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Synopsis of research

I summarize here in a few paragraphs my main recent research directions. In each paragraph I
quote my relevant papers in square brackets, corresponding to the above list in the section
“Scientific publications”. The distinction between the different topics is sometimes superficial and

hence some of the papers appear more than once.

Invariant random subgroups. By definition an invariant random subgroup (or IRS for short) in a

locally compact group G is a random closed subgroup whose distribution is invariant under
conjugation by G. This notion generalizes the notion of a normal subgroup N<G (which can be
thought of as an invariant delta measure) and at the same time the notion of a lattice I'<G (where
the random subgroup is a Haar-random conjugate of the lattice). It turns out that many important
properties of normal subgroups and of lattices can be generalized to the more general setting of IRS.
This is indeed useful because the notion of an IRS is more amenable to general operations such as
taking limits (w* limits of measures on the space M(Sub(G)) of probability measures on the
subgroups of G) and inducing (from a lattice to the ambient group). The first, and one of the deepest
results to date, about IRS is the classical result of Stuck-Zimmer; which can be interpreted as a full
classification of ergodic IRS in simple, higher rank, Lie groups and in their lattices.

The term IRS was coined in a recent joint paper with Abert and Virag [b2] which generalizes the
classical spectral radius theorem of Kesten to IRS in finitely generated free groups. This

“measurable Kesten theorem”, together with the flexibility that IRS theory enables in passing to



limits gives rise to a “probabilistic high girth” statement: if the spectral radius of a sequence of
finite d-regular Xn converges to that of the tree then the injectivity radius around a uniform random
vertex of Xn converges to infinity. This answers a question of Lubotzky on the connection between
girth and the Ramanujan property in graphs, and also enables us to considerably strengthen a
classical theorem of Serre and McKey on the asymptotic number of circles in d-regular graphs. In a
sequel paper [b3] the measurable Kesten theorem is generalized to general finitely generated
groups. In a paper [c1] that is now being written I initiate a more systematic study of the theory of
IRS in the more structured setting of countable linear groups. I prove a Tits alternative type of
theorem saying that if H<G is an ergodic IRS in a countable linear group G then either H is
contained in the amenable radical of G or there is a free subgroup F<G such that FH=G and F N G is
non-Abelian almost surely.

The notion of study of IRS became very active in the past few years. I mention just a few major
results. Bowen defined the Poisson boundary of an IRS and used it to solve the realization problem
of Furstenberg entropy in free groups. Vershik gave a classification of IRS in the countable infinite
symmetric group. Abert-Avni-Wilson proved an IRS simplicity result, showing that the groups
GL(n,F) do not admit any IRS when F is a countable field. Abert-Bergeron-Biringer-Gelander-
Nikolov-Raimbault-Samet applied IRS methods (similar to those we used for graphs) to the study
of locally symmetric spaces and gave fantastic estimates on the asymptotic of Betti numbers and

representation coefficients.

Infinite permutation representations. 1 am interested in the study of a countable group G via its

permutation representations. This study is directly related to the study of the subgroups of G via the
bijection between conjugacy classes of subgroups and transitive permutation representations.

Every group can be realized as a permutation group, but restrictions start apply upon imposing
various transitivity restrictions on the permutation action. An action is quasiprimitive if every
normal subgroup acts either trivially or transitively, it is primitive if there is no non-trivial invariant
equivalence relation on the set, it is k-tramsitive if the induced action on ordered k-tuples is
transitive and highly transitive if it is k-transitive for every k. We say that a group is primitive if it
admits a faithful primitive permutation representation and similarly for all the other properties
mentioned above. Together with Tsachik Gelander in [a7,al13] we give a rather complete
classification of primitive groups in various well understood classes of countable groups: linear
groups, convergence groups, groups acting on trees and subgroups of mapping class groups of
surfaces. The methods used stem from, and generalize, the methods of Margulis-Soifer who
previously classified finitely generated linear groups admitting infinite index maximal subgroups.
One important feature of our work is that, unlike Margulis-Soifer we treat countable groups rather
than finitely generated ones — hence we significantly generalize the discussion even in the setting of
their original question on the existence of infinite index maximal subgroups. Influenced by these
ideas, in a recent joint paper with my student Dennis Gulko [al4] we classify all linear (in

characteristic # 2) sharply 2-transitive groups. Namely every such group is of the form N*XN,



where N is a near field. This proves in this specific setting the standing conjecture in the field,
thereby generalizing classical known results for finite groups.

It is a question of much interest to me which groups admit are highly transitive. It is shown by
Dickson that free groups are highly transitive. Daniel Kitroser, a student of mine, in his masters
dissertation generalized this to surface groups. I strongly believe, but have not been able to show
this so far that higher rank lattices do not admit such actions. If true this would be a type of a
rigidity result with S(o) target. Nevertheless, in a joint paper with Shelly Garion [al2] we show that
the group Out(F _n) is highly transitive for any n=4. Since Out(F_n) is often compared to a lattice I
found this result quite surprising. It is interesting to understand the situation for mapping class
groups.

In [a6] jointly with Nicolas Monod we study the question of which groups admit a faithful
transitive amenable permutation representation. Where a permutation representation is amenable if
the set carries a G-invariant mean. This is an old question asked by von-Neumann. We give a
complete classification of free products of countable groups that admit such actions. These results
and methods were latter generalized and extended by Moon.

One additional question I have been considering in this context is that of generic permutation
representations of countable groups. Indeed the set of all permutation representations of a group G
on a countable set admits a Polish structure and it makes sense to ask about the properties of a
typical action in the Bair category sense of the word. Jointly with my student Daniel Kitroser in [c2]
we show that a typical such action admits only finite orbits if and only if the group G has the LERF
property, (i.e. If and only if all of its finitely generated subgroups are profinitely closed). We extend
this line of ideas and study groups whose typical permutation representations admit amenable

orbits.

OQut(F_n) actions. Consider the action of the groupon the “representation variety” . The nature of

this object depends on that of the group G. When G is an algebraic group this is really a variety (or
an algebraic stack), when G is finite this is just a finite set and if G is compact (resp. Locally
compact and unimodular) this space admits an invariant probability (resp. o-finite) measure, coming
from Haar measure. Much effort has been invested in the study of the dynamical properties of this
action. For example a conjecture of Goldman that was later proved by Gelander is that this action is
ergodic whenever G is a compact Lie group. In my paper [al0] I treat a similar question where
G=SL(2.,k) and k is a local field. The action in this case is not expected to be ergodic, because the
set of homomorphisms whose image is discrete, or compact are invariant subsets of non-zero
measure. Allowing for that however I show that the action of G on the invariant set of all
homomorphisms with dense image is ergodic whenever the field k is non-archmedian. This
combines beautifully with a recent result of Yair Minsky who shows that when k is non-
archemedian then the action is not ergodic. Currently I am working on generalizing this results to

other simple algebraic groups.



Let me mention here that the highly transitive actions constructed in [al2] are also actions on
“representation varieties” of a very esoteric nature. In order to achieve such transitivity we use a

Tarski monster (discrete) group for G.

Burger Mozes theory of lattices in products of trees, invented by Marc Burger and Shahar Mozes

(my thesis advisor) and Bob Zimmer. The significant impact of this theory on infinite group theory
during the last decade is due its success in constructing examples of groups that exhibit properties
reminiscent of arithmetic groups in non-arithmetic settings. Arithmetic groups, such as the group of
unimodular integral matrices, form the backbone of modern infinite group theory - they encode in
them all of the richness and the complexity of the integer numbers.

The Burger Mozes theory was the main focus of my research during my M.Sc and Ph.D studies
and I have published a few papers on the subject [al,a2,a3,a4,a5]. Since then the main direction of
my research has shifted but I am still deeply influenced by the main motivation of Burger Mozes
theory — looking for analogues of deep arithmetic phenomena in other combinatorial, probabilistic
and geometric settings. A good example of this influence is my recent paper [bl] (submitted to
Combinatorica). There in the setting of probabilistic group theory I exhibit phenomena reminiscent

of strong approximation theory in arithmetic groups.
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