough so that P[Q.(e) = 1] > 1 — deg' ® then

E[degq_ (= ZIP’ (x ~y)=1] > deg; —P,
Yy~
which implies that €. cannot be composed of only finite components. O

Theorem 12.3. Let G be a non-amenable unimodular transitive graph. Let k,, be
the number of infinite components in bond percolation on G with parameter p.. Then

Pk, = 1] = 0.

Proof. Recall the natural coupling of percolation configurations 2,. If k,, = 1 then we
can let €2 be the unique infinite component in €, .
For a vertex x let ¢(x) be the set of all vertices in {2 that are closest to z in the graph
metric on G.
For € > 0 define the following configuration H. € {0,1}¥@: H.(e) =1 if and only if
e = x ~ y such that
o distg(z,Q) < e !, distg(y, Q) < et
e For any z € c¢(z),w € c(y), we have Cp,_-(2) = Cp.—c(w).
Two observations: if € > ¢ then H. < Hy. Also, for any e = x ~ y, there exists a
small enough € > 0 so that H.(e) = 1; this is because the sets c¢(x), c(y) are finite, and
in €, so for small enough ¢ they will be connected in €, _.. Here is where we use

the assumption that k,, = 1, in the fact that ) is one big connected graph. Thus,

lim P[H.(e) = 1] = 1.

e—0
By Lemma this implies that for some small enough € > 0, H. contains an infinite
component, and consequently, an infinite simple path. Suppose that (zg,z1,...) is an

infinite simple path such that H.(z; ~ z;4+1) =1 for all j.
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First, for any j, dist(c(z;),z;) < €71, so |e(x;)| < |B(o,e71)|, which is a uniform
bound. Thus, there must be a subsequence (j)x such that (c(xj,))r are all distinct.
That is [U; e(z;)| = oco.

Also, for any j, we have that any two vertices z € ¢(z;) and w € ¢(xj41) are connected
in ... So all (¢(z;)); must be in the same component of ), .. That is, {J; c(z;) is
contained in a component of {2, _..

So 2, contains an infinite component, contradicting the definition of p.. ad

12.1.2. No infinitely many infinite components, £k, # oo. Recall the definition
of a r-trifurcation point x; this event denoted by V¥.(z). ¥,.(z) = {M, > 3} where
M, = (Ny)o,E(B(z,r)) @and N, is the number of infinite components intersecting the ball
of radius r; that is, ¥U,(x) is the event that when forcing all edges in B(z,r) to be closed,

there are at least 3 infinite paths from 0B (z,r). This event is independent of Frp())-

Lemma 12.4. Let ) be an invariant percolation on a unimodular transitive graph G.
Suppose that all components of Q are infinite trees a.s. Then, if P[VUq(x),z € Q] > 0
then Eldegq(z) | z € ] > 2.

Proof. Define R(z,y,2) to be the indicator of the event that there exists a simple infinite

path in Q of the form (z = xg,y = x1,22,23,...). Set

2R(x,y,Q2) if R(y,z,Q2) =0,
F(z,y,Q) = ( ) ( )

R(z,y,Q)  otherwise

So F is invariant and thus also f(x,y) = E[F(z,y,)]. (That is, F(x,y,Q) = 1 if one
can go to infinity from z in two directions, one through y; if one can go to infinity
through y but only in one direction, then F(z,y,) = 2.)

Note that F'(x,y, Q) + F(y,7,Q) =2 15 yeq), SO

> F(x,y,Q) + F(y,2,9) = 2dego(z)1{,e0}-
)

The Mass Transport Principle now gives that

Eldego(r)1seny] = 5 3 F.) + ) = 3 flw,y) =EY Fla.,9)

Y
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Whenever x € ) is a trifurcation point, we must have that Zy F(x,y,Q) > 3. Also,
for any = € €2, because {2 contains only infinite components, there must exist at least

on way of going from z to infinity, so Zy F(x,y,Q) > 2. Thus,
E[degq(2)1zeqy] = ZE (.Y, D1y, (2) ccy] + E[F (2,9, Q) 11y, (2)c zeq)]

> BP[\Ifl(IE),(E € Q] + QP[\I/1($)C,IE S Q]

=2P[x € Q] + P[Vq(z),z € Q] > 2Pz € Q.

Lemma 12.5. Let Q be an invariant percolation on a unimodular transitive graph G.
Suppose that all components of Q0 are trees (possibly finite) a.s. Then, if P[¥(z),xz <
oo] > 0 then there a.s. exists some component C of Q such that for Bernoulli bond

percolation on C, p. < 1.

Proof. Let € be all vertices in € that are part of some infinite component (if P[¥;(x)] >
0 then one such component must exist). So €' is an invariant percolation as well, and
consists of infinite trees a.s., which gives that m := E[degq/ (z) | x € Q'] > 2.

If " is Bernoulli bond p-percolation on €', then

E[degq (x ZP x ~y e Qp=E[degg ()1 zean]p = mp

Y~z

(note that x € Q" if and only if x € ', by definition of Q”). So, let p < 1 be large
enough, so that E[degqg(x) | x € Q'] = mp > 2 (here it is important that we have a
strict inequality m > 2).

A combinatorial observation: If T" is a finite tree then |E(T")| = |T| — 1. So

2T > 2JE(T)| = Y lignyy = ) degy(2)

z,y€T zeT

Now, if all components of Q" are finite, then we may define

degQu ($)
(z,y,Q") = o @) 1oy mo)ys
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as in Lemma [12.2] and then we get by mass transport that
Efdegon (¢)] = Elg=tay 3 degon (@) < 2,
Y
since all components of Q" are finite trees a.s.
Thus, because E[degq(z) | x € Q"] > 2, we get that " must contain some infinite
component. 2" is Bernoulli bond percolation on €', so @’ must admit p. < 1. But €' is

a subgraph of 2, so 2 admits that p. < 1. ad

Definition 12.6. Let w be an infinite bond percolation configuration on G. Define the
minimal spanning forest of w, denoted MSF(w) as the following configuration:

Let (U(e))ecw be ii.d. uniform-[0,1] random variables. Of course these are well
ordered a.s. So we have an ordering of the edges of w, say e1,es,e3,...,, such that
Uler) <Uf(ea) < ---.

Inductively, set MSFy(w) = (), and for n > 0 set

MSF,_1(w) U{e,} if MSF,,_1(w) U {e,} is a forest (contains no cycles)
MSF,, (w) =

MSF,,_1(w) otherwise.
That is, we add the edges eq, eo, ... one by one omitting those which create cycles.
It is clear that the configuration MSF(w) := lim, o MSF,(w) = |, MSF,(w) is a

spanning forest of w.
Exercise 12.7. Show that if Q is an invariant bond percolation on G, then so is MSF(£2).

Exercise 12.8. For Bernoulli bond percolation on G, we may couple Q, with MSF(Q,)
as follows: Given the labels U(e)., for any p, let MSF(Q,) be defined by ordering the
edges of Qp using the labels U(e)ccq, -

Show that under this coupling, MSF(Qy,) is still invariant.

Lemma 12.9. If G is a transitive graph and MSF = MSF(€,.) for p. = p2°"4(G), then
a.s. every component of Qp. has a unique spanning tree in MSF(,, ).
Specifically, if x is a trifurcation point in an infinite component of Q. then it is also

a trifurcation point in an infinite tree in MSF(),,).



94

Proof. Let x ~y € Q,.. We claim that y < = in MSF.

Set u =U(z ~ y) < p.. Assume that y ¢ = in MSF. Since u < p. there must exist
some finite path « :  — y such that maxec, U(e) < u < pe, 80 a C Cy ().

Now, suppose we have a finite path a : 2 — y such that o C Cy(x) \ {e1,...,ex} for
some edges e1,...,e,. If all edges e € o admit e € MSF then y <> x in MSF! So there
must exist some edge exy1 = z ~ w € « such that ex11 € Cyu(x) \ MSF. Now, since
ex+1 € MSF, and since U(eg41) < u < p., there must exist some finite path 5 : z — w
such that max.cgU(e) < U(ep41) < u. So o\ {epy1} UB C Cy(x) \ {e1,...,ex41}, and
note that exq & {e1,...,ex}.

That is, if y ¥ « in MSF then for any k£ we may find k edges e1,...,ex all in Cy(z).
But this implies that C,(z) contains infinitely many edges and u < p., which happens
with O probability.

So we have shown that a.s. for any  ~ y € Q,,, also x <+ y in MSF. This implies that
if y € Cp,(x) then y <» = in MSF.

Since MSF is a forest, this implies that every component of €2,  is spanned by a tree
in MSF.

Finally, if = is a trifurcation point in Q,_, then |Cp, (z)| = co and removing the edges
adjacent to x would split C,_ (x) into at least 3 infinite components. If T'(x) is the
spanning tree of Cp_(z) in MSF, then removing the edges adjacent to x would also split

T'(z) into 3 infinite components. 0

Theorem 12.10. Let G be a non-amenable unimodular transitive graph. Let k,. be
the number of infinite components in bond percolation on G with parameter p.. Then,

Pk, = o0] = 0.

Proof. Recall the natural coupling of configurations €2,. We assume that k,. = oo for a
contradiction.

Since kp, = oo, we know that there exists r > 0 such that P, [V, (x)] > 0. Now the
event W, (r) is independent of Fg(p(y,). Any configuration on the edges of E(B(z,7))
occurs with probability at least ¢ := (pe A (1 — pe))/PE@M > 0 (since k,, = oo, we

have p. < 1). Thus, if we connect any three infinite components from 0B(z,r) by open
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paths inside B(x,r), we get that P[3 y € B(x,r) : ¥i(y),y > oo | ¥,.(z)] > q¢ > 0.
This implies that there exists y € B(z,r) such that P[¥y(y),y <> oo] > 0. Transitivity
implies that this holds for any vertex, and specifically P[¥q(x), z <> oo] > 0.

Now let MSF = MSF(2,.) as in Lemma So with positive probability = is
a trifurcation point in an infinite tree of MSF, by Lemma Now, using Lemma
MSF a.s. contains some component C such that p2°"4(C) < 1. But this implies that
pP°"d(MSF) < 1. Since MSF is a subgraph of 2, , we get that p2°"d(Q,, ) < pb°"d(MSF) <
1.

This contradicts the definition of p2ond. O
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Lecture 13: Site and Bond Percolation

13.1. pgond < pzite

Theorem 13.1. Let G be an infinite connect bounded degree graph. Then, for any
0€ G, andp € (0,1), 68(p) < phees?(p) and so p2°"(G) < p2*(@).

Proof. We couple a configuration w € {0, 1}V(G) with 7 € {0, 1}E(G) so that w is site
percolation, 7 is bond percolation, and if o0 <+ co in w then also w <> oo in 7.

Let V(G) = {o=w®0,71,...,} be some ordering of V(G) and let (B.)cep(a) be
i.i.d. Bernoulli-p random variables.

Consider any configuration w € {0, 1}V(G). We define inductively a sequence of
vertices (vg)g.

Set Vi = {o} , W1 =0, n; =0 and v; = 2, = 0.

Suppose Vi U Wy = {v1,..., v} have been defined. Let ngy1 be the smallest index
of a vertex x € OV}, \ (Vi UWy). Set vpy1 = ap, . Let epy1 =vj ~vpqp for 1 <j <k

the smallest index such that vj ~ vpy; and v; € V. Set n(eg41) = w(vg41). Set also

(Vi1 U{vgrr}, We)  if w(vgr) =1,
(Vier1, Wi U {vpsa})  if w(vpsa) = 0.

If there does not exist nyi1, i.e. if OV \ (Vx U Wg) = () then stop the procedure.

(Vieg1, W) =

Once the procedure terminates, for all e € E(G) such that n(e) is not defined let
n(e) = Be.

Note that if w is p-site percolation then 7 is p-bond percolation.

Also, if |Cy,(0)] = oo, then at each step we may find a new vertex x € Vi \ (Vi UWy)
that has w(xz) = 1, so for some j > k we will have w(vj) = 1 and v; € V;. That is,
|C.s(0)| = oo implies that |Vj| = co. Since Vi, C Cy(0) for all k, we get that |C,(0)| = 0o

implies that |C,(0)| = oo.
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Moreover, if |Cy(0)| = oo then w(o) = 1. Since 7 is independent of w(o), we have that

025 (p) = P[|Cu(0)] = 0] < Plw(0) = 1,|Cy(0)| = o0] = ph&s® (p)-

13.2. BOUNDS FOR SITE IN TERMS OF BOND

Lemma 13.2. Let G be an infinite connected graph of bounded degree. Suppose that
(7))zev(q) are independent Bernoulli random variables such that sup, E[Q(z)] = p.
Then, there exists a coupling of Q and Q, such that Q <, (where Q,, is p-site perco-

lation).

Proof. For every x let p, = E[Q(x)]. Let (U(x)), be independent U[0, 1] random vari-
ables. Set Q/(LL’) = 1{U(:Jc)§pz} and Qp(l’) = 1{U(x)§p}‘
It is immediate that Q' < €.

Also, € has the same law as (). 0

Theorem 13.3. Let G be an infinite connect graph of maximal degree d. Then for any
p€(0,1) and 0o € G,

005 (p) < 0351~ ")

where ¢ = 1 — p. Consequently, pSt® < 1 — (1 — p2°"d)d_1.
Proof. Let V(G) = {0 = g, x1,2,...} be some ordering of V(G). Let n € {0, 1}E(G).
Let (Bz)zev(a) be ii.d. Bernoulli-(1 — ¢%~!) random variables.

Start with Vo = Wy = 0. If n(x1,y) = 0 for all y ~ x; then stop the procedure with the
empty sequence, and let w(z) = B, for all z. If there exists ny such that n(z; ~ x,,) =1
then set vy = x,, for ny the smallest such index, and V; = {o,v1},W; = 0.

Given Vi, U Wy = {o,v1,...,vx} choose niiq1 to be the smallest index such that
Tpyp, € OV \ (Vi UWyg). If no such vertex exists, then stop the procedure. When such

Ng41 exists, set Vg1 = Ty, -



98
If there exists y ¢ Vi UWj such that n(vi1 ~ y) = 1 then set w(vgy1) = 1. Otherwise
set w(vgr1) = 0. Also set
(Verr Ufvpa}, We) - if w(opga) =1,

Vi1, Wi U{opg1})  if w(vpgr) = 0.

(Vi 1, W) =

The important observation here is the following: Conditioned on Vi, Wy, vk11, the con-
ditional probability that w(vg4q1) =11is 1 — ¥ <1—q% ! for some d' < d— 1.

Finally, for all z such that w(x) is not defined, set w(x) = B,.

Now, if 7 is p-bond percolation then (w(z)), are independent Bernoulli random vari-
ables, with Ejw(z)] < 1 — ¢?~! for all z.

Also, if |C,)(0)| = oo, then at each step we can always find an edge x ~ y such that
x € Ve \ (Ve UWy), y & Vi UWy, and n(x ~ y) = 1. So at some j > k we will have
w(v;) = 1 and v; € Vj. Since Vi, C C,(0) for all k, we have that |C,(0)| = oo implies
that |Cy,(0)| = oc.

Thus,

05579 () = B[Cy(0)] = 0] < P|Culo0)] = oo] < O5(1 — L),

the last inequality by Lemma [13.2

We conclude that if p’ := 1 — (1 — p)9~! > 1 — (1 — pt°")4=1 then p > p?°nd, so
Hgt:‘;(p’ ) >0 and pgte < p’ =1 — (1 — p)?~!. Taking infimum over all such p’ completes
the proof. 0

Let us summarize these two sections with:

Theorem 13.4. Let G be an infinite connected graph of mazximal degree d. Then,

plcoond < piite <1- (1 o plgond)d—l_

13.3. EXPECTED SIZE OF THE CRITICAL COMPONENT

We have already mentioned the BIG conjecture regarding percolation at p., namely
that 6(p.) = 0 for transitive unimodular graphs. The Aizenman-Barsky Theorem tells
us that for p < p., E,[|C|] < oo. Of course, by definition of p., if p > p. we have
E,[|C]] = oo (indeed, |C| = oo with positive probability).
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Let us complement this with the following.

Theorem 13.5. For a transitive graph G, E,_ [|C|] = oco.

Proof. We prove the theorem in the case of bond percolation. Site percolation may be
treated similarly.

We will show that if E,[|C|] < co then there exists € > 0 such that E,.[|C|] < oo as
well. This implies that E,_[|C|] cannot be finite.

Recall the labels (U(e))cep(q) for the natural coupling of percolation on G. Let p be
such that E,[|C|] < co. Let 0 < & < (2deg; E,[|C[]) ™. Set ¢ = p+e. We want to prove
that E,[|C|] < oo.

Suppose that o <+ = in Q. Then, there exists a simple path v : 0 — x such that v is
open in 2.

Let (zj ~ y;)j_; be all edges in v such that U(x; ~ y;) € [p, q] (i.e. closed in £, but
open in ). Since v is open in €4, we have that v = apaq - - - apg1 Where o 1 yj—1 — x5,
Yo = 0, Tpy1 = = and «y; are all open in €2,.

With this decomposition we have the event

{o=yo >z} o{y <> ma}o-o{yn & wnpr} N[ {Uz; ~y;) € [p,dl} -
j=1

Using the BK inequality we now have

Pylo 2] < Yo Ploo o] Pylyr ¢ wa] - Pylyn <> 2] (g —p)™.
n=0 (wlwyl),...,(a:nwyn)



100

We have by transitivity that for any z, E,[|C|] = >_, Pplz <> y]. So rearranging the

sums,
o0
ElC <> ™ > Ploor ] Pylyn-1 > 0] Y Pylyn <> 7]
n=0 " (wj~y5)jo z
=Ep|[|C]]
=> " > Ploworm] Pplyn2 o 2] Y Pylyn-1 < anl- Y E[C]]
n=0 " ()i In - Yn™~Tn
=Ep|[|C]] =degg
=) ey Pplo ¢ a](degg By[IC])" = > (e deg Ep[IC[))" - Ey[IC]] < oo
n=0 x1 n=0
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Lecture 14: Uniqueness and Amenability

Complementing the amenable case, is the following theorem by Pak and Smirnova-

Nagnibeda:

Theorem 14.1. Let G be a non-amenable finitely generated group. Then there exists

a finite symmetric generating set G = (S), S = S™1, |S| < oo, such that on the Cayley

bond
) .

graph with respect to S, p>°"d < p

v' A caveat, perhaps, is that the Cayley graph constructed may be a multi-graph.

This is the reason we work with bond percolation, since site percolation does not care
about multiple edges.

It is in fact a conjecture by Benjamini and Schramm that any non-amenable Cayley
graph has p. < p,. That is, together with the Burton-Keane Theorem, the conjecture

becomes: G is amenable if and only if p. = p,.

14.1. PERCOLATION AND EXPANSION

Recall the definition 95 = {z ¢ § : #~ S} and & = ®(G) = inf %5l where the
infimum is over finite connected subsets of G. A non-amenable graph is such that

® > 0. In other words, any subset S (perhaps not connected) admits |0S| > ®|S|.

Theorem 14.2. For percolation on G,

1
pc(G) < T{)(G)

v' So any non-amenable graph has a non-trivial estimate p. < 1.

Proof. Enumerate the vertices of G by V(G) = {o = vy, v2, ..., }. Let w be a configura-

tion sampled from Pp; so (w(vg))x are i.i.d. Bernoulli-p random variables.
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Define a sequence of random variables (ay)x as follows. Set a1 = w(0) = w(v1) and
ny; = 1. Given that we have defined ay,...,ay for some k > 1, define a;y; and ng4q as
follows: Let Vi = {n1,...,nx}; these are the indices of the vertices that have already
been examined. Let O = {vy, : m € Vi,w(vy,) = 1}; these are the open vertices that
have already been examined.

Case 1: 90y, ¢ {vy : m € Vi}. Then there exists a vertex v, such that m ¢ V; and
m ~ Og. Let njyq be the smallest index such that vy, , ~ Oy and ngy1 € Vi,
and let apy1 = w(vp,,,).
Case 2: 00y, C {vy, : m € Vi}. Then, set ngi1 to be the smallest index not in Vi and
set app1 = w(vn,,,)-

This defines a sequence of i.i.d. Bernoulli-p random variables (ay).

Suppose that m € Vi, and that |C(v,,)| < co. Then at some time j > k we must have
examined all vertices in C(vy,), so there is a j > k such that 00; C {v; : i € V;}.

Thus, if there are no infinite components, then there is an infinite sequence of times
(kj); such that for all j, 0Oy, C {Ui 1 1€ ij}.

Now, if 00 C {vy, : m € Vi} then Ox WO, C {v,, : m € Vi}, so

(1 +(I))|Ok| < |Ok| + |80k| < ‘Vk| =k.

Also, Z?Zl aj = |Ogl|. So if 00, C {vy, : m € Vj;} then

1 i [ 1
ki (1+®)0r] 140
We conclude that the event that all components are finite implies that there exists

an infinite sequence (k;); such that for all j,
1o

PRI
J i=1

That is, {V x , = ¢ oo} C {lim inf £ Z?:l a; < H%} . Now, the law of large numbers

states that %Z?Zl a; converges a.s. to p. Thus, for any p > H% we get that

PV x, x4 oo] < P[liminf%Zaj < H%D] §P[liminf%2aj <p|=0.

That is, p. < H%'
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Now, there was nothing special here about site percolation. For bond percolation we

could have defined aj by exploring the edges coming out of Oy. a

14.2. UNIQUENESS AND SELF-AVOIDING POLYGONS

A self avoiding polygon is a simple cycle in the graph. That is, a path v =
(705 - - -, ¥n) such that ~; # ~; for all 0 < i # j <n and v, = Vp.

Fix some vertex o € G and let SAP,, be the set of all self avoiding polygons ~ of length
n, with v = o.

We will be interested in convergence of the series ) |, [SAP,|2". The Cauchy-Hadamard
theorem gives us the rate of convergence of this series: it is the reciprocal of

1
v(G) = limsup |SAP,|n.

n—oo

Lemma 14.3. Let p < ﬁ Then,

lim sup P,lo < 2] =0.
"0 ¢ Bloyr)

Consequently, it is impossible that p > p, for such a p, and so p, > R

Proof. A cut vertex for o,z is an open pivotal vertex for the event that o <+ x. That
is, v is a cut vertex of o,z if 0o > = but closing v would disconnect o from x. In other

words, the event that v is a cut vertex for o, x is the event

{fo<ztn{oé x}y, ={visopen } N{o 2}, , N{o ¥ z}y,

Let CVp(o, ) be the set of cut vertices of o,z in the percolation 2,

Define

my(r) = sup Pp[|CVy(o,2)] <k, o0« z].
x¢ZB(o,r)

Note that if 0 <+ z then 0,2 € CV,(0,x). Soif |CV,(0,x)| = 2 then C'V,(0,x) = {0, x}
and there must exist two disjoint paths 7,7’ : 0 — x that are open in €,; otherwise

there would be another cut vertex for o,x. That is, o,z are in a {),-open self avoiding
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polygon, which is just the composition of v and the reverse of 4. So we conclude that

mg(r) =0 for k < 2, and

ma(r) < Plo is in a Q,-open self avoiding polygon of length at least 2r| < Z ISAP,, |p" 1.
n>2r

Since p < v(G) we get that the above series is summable and so ma(r) — 0 as r — co.
Let R > r and = ¢ B(o, R). Suppose that o <> z. If |CV,(0,z)| < k + 1, then
e Case 1: CVp(o,z) N B(o,7) = {o}. So there exists y ¢ B(o,r) such that

CVp(o,y) = {o,y}-
e Case 2: |CV,(0,2)NB(o,7)| > 2. Then |CV,(0,z)NB(o,r)°| < k. So there must
exist y such that dist(o,y) = r and CV,(y,z) < k.

‘We conclude that

mi+1(R) < ma(r) +|B(o,r)| - mp(R —1).

A simple induction on k now shows that my(r) — 0 as r — co. Indeed, this holds for
k = 2. For general k: for any € > 0 there exists r so that ma(r) < § and also there
exists R > r large enough so that my(R —r) < |B(o,7)|7'5, so that my(R) < e. This
completes the induction.

We conclude that for any » > 0 and k > 2, for any = & B(o,r),
P,z € Cy(0)] < my(r) + Pz € Cy(0), CVp(o,z) > k +1].
Note that for ¢ < p,
7\ /¢!
PVveC, Uw) <q| ] =1y veo, opw=1}" (;,) :
So averaging over , € {CV,(0,z) = C},

()"

PVoveC, Ulw) <q|CVyo,z)=C]

IN

Summing over |C| > k + 1,

k+1
Plz € Cy(0), CV,y(0,2) > k + 1] < (g) .
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k+1
For any € > 0 take k large enough so that (%) < 5 and then 7 large enough so

that my(r) < §. So for any € > 0 there exists r > 0 large enough so that
sup Pz € Cy(0)] < e.
x¢B(o,r)
This holds for all ¢ < p < % Which proves the first assertion.
For the second assertion, let p > p,. Then by Harris’ Lemma, because there is a

unique infinite component,
P,lo > 2] > Pyo ¢+ 00,7 < 00] > P,fo ¢+ o0] - Py[z ¢+ o0] > 0(p)? > 0.

Ifp< % then taking x farther and farther away from o would make the left-hand side
go to 0, which is impossible. So it must be that p > % Thus, p, > %

This completes the proof for site percolation.

For bond percolation the proof is similar. In this case we change CV, (0, ) to be the
set of cut edges for o,z in €2,. These are the edges that connect o to x but removing
them would disconnect o from zx.

If there are no such edges, i.e. if CVp(0,x) = (), then there are two disjoint open paths
connecting o to x so o lies inside an open self avoiding polygon. As before, this implies
that mg(r) — 0 as r — oo.

The rest of the proof follows in the same manner, completed by showing that my(r) —

0 for all k and 80 SUp,¢ (o) Pl € C4(0)] = 0, for all ¢ < p < i 0

14.3. RANDOM WALKS

A simple random walk on a graph G is a sequence (X;); of vertices such that P[X;11 =

y| Xy =x] = 1{ywz}¥. This is a whole area of research, but let us mention just

degq ()
those properties we require.
Given a random walk on GG, one may define
1
p(G) :=limsup(P[X; =0 | Xo=0])¢
t—o0
This is easily shown to exist by Fekete’s Lemma. It is also simple to show that
1
p(G)* = lim sup(P[ Xy = 0 | Xo = o])*.

t—o00
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It is immediate that 0 < p(G) < 1.

Kesten’s Thesis includes the following theorem:

Theorem 14.4. Let G be a d-reqular graph. Then G is non-amenable if and only if
p(G) < 1. In fact,

°(G)°
242

B(G)2 o(G)
p

<1-4/1- <1-p(G) < —~

We may thus use Kesten’s Thesis to connect amenability and random walks. For our
purposes, note that if (X;); is a random walk on G, then
PX;=o0|Xo=0]> > P[(Xo,...,X;) =] =|SAP| - (degs)".
YESAP,
Thus, v(G) < degq -p(G).
Now, if p(G) < 3 then by Kesten’s Thesis, ®(G) > de% > degg -p(G) > v(G). So

< 1 < 1
14+ 9(G)  v(G)

So to prove the Pak-Smirnova-Nagnibeda Theorem it suffices to show that G admits a

Pe(G)

Cayley graph with p(G) < %

If we take G®) to be the graph G with an edge  ~ y for any path v : & — y such
that |y| = k. Then the random walk on G*) has the same distribution as (X;);, so
p(GR)) = p(G)F. If k is large enough so that p(G)F < % (which is possible whenever G
is non-amenable and p < 1) then in G*) we have pbond < p,,.

It is also quite simple to see that if G = (S) for finite S = S~ then G*) for odd & is
a Cayley graph of G' with respect to the multi-set {sys2---s; : s; € S}, and that this

multi-set generates G when k is odd.
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Lecture 15: Percolation on Finite Graphs

15.1. GALTON-WATSON PROCESSES CONDITIONED ON EXTINCTION

Let X be a random variable with values in N. We assume that P[X = 0] + P[X =
1] < 1. Recall that the Galton-Watson Process with offspring distribution X, GWx, is
the process (Z,), such that Zy = 0 and Z,41|Z, is the sum of Z,, independent copies
of X.

We have already seen that if ¢ = ¢(X) is the extinction probability for GWx, then
q is the smallest solution in (0,1] to the equation ¢ = E[¢¥], and ¢ = 1 if and only if
E[X] <1

For such a random variable X, let us define X* to be the random variable with values

in N and density given by

One may check that indeed
Y PX*=2]=E[¢" =1

Lemma 15.1. Let (Z,), be GWx for some X with E[X] > 1. Let ¢ = q(X) be the
extinction probability. Let E be the event of extinction (i.e. E = {3 n: Z, =0} and

q = P[E]). Then, conditioned on E, the process (Zy)n has the same distribution as
GWx+.

Proof. Let (Zy)n be GWx and let (Z}), be GWx+. We have to show that for every

sequence (1 = zg,21,...,2t),
(15.1) P[Z]0,t] = =[0,t] | E] = P[Z*[0,1]],

where Z[s,t| = (Zs,..., Zs), Z*[s,t| = (Z%,..., Z}) and z[s,t] = (zs, ..., 2t).
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Using Bayes and the Markovian property of the Galton-Watson process,

P(E | Z[0,4] = 2(0,£]] - P[Z]0,4] = 2[0, ]

P[E] =P[Z[0,1] = z[0,t]]¢" "

P[Z[0,t] = z[0,t] | E] =

We now prove (15.1)) by induction on ¢t. For ¢ = 0 this is obvious, since Zy = Z5 = 1.

For t > 0, for any (zo,..., 21, 2t), using = z;_1,y = 2, by induction,

P(Z[0,t] = 2[0,4] | E] = P[Z[0,t] = 2[0,#]]¢" "
= ¢ L PZ[0,t — 1] = 2[0,t — 1] - P[Z =y | Zi_1 = 1]
= g "TP[Z[0,t —1) = 2[0,t —1] | E] P[Zi =y | Z1_1 = 2]

=¢ " -PZ*0,t = 1] = 2[0,t = 1])] - P[Zs =y | Zt—1 = z].
Since
PIZ7[0,] = 2[0, 2]} = P[Z7[0, ¢ = 1] = 2[0,¢ = 1] - P[Z; =y | Z;y = 7],
it suffices to prove that for any x,y and any ¢t > 0,
(15.2) ¢ PlLi=y| Zia =2l =PZ =y | Z[_, =]

On Z;_1 =z, Z; is the sum of x independent copies of X. On Z; | =z, Z; is the sum
of z independent copies of X*. Let (Xj); be i.i.d. copies of X and (X7); i.i.d. copies of
X*.

We prove by induction on z. For x = 0 it is clear that holds.

For x =1,
P Z =y | Zim = 2] = ¢ X = y] = PIXT =] = PIXT =y
Forz >1,let Y =37 , X;j and Y* =377, X7. By induction, for any k <y,

PY =kl =P[Zi=k| Zi1=0—-1]=¢ ' P2} =k | Z} | =2 —1]=¢ " FPY* = k],
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SO

P[Zt=y|Zt71=$]:P[X1+Y:?/]:ZP[X1Zy*k]'P[Y:k]
k=0

)
Zq1+k yP —y— k] . qulfk P[Y* — k’]
k=0

=q¢"YPIXT+ YT =yl =¢"VPZ =y | 2 = al.
O

Example 15.2. Recall that if f(s) = E[s¥] then f is convex, so has an increasing

derivative on (0,1). Also, for X* as above,
=Y PIX =a]g"'s" = q ' f(sq).
So
BLX] = 2 f(sq)| = F(a)
Os 1 ’

Note that since f’ is strictly increasing on (0,1), it must be that f'(q) < f’(s) for all

S=

s > q. The function f(s) — s obtains minimum on [g, 1] at some s € (g,1) such that
f'(s) =1 (because f(q) —q =0 = f(1) — 1 and f is strictly convex on (¢q,1)). Thus,
fla) < f'(s) =1L A A

Example 15.3. Let us consider the Poisson case.

If X ~ Poi()) then
Z e (178).
=0

So ¢ = q(X) is the solution to e~ (1 9) = ¢ or equivalently, ge™* = ¢~
Note that the function z — xe™ has a maximum at x = 1 and increases in (0, 1) and
decreases in (1,00). Thus, for every A > 1 we may define A* as the unique \* < 1 such
that A*e™" = Xe .
If E[X] > 1 and X ~ Poi(\) then
P[X* = 2] = KA% N _Aq()\;],) ;

so X* ~ Poi(g)). Note that ghe % = Ae™ so g\ = \* and X* ~ Poi()\*). VAR VAVAN
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Example 15.4. How about the Binomial case?
If X ~ Bin(n,p), then

Els¥] =" <Z)pk(1 —p)" s = (1—p+sp)" = (1—p(1—s))"
k=0

Soq=(1-p(1—q)"
As for X*,

* n n—k k— n k 1_ n—k
P[X = (L‘] = <k>pk(1 —p) qu l= (k) (1,;(”{,(1)) : (1,p(1p,q)) )

so X* ~ Bin(n, %).
Note that if p = £t then (1 — p(1 — s))™ is very close to e~(1+2)(1=5) when n is very
large. So ¢ is close to the solution of e~(178)1=5) = 5 as in the Poisson-(1 + ¢) case.
This case is interesting, because as we have seen, p-bond percolation on the rooted
d-regular tree is a Galton-Watson process with offspring distribution X ~ Bin(d — 1, p),
in the sense that the component of the root is exactly those vertices in such a process.
We used this to deduce that p, = ﬁ and that 6(p.) = 0. We will also use this point
of view to calculate the distribution of the component size.

VANAVAVAN
15.2. EXPLORATION OF A GALTON-WATSON TREE

Suppose we consider a Galton-Watson tree with offspring distribution X. Here is
another way to sample the tree, but with a time change.

Instead of generating the tree one generation every time step, we will generate it by
letting every active particle reproduce at different time steps.

Let X1, Xo, ..., be independent copies of X. Start with Yy = 1. Here Y; denotes the
number of “active” particles (that is those that have not yet reproduced).

At every time step ¢t > 0, if ;1 > 0let Y; = Y;_1 + X; — 1. That is, one particle
reproduces with X; offspring and dies. If Y;_1 = 0 then set Y; = 0.

Note that as long as there is no extinction (i.e. Y; > 0) the number of dead particles
is always t. If extinction occurs, then there is a time ¢ for which there are no active
particles, i.e. all particles are dead. If 7' = inf {t : Y; = 0} then the total number of
offspring is T.
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Now, let T be the rooted d-regular tree rooted at o. If we were exploring the compo-
nent of o in p-bond percolation on T, then the size of this component is the total number
of offspring in a Galton-Watson process with offspring distribution X ~ Bin(d — 1, p),
which has the distribution of T" above. This point of view gives us a simple way of

computing the size distribution of the component of o.

Proposition 15.5. For X ~ Bin(d — 1,p) and (Y}); as above we have that if Y;—1 > 0
then Yy ~ Bin(t(d — 1),p) — (t — 1) and Y; € o(X1,..., X¢).

Proof. By induction on t. For t = 1 this is clear from Y; = Xj.

For the induction step: if Y; > 0 then Y;11 = Y; + X;11 — 1. By induction, since it
must be that Y;_1 > 0 (otherwise Y; = 0) we have Y; ~ Bin(¢t(d — 1),p) — (t — 1) and is
measurable with respect to o(X7,..., X;). Since X;4; is independent of o( X7, ..., X}),
and since the sum of independent binomials is also binomial, we have Y;11 ~ Bin(¢(d —

1)+ (d —1),p) — t, which is the proposition. 0
Another result we require is a large deviations result for binomial random variables.

Proposition 15.6. Let B ~ Bin(n,p) then for any 0 < e < 1,
max {P[B > (14 ¢)np],P[B < (1 — &)np]} < exp (—1e’np).

Proof. We start by calculating the exponential moment of B.

n

Bl = 3 (1) -tk = (1= pl )

k=0

Thus, for 0 < a < %, by Markov’s inequality,

]P’[B > (1 + 5)np} _ P[eaB > ea(l-‘ra)np] < (1 +p(€a - 1))n€—a(1+£)np

< exp (np(a+a® —a(l+¢))),

where we have used the inequalities 1 + ¢ < ef and e® < 1+ € 4 &2 which is valid for all

2

o . 2
L % Optimizing over o we choose a = § to obtain a” — ea = —< and

P[B > (1+¢)np] < exp (—%s2np) .
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For the other direction we use negative exponents, so that for o > 0
IP’[B <(1- E)np] _ P[e—aB > e—oc(l—a)np] <(1—p(1- e—a))nea(l—a)np
< exp (—np(a —a® —a(1 —¢))),

using the same inequalities as before (here —a < 0 so there is no restriction). A similar

.. . . _ € 2 é
optimization gives a = 5, so e — @ = - and

PB < (1 —¢)np] <exp (—%52np) .

Proposition 15.7. For p-bond percolation on T and C = C(0):
o Ifp< ﬁ then
P,[IC| > t] <e
(1-(d-1)p)*

(d=T)p
o Ifp> 41 then Py[|C| = oo] > 1 — q, where ¢ = q(Bin(d — 1,p)) and

for a =

P,[t < |C| < o0] < e P!

where f = % and p=E[X*] = (d—1) 1_;()'%_(1).

Proof. We begin with the sub-critical case, p < ﬁ.
We consider the Galton-Watson process (Y;); described above with offspring distri-
bution X ~ Bin(d — 1,p), and T' = inf{t : Y; =0} so that |C| and T" have the same

distribution.
Now,
P[T > t] < P[Y; > 0] = P[Bin(t(d — 1),p) > t].
Since p < ﬁ, taking ¢ = t;égd_;)l;p = 1&@5117)10 > 0 we obtain by large deviations of

binomials that

P[T > t] = P[Bin(t(d — 1),p) > t(d — 1)p(1 +¢)] < exp (752t(d —1)p) = exp (—% . t) .



113

Ifp> dfll then the Galton-Watson process is super critical and ¢ is just the extinction

probability, so P[T" = oo] > 1 — q. Also, if E is the event of extinction,
Pt<T<oo]=Pt<T <oo|E]l-q<Plt<T<o0|E]

Now conditioned on E we have a Galton-Watson process with offspring distribution
1

X* ~ Bin(d — 1, p*), where p* = % = pg' 1. The important thing here is that

the expectation is u = (d — 1)p* < 1. So we can use the previous result on sub-critical

processes so that

IP’[t<T<oo]§exp<—%-t>.

15.3. THE ERDOS-RENYI RANDOM GRAPH

Definition 15.8. For a positive integer n and parameter p € [0, 1] we define G(n, p) to
be the random graph on vertex set V(G(n,p)) = {1,2,...,n} whose edge set is given
by letting x ~ y with probability p independently for all z # y € V(G(n,p)).

That is, G(n,p) is just the random subgraph of the complete graph on {1,...,n},
obtained by p-bond percolation.

This model was introduced by Erdés and Rényi in 1960. It is the analogue of bond
percolation in the finite setting. There are many interesting phenomena regarding the
Erdos-Rényi model, let us elaborate on one:

For the random graph G(n,p) let C; > C2 > ... > Cy denote the sizes of the con-
nected components in G(n, p) in non-increasing order (so N is the number of connected

components in G(n,p)).

Theorem 15.9. For any € > 0 there exist constants ¢,C > 0 such that the following
holds.

e Ifp(n) = = then as n — oo,

Pmp(n) [Cl < Clog n] — 1.

Alfréd Rényi (1921-1970
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e Ifp(n) = = then as n — oo,

}P’n,p(n)[Cl >cn Vj >2, Cj < C’logn] — 1.

That is, with high probability, in the super-critical phase, p > %, the largest compo-
nent is of linear size, but all other components are at most logarithmic in size. In the

sub-critical phase, p < %, all components are at most logarithmic in size.

15.4. SuB-CRITICAL ERDOS-RENYI

Let us define an exploration of the component of 1 in G(n,p). In this process, all
vertices are either live (L;), dead (Dy) or neutral (Ny).

We start with Lo = {1}, Do = 0, Ng = {2,...,n}. At step t > 0, we choose some
live vertex, say € L;—1. We add z to the dead vertices, D; = D;—1 U {z}. We then
consider all y € Ny_1 and let y € L, if x ~ y is open, and y € Ny if x ~ y is closed. That
is, let

Li=1Li 4\ {az}U{y €Ny z~yeG(n,p)}
and
Ne={yeNi_1 : 2~y&G(n,p}.
If Ly = () the process terminates.

Now, if Y; := |L;| then since no edge is examined more than once, we have that
Y =Y:_1 — 1+ Bin(V;_1,p). Since |Dy| =t and |N¢| =n — |Dy| — |Lt| =n —t —Y; by
construction, we have that Y; = Y;_1 + Z; — 1 where Z; ~ Bin(n —t +1 — Y;_1,p) are
all independent.

Note that the size of the component of 1 is 7' := inf {¢ : Y; = 0}. Moreover, given
(Lt, Dy, Nt )< all the edges x ~ y with x,y ¢ C(1) are independent, so the remaining
subgraph on {1,2,...,n} \ C(1) is independently distributed as G(n — |C(1)|, p).

Lemma 15.10. There exists a coupling of (L, Dy, Ni); above with a Galton- Watson
process (Y3); of offspring distribution Bin(n,p) such that Y; = |Ly| < Y; for all t.

Specifically, for any € > 0, if p(n) < 171;6 then as n — oo,

P pn)[C1 > E% logn] — 0.
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Proof. If we write Ny = {y1 < y2 < --- <y} for k =n —t —Y;, we can define

k
Xis1 = Yigr = Vet 1+ Bin(n— £,p) = 3 gy, i open } + Bin(n — k,p) ~ Bin(n, ),
j=1

conditional on (Ls, Ds, Ng)s<¢. So inductively, if (f/t)t is the Galton-Watson process
fft = 17,:_1 + X; — 1, since f/t — }7,5_1 =X;—1>Y;—Y;_ 1, we obtain that ¥; < f/t for all
t.

Moreover, if T' >t then Y; > 0 and so fft >0and T > ¢. Hence T <T.

We get that if np < 1 then

P[T > k] < e,

where a = 172 ¢ p(n) < == then o > v := 1572 Since all vertices in G(n,p) have

np e"
the same distribution

Py pm)[C1 > k] <D Py [IC(2)| > k] < me .

2

If vk > (1 +¢) logn this tends to 0, so with high probability, C; < 1; logn < E% log n.

O

15.5. SUPER-CRITICAL ERDOS-RENYI

Lemma 15.11. For every 6 > 0 the following holds. P[|C(1)| > on] > 1 — q(X), where
X ~Bin([(1 = d)n],p)

Proof. Let m = |(1 —d)n|. Let TV = inf{t : Ny <m}. Aslong as t < T, we have
that Ny > m and so there are at least m possible y € N; to consider for the live x
chosen from L;. Thus, if we write Ny = {y1 <y2 < -+ < Ym < Ym41 < -~ Yg} with
k= |Ny =n—t—Y,;, we can define

m
X1 = Z 1{:v~yj is open } 7~ Bin(m,p),
Jj=1

conditional on (Lg, Ds, N)s<¢. Also by construction, Xiy; < Zyy1 =Y — Vi + 1.
Thus the Galton-Watson process defined by Y;* = Y;* | + X; — 1 inductively satisfies
Y <Yiforallt<T.
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Hence, if Y; = 0 then either Y;* = 0 or 7" < t. So for T* = inf {t : Y;* = 0} we have
that either 7" < T or T* < T. Specifically, T" NT* < T.
Note that at time 7”, we have that Nqv < m so Dy + Yy =n — Ny > n —m > n.
Since if 7" < T we have |C(1)| > Dy +Y7, we get that in any case |C(1)| > min {on, T*}.
Now, T is the size of a Galton-Watson tree of offspring distribution X ~ Bin(m, p),
SO
P[T > 6n] > P[T* > on] > P[T* = <] > 1 — q(X).

O

Let us examine the process (Y;); more closely, in order to determine the distribution

of the component size |C(1)| =T = inf{t : Y; = 0}.

Lemma 15.12. Consider Y; = Y1+ Z; — 1 for Zy ~ Bin(n —t 4+ 1 — Y;_1,p) are
independent. Let this be defined for allt <mn — 1.
Then, for all0 <t <mn-—1,

[Ny| ~ Bin(n — 1,(1 - p)").

Consequently,

Y; ~Bin(n — 1,1 — (1 —p)") —t + 1.

Proof. Given |N¢| = k we have that there are k neutral vertices to compare with our
chosen live vertex, and each gets put into N1 with independent probability (1 — p).
Thus,
|N¢s1| | [N¢e] =k ~ Bin(k,1—p).
It is now simple to verify that by induction, since |Ng| =n — 1 ~ Bin(n — 1, 1), we have
that
|N¢| ~ Bin(|N;_1|,1 — p) ~ Bin(n — 1, (1 — p)})

(see Exercise [15.13)).
Now, Yi+t—1=n—|N¢| = |D¢]+t—1=mn—1—|Ng|. Thus, forall0 <k <n-—1,

PlY; +t— 1=k =P]N;|=n—1—k = <” . 1)(1 — p)! IR — (1 = p)hyE.
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Exercise 15.13. Show that if B ~ Bin(n,p) and X | B = k ~ Bin(k,q) then X ~

Bin(n, pq).
We now carefully examine (Y;);.

Lemma 15.14. For any €,6 > 0, there is ng such that for all n > ng, if p(n) = H=<,

n

k(n) > 3—3 logn, and ¢ = q(Poi(1 + ¢),
P, pmyk(n) ST < (1—q)n or T > (1+6)(1—q)n] < n~?.

Proof. Fix ¢ > 0 small enough so that ¢ < ¢(1 + €) where ¢ = ¢(Poi(1 + ¢)) is the
extinction probability for Galton-Watson with Poi(1 + ¢) offspring. This is possible
since as € — 0, ¢ — 1.

Assume that p = p(n) such that pn =1+ €.

We will make use of the inequalities e ¢ < 1 — Ef_—l forany 0 < ¢ <1,and 1—¢ <e™¢

for any £. So with p = = (= %, (as long as n is large enough £ < 1) we have

£
E+1

1—exp(—pt)<1—(1—-p)<1-— exp(—%).

Let t = an for o > 0 such that an € N.

Then, when o < 1 — e~*(%2) we have that for 1 —§ := T o=ats e

P[Y; < 0] = P[Bin(n — 1,1 — (1 —p)}) <t —1] < P[Bin(n — 1,1 — e *1%9)) < a(n — 1)]

< exp (—%(52(n —1)(1 - e_a(1+‘5))) < exp (—%(n — 1)) .
Now, if a(1 +¢) <1 then
e+ <1 —q —ca+a®(1+¢)?,
S0
(1—e @0 _0)2 > (ca+?(14e)?)2 =a? (e +a(l+¢)?)? >a? &%

Now, the only solution in (0,1) to 1—¢ = 1 —e~ (1919 js exactly ¢ = ¢(Poi(1 +¢)),
the extinction probability of a Galton-Watson process of offspring distribution Poi(1+¢).

So a <1 —e ) if and only if « < 1 —q.
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Thus, we conclude that for all ¢ such that 0 < ¢t < n(1—gq), since t(14+¢) = n-a(l+¢) <
n-(1-q)(l+e¢)<n,
2

P[Y; = 0] < exp (—ﬁt) .

Taking k <t = |n(1 —q)],

t
Phk<T<t|=PEk<m<t : Ym:0]§ZP[Ym:O]Sn-exp<—4(fiie)'k>.

m=k
Since 1 —q = 1 — e~ 909 for any § > 0 we may choose ¢/ > 0 such that if
a=(1—-q)(1406) then a = (1 +¢&')(1 — e~ (IHe+eD) Let ng = ng(e') be large enough

so that for all n > ng, we have 1%} <l+e+¢€. So

t pt —t(l4e+te’
I-(1-p)f<l—-exp(—75)<1l-e (I+ete)/n,
For t > an we then have

P[Y; > 0] = P[Bin(n — 1,1 — (1 — p)!) > ¢t — 1] < P[Bin(n, 1 — e~ *(14=+)) > ]

&2
S exp <—m0&n) .

Thus, for any § > 0 there exist ¢’ > 0 and ng = ng(d) > 0 so that for all n > nyg,

Py [T > [(1+6)(1 = q)n]] < exp (~ gy (1+ 6)(1 — a)n)

Combined with the previous bound, we have that for any ,5 > 0, there is ng such

that for all n > ng, with k > *}2 log n,

Pppmylk T <(I—g)n or T > (1+6)(1—¢)n] < n=4.

We now turn to finally prove Theorem [15.9

Proof of Theorem [15.9. Fix €,5 > 0, choose n large enough, and p = p(n) = lni
Consider the following procedure to explore the components of G(n,p). Start with
Go = G(n,p), mg =n, Cy = 0. Given G, m;,C; for j <t define Gy = G(n,p) \ (C1 U
CoU---UCy) and mytq = |Gy1| =n — |Cy] — - -+ — |C| = my — |Cy]. Inductively Gyqq
will have the distribution of G(m+1,p). Choose any vertex of Gy;1 and explore the

component in Gy of that vertex. Let Cy41 be that component. Continue inductively.
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Let ¢ = q(Poi(1 +¢). Let ¢’ = ¢(Bin([1 — 5],p)) (note that (1 —5)(1+¢) > 1). Let

k= [3—3 logn]. Let r be an integer so that (¢')" < n™*. Sor = O(J?fg"q/). Choose n

large enough so that rkp << 1 —q(1+ ¢).

For all j, let S; be the event that |C}| < k (‘S is for small). Let L; be the event that
(1 —g)m; <[Cj] < (1 +9)(1 — q)m; (large). Let Bj; be the event that S$N LS (bad).

Lemma tells us that for t < r,

]P)[St | 517 oo 7St71] S q/>

because k << e(n—rk) and on the event Sy, ..., S;_1, we have that m; > n—tk > n—rk.

Also, Lemma [15.14] tells us that

P(B, | Gj,Cj,5=1,...,t —1] < (my) ™.
Ift<rand Sy,...,5;_1 then m; >n —rk so
P[B; | S1,...,8-1] < (n—rk)™™

Note that we have that either Si,..., S, or there exists t < r with Si,...,S5:_1, By,

or there exists t < r with S1,...,5:_1,L;. So
PEt<r : Si,...,81,L]>1—-P[Sy,.... S| -P3t<r : S,...,5_1, B
>1—(¢) —r(n—rk)~%

Since for t < r, S1,...,S5;_1 implies that m; > n —rk, we get that with high probability
there exists ¢ < r such that my > n —rk and |C¢| > (1 — ¢)my > (1 — q)(n — rk). So

mir1 < gn+ (1 — q)rk. and myp1p < q(1 +¢) + rkp << 1. This implies that Gy is

sub critical, and has only logarithmic size components, with high probability. a
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